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Sage — 310 GecruiatHOe U CBOOOJHO PacHpOCTPAHSIEMOE MAaTEMATUYECKOE [TPOrpaMMHOE oOecriedeHHe C OTKPBHITBIMU
HCXOAHBIMUA KOJAMU JIJIS1 MCCJIeOBATE/ILCKOM PabOThl M OOYyUCHHUsI B CAMBIX Pa3JIMUHBIX 00JIACTSAX BKJIIOYAs aureopy,
TeOMETPHIO, TEOPHIO YMCell, KpUNTorpaduio, YMCIeHHbIE BRIYMCIeH s U Apyrue. Kak monesns paspadotku Sage, Tak 1
YCJIOBUSI €10 PACHPOCTPAHEHHSI M UCTIOJIb30BAHMSI BHIOPAHBI B COOTBETCTBUU C MPUHIMIIAMEI OTKPBITOM U COBMECTHOM
paboThI: MBI COOMpaeM MAIIIMHY, a He Tepen3odpeTaeM kosieco. OIHOI M3 OCHOBHBIX Liefieil Sage sIBJsieTcst Co3/aHue
JOCTYIHOM, OECTUIaTHOM M OTKPBITOM ajibTepHaTtiBbl Maple, Matematica, Magma u MATLAB.

Hacrosmuii nokymeHT pacmpocrpansercs no quuen3un Creative Commons Attribution-Share Alike 3.0.

OrnaBneHune 1
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2 OrnaBneHune



rnasA 1

BeeneHue

JlanHoe yuyeOHOe rnocobue — JIydInil criocod MO3HAKOMHTBCS ¢ Sage 3a HECKOJIBKO 4acoB. Bbl MoskeTe MCHoIb30BaTh
ero B HTML wm PDF ¢opmate, a Takke OTKpHITh MHTEPAKTHBHYIO BEPCHIO IS HETIOCPEICTBEHHOM paboTH B Sage
notebook: HaxXxMHTe Help, TOTOM Tutorial. (IHTepakTHBHAS BEpCcUs MOKET ObITh HEJOCTYIIHA HAa PYCCKOM SI3BIKE, HO
MOKET ObITh OOJIee MOJIHOM U TOYHEEe COOTBETCTBOBATh TEKYIIeH Bepcun Sage.)

Cy1mecTBeHHas1 yacTh Sage HanycaHa Ha si3bIKe IporpamMMupoBanust Python, onHako ero 3HaHue He TpeOyeTcs AjIs uTe-
HUS gaHHOTO TocoOwust. Ecim Bl moskenaete y3HaTh Oosbine o Python (04eHb 271eraHTHBIN S3HIK!), CYIIECTBYEeT MHOTO
MpeKpacHbIX (M OECIUIATHBIX) CTOYHUKOB. PyKoBOACTBO 1151 HaunHaowmx Python [PyB] nmepeuncisier MHOXeCTBO Ba-
puanToB. [IJ1s1 IepBOro e 3HAKOMCTBA ¢ Sage AaHHOE MOCOOUe SBJISETCS] OTIIMYHOM OTIIPABHOM TOUYKOM. MTak:

sage: 2 + 2

4

sage: factor (-2007)
=il % J*2 * 223

sage: A = matrix (4,4, range(l6)); A

[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor (A.charpoly())
X2 * (x72 - 30*x - 80)

sage:

m
sage: m[0,0] = m[0,0] - 3
sage: m
[-3 1]
[ 2 3]
sage:
sage:

= EllipticCurve([1,2,3,4,5]);

(mpozioypKaeTesl Ha CileyIomel CTpaHHUIIe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field
sage: E.anlist (10)
e, i, 1, 0, =i, =3, 0, =i, =3, =3, =3]
sage: E.rank ()
1

sage: k = 1/ (sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*T
sage: N (k,30) # ToumocTb 30 6HT

0.16549568 — 0.052149208*I
sage: latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

>>> from sage.all import *

>>> Integer(2) + Integer(2)
4

>>> factor (—-Integer (2007))

=il *® 372 * 223

>>> A = matrix (Integer(4),Integer(4), range (Integer(16))); A
[ 0O 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

>>> factor (A.charpoly())
x"2 * (x"2 - 30*x - 80)

>>> m = matrix(ZZ, Integer (2), range(Integer(4)))

>>> m[Integer (0), Integer(0)] = m[Integer(0),Integer(0)] - Integer (3)
>>> m

[-3 1]

[ 2 3]

>>> E = EllipticCurve ([Integer(l), Integer(2), Integer(3), Integer (4),Integer(5)1]);
>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5

over Rational Field

>>> E.anlist (Integer (10))

o, 1, i1, 0, =i, =3, 0, =1, =3, =3, =3]

>>> E.rank ()

1

>>> k = Integer(l)/(sqgrt (Integer(3))*I + Integer(3)/Integer (4) +._
—sqgrt (Integer (73)) *Integer (5) /Integer(9)); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

>>> N (k)
0.165495678130644 — 0.0521492082074256*I
>>> N (k, Integer (30)) # ToumocTb 30 6HT

(poJoJKaeTcs Ha CeAyIoIIel CTpPaHuLEe)

4 Masa 1. BeBepeHue
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

0.16549568 — 0.052149208*I
>>> latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 YcTraHoBKa

Eciu Ha BaiieM KOMIbIOTEpE He YCTAHOBJIEH Sage, M Bbl XOTUTE MOMPOOOBATh HEKOTOPbIE KOMaH/Ibl, BOCIIOIb3YHTECh
9TOM cchUTKOM: http://sagecell.sagemath.org.

PykoBoCTBO 110 ycTaHOBKE Sage MOKHO POCMOTPETH HA IJIABHOM CTpaHUIle Sage B pazjesie JokymeHTauu: [SA] 3nech
MbI [IPUBEIEM JIUIIIb HECKOJIbKO KOMMEHTAPHER:

1. 3arpyxeHHBIH haill yCTAHOBKM Sage sIBJISETCsS CaMOIOCTaTOYHbIM. To ecThb, XoTs Sage mcrmonmbs3yer Python,
IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.1., 0TIe/IbHOI yCTAaHOBKH BHIITIETIEPEUYHCIICHHBIX TAKETOB
He TpeOyeTcsl, TaKk Kak OHM yXe BKJoueHsl. OIHaKO, /71l MCIIOIB30BaHUsI HEKOTOPBIX (DYHKIMI Sage TakuX, Kak
Macaulay nmm KASH, BbI 10JKHBI yCTaHOBUTD TpeOylomyecs (pailyibl WM UMETh COOTBETCTBYIOIIME TPOTPAMMBI
Ha BallleM KOMITbIoTepe.

[penBapuTeIbHO CKOMITMIMPOBAHHYI0 OMHAPHYIO BEPCHUIO Sage, KOTOPYIO TaKKe MOXHO HalWTH Ha BeO-caiite, Oy-
JIeT JIerye YCTaHOBUTb, YEM BEPCHUIO B ICXOIHOM Koge. IIpocTo pacnakyiite U BHIIOTHHUTE sage.

. Ecnu BB xenaete ucnosb3oBath naket SageTeX, KOTOpbIil MO3BOJSET BCTABIATh PE3Y/IbTaThl BHIUMCIEHH Sage B
LaTeX daiin, Tpedyetcs cnenarh SageTeX n3BectHsM Bamielt cucreme TeX. [1i1st sToro usyuure cekumio «Make
SageTeX known to TeX» B PykoBozcTBe 110 ycraHoBKe Sage (JlaHHasi CChUIKA BEAET K JIOKAJIbHOMY Pa3MEILEHUIO
KOIIMHM PYKOBOJICTBA IO YCTaHOBKe). DTO JAOBOJIBHO IPOCTO; BaM IOHAJOOMTCS BCETO JIMIIb CKOMMPOBATh OIMH
(aiin B mupekropuio noucka TeX.

JoxkymeHTalus no ucnoib3oBaHuio SageTeX Haxomutcs B $SAGE_ROOT/venv/share/texmf/tex/latex/
sagetex/, THe «$SAGE_ROOT» COOTBETCTBYET AMPEKTOPHU, TNl YCTAaHOBJIEH caM Sage, Hampumep, /opt/
sage—9.6.

1.2 Pa6orta B Sage

Pat6ora B Sage MOXKET OBbITh OCYHIECTBJICHA HECKOJIbKMMM ITyTSAMMU:

* Notebook (rpacduuecknii unrepdeiic): 3anycTuTe sage —-n jupyter; unTaiite
Jupyter documentation on-line,

b I/IHTepaKTI/IBHaH KOMaHJIHasA CTPOKaA: CM. Humepalmm@naﬂ ()(7().‘”[()%/{(1;

 IIporpamMmsbI: cO3JaHNe MHTEPIPETUPYEMBIX M KOMITMJIMPYEMBIX TIPOrpaMM B Sage (CM. 3azpyska u npukpennerue
aiinos Sage n Cozoarue KOMNUAUPOBAHHO20 KOOQ),

o CKpuOTHI: CO3[]aHIe CaMOCTOSITEIbHBIX CKPUIITOB Ha Python, ucronp3yomux oudnuoreku Sage (em. Canmocmo-
samenviivle ckpunmul Python/Sage).

1.3 Llenn Sage

¢ Tlone3Hblil: npeanonaracMas ayAMTOpHs MOJb30BaTeNel Sage — 3TO MIKOJIbHUKH CTAPIIMX KJIACCOB, CTYICHTHI,
yuwuresis, nmpodeccopa U MaTeMaThKH-KMccienoBaTeny. Les: npepocraBuTh nporpaMMHoe odecriedeHre, KOTopoe
ObUTO OBI MOJIE3HO JIJISI U3YYEHUST U MCCIIEIOBAHUI C MIOMOIIIBI0 MATEMATUIECKUX KOHCTPYKIME B aireOpe, reo-
METPUH, TEOPUM YUCEJT, YUCIIEHHBIX BHIYUCICHUSIX U T.JI. Sage YIpolaeT HHTEPAKTUBHOE SKCIIEPUMEHTHPOBAHKE
C MOMOIIIbI0 MATEMATUYECKUX OOBEKTOB.

1.1. YcraHoBKa 5
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* Dd¢r¢exTuBHLBIN: BynbTe ObICTPHIMU B BHIUMCEIHUSX. Sage UCHIONb3YeT BHICOKOOTUMU3MPOBAHHOE MPOrPaMM-
Hoe obecnieuenvie, kak GMP, PARI, GAP, and NTL, 1 o3ToOMy sIBJISIeTCSI OY€Hb OBICTPHIM B OIEpAIUsIX.

* CBOOO/HBIN M OTKPHITHIN: VIcXOIHBIHA KO/ JOJKEH OBITH CBOOOJHO JOCTYITHBIM, TEM CaMbIM NPEJOCTABIISIS TTOJIb-
30BaTeNIIM BO3MOKHOCTb MOHATh, YTO UMEHHO BBHINOJHAETCS CUCTEMOM, U JIETKO JOMOJHATHL ee. Tak xke, Kak U
MaTeMaTUKH MpuodpeTtaioT Gosee IIyOoKoe IIOHUMaHHe TeOpeMbl, YIIIyOIIssCh B €€ JOKa3aTeabCTBO, JIOAH, Bbl-
MOJIHSIOIIME BBIUMCIIEHHS, B CUJIaX MOHATh, KaK 9TU BbIYUCIICHUS NPOU3BOJATCS, IOUUTAB JOKYMEHTHPOBAHHBIN
UCXOIHBIH KoJ. ECM BBI MCTIOJIB3yeTe BHIYUCIACHHSI Sage B CBOMX MyOJIMKAIMsX, BBl MOKETE ObITh YBEPEHBI, UTO
BaIllM YMTaTEU OYyIyT BCEria MMETh JJOCTYII K Sage ¥ BCEMY MCXOHOMY Kofy. Bbl Takske MokeTe apXMBHpOBaTh
U MiepepacnpenesaTh UCIOIb3yeMYI0 BEPCHIO Sage.

¢ Jlerko KOMIWINPYeMBIil: Sage NOKHO OBITh JIETKO CKOMITMIIMPOBATH 13 KCXOAHBIX Koz10B rmog GNU/Linux, OS
X 1 Windows. 9To mpegocTaBUT MOJIb30BATENSIM BO3MOKHOCTh MOAU(DUIIPOBATh M ONITUMHU3UPOBATh CUCTEMY
TIO/1 CBOM MPEOYTEHMS.

¢ BzaumonericrBue: OOecrieunThb MPOCTHIE M HaJleKHBIe MHTeP(ENCH TSI MHOTHX IPYTUX CHCTEM KOMITHIOTePHOM
anre6psl, Bkmovast PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and Mathematica. Sage co3naH st
00BbEeIMHEHUS U PACIIMPEHUS] BOBMOXHOCTEH CYIIECTBYIOIIEro MaTeMATUIECKOTO TPOrPAMMHOTO O0eCHeUYeHHUSI.

¢ Xopomo J0KyMEHTHPOBaHHBI: Bbl nMeere 1ocTyn K ydyeOHOMY MOCOOMIO, PYKOBOJICTBY MO MPOrpaMMHUPO-
BaHUIO, CIIPAaBOYHOMY PYKOBOJCTBY M how-to, BKJIOUalomue B ce6si MHOTOUHCIIEHHbIE TTPUMEpPBI U 00CykKIeHHe
MaTeMaTHYeCKOU MOIOTIICKH.

® PacmnpﬂeMbn‘fl: OOBABIISATE HOBBIE THIIBI JAHHBIX WUJIN pacmnpﬂﬁTe BCTPOCHHBIC, HCHOHL3yﬁTe KO/, HaIMMCaH-
HbII BO MHOECTBE SI3bIKOB.

¢ JIpy:kecTBeHHBIil: Bam OyneT jierko NOHUMAaTh (PYHKIIMOHAILHOCTH JIIDOOr0 0OBEKTa, a TaKkKe MPOCMATPUBATh
JOKYMEHTAIIUIO ¥ UCXOMIHBINA KoJ. Takke MMelTe B BUTY BBHICOKUI YPOBEHB IOICPKKY MOTb30BATEIICH.

6 Masa 1. BeBepeHue



FMABA 2

Typ no Sage

JlaHHBIA pa3aen NOKaXeT, 4To JOCTYIHO B Sage. 171 Apyrux npuMepoB cM. «Sage Constructions», Tie HAXOAATCS OTBETHI
Ha JacTo 3a/iaBaeMble Bonpockl. Takxke cM. «CrpaBouHOE pyKOBOACTBO Sage», B KOTOPOM MOXXHO HAalTH THICSUH JIPYTHX
npumepoB. C TaHHOM SKCKypcrel MOXHO paboTaTh MHTEPaKTUBHO, eciv 3amycTuTh Sage Notebook 1 HaxaTh Ha CChUIKY
Help.

(Ecymm ypoku npocmatpusatotes B Sage Notebook, HaxMuTe shift-enter s TOTO, YTOOBI BHIMHUCIUTH JTIOOYIO TYEHKY
BBOA. [I0 HaXkaTHsI cOYeTaHUs KJIABUIN shift-enter MOXKHO peIaKTHPOBATh TEKCT BBOJA.)

2.1 NMpucsanBaHue, cpaBHeHMe U apudpmeTuka

C HEKOTOPBIMHU MCKJTIOUEHUSAMHU Sage MCTIOJb3yeT SI3bIK ITporpaMMupoBanus Python, mostoMmy MHOTMe KHUTY, 3HAKOMSI-
mue ¢ Python, momoryTt B n3yuenun Sage.

Sage ucrosnp3yeT = Ui NPUCBAaUBAHUSA. ==, <=, >=, < U > UCTIOJb3YIOTCS AJIs1 CDABHEHHUS:
sage: a = 5

sage: a

5

sage: 2 == 2

True

sage: 2 == 3

False

sage: 2 < 3
True

Il
Il
o

sage: a
True

>>> from sage.all import *

>>> a = Integer (5)

>>> a

5

>>> Integer (2) == Integer(2)

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

True

>>> Integer (2) == Integer (3)

False

>>> Integer (2) < Integer(3)

True

>>> a == Integer (5)

True

Sage nmoanepxkuBaet Bce 6a30Bble MATEMATUYECKUE ONIEPALIUH:

sage: 2**3 # ** o3HavaeT BO3BEeNEeHHE B CTENeHb
8
sage: 2"3 # B Sage ~ m ** CHHOHHMEI (B oTnHYHEe OT Python)

8
sage: 10 $ 3 # ngung geablx yHcen % o3HavaeT mod, T.e. B34THE OCTaTkKa
1

sage: 10/4

5/2

sage: 10//4 # mng pgenelx ukcen // o3HayaeT LENOUYHCIEHHOE YacTHOe
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372*4 + 2%5

38

>>> from sage.all import *

>>> Integer (2) **Integer (3) # ** o3Havaer BO3BEIEeHHE B CTEINEeHb

8

>>> Integer (2) **Integer (3) # B Sage ~ u ** CHHOHHMBEI (B OTIHYHE OT Python)

8

>>> Integer (10) % Integer (3) # @mad genelx 4YHCEeNI % o3Hauvaer mod, T.e. B34dTHE OCTaTka
1

>>> Integer (10) /Integer (4)

5/2

>>> Integer (10)//Integer (4) # Ognd penelx uucen // o3HaydaeT LHEeNOYHCIEHHOE YacTHOoe

2

>>> Integer (4) * (Integer (10) // Integer(4)) + Integer(10) % Integer(4) == Integer (10)
True

>>> Integer (3) **Integer (2) *Integer (4) + Integer (2) $Integer (5)
38

Beluriciienue BbIpaskeHusl, TAKOTO Kak 3°2*4 + 2%5, IPOU3BOAMUTCS B COOTBETCTBUU CO CTAPIIMHCTBOM ONEpaluid, Kak
onucaHo B [Ipuopumem OUHAPHLIX APUPMEMUUECKUX ONEPAmopo8.

Sage Taxkke MojepKMBAaET MHOTHUE MaTeMaTHIecKue (PyHKIHN:

sage: sqrt (3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt (3)

8 naBa 2. Typ no Sage
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>>> from sage.all import *
>>> sqrt (RealNumber ('3.4"))
1.84390889145858

>>> sin (RealNumber ('5.135"))
-0.912021158525540

>>> sin(pi/Integer (3))
1/2*sqgrt (3)

Kak nokasbiBaeT nocjaegHuii mpuMep, HEKOTOpbhle MaTeEMaTHUUECKUe BbIPaXEHHUsI BO3BPAIIAIOT ,,TOUHbIE™ BEJIMYUHBI, HO
HE YUCJIeHHbIe TpuOIMkeHus. st Toro, 4roObl MOMYYUTh YHUCIICHHOE TMPUOIMKCHUE, UCTIONB3YiTe (DYHKIWIO n WA
MeTo[ n (00a MMEIT OoJiee ITMHHBIE Ha3BaHUA - numerical_approx; (PYHKIUA N - 3TO TO Xe caMoe, 4To U n). OHn
MPUHUMAIOT HeoOs13aTeNIbHbIE API'YMEHThI prec, KOTOPHIA OMpeeiseT KOIMIeCTBO OUTOB TOUHOCTH, M digit s, KOTOPHIHA
OIIpe/ielisieT KOJIMYECTBO JeCATUYHbIX 1up TouHOoCTH. [To ymMonyaHuio, ipumeHsiercs: 53 O1rTa TOUHOCTH.

sage: exp(2)

er2

sage: n(exp(2))

7.38905609893065

sage: sqgrt (pi) .numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx (pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

>>> from sage.all import *

>>> exp (Integer (2))

en2

>>> n(exp (Integer (2)))

7.38905609893065

>>> sqgrt (pi) .numerical_approx ()
1.77245385090552

>>> sin(Integer (10)) .n(digits=Integer (5))
-0.54402

>>> N(sin(Integer (10)),digits=Integer (10))
-0.5440211109

>>> numerical_approx(pi, prec=Integer (200))
3.1415926535897932384626433832795028841971693993751058209749

Python nveer nMHAMUYECKUIT KOHTPOJIb TUIIOB, TAK YTO 3HAYEHHE, HA KOTOPOE CChUIAETCS IepeMeHHasl, MIMeeT THII,
cBsi3aHHBIM ¢ HUM. OJIHAaKO, IaHHAS [IEPEeMEeHHasi MOXET COepkKaTh 3HAUEHHUe JTI000ro Tumna u3 s3sika Python:

sage: a = 5 # a — gemoe UYHCIO

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # remepr a — payHOHAMbHOE YHCIO
sage: type(a)

<class 'sage.rings.rational.Rational'>

sage: a = 'hello' # remepnr a — crpoka

sage: type(a)

€ooo BEE"Z
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>>> from sage.all import *

>>> a = Integer (5) # a — [yemoe YHCIIO

>>> type(a)

<class 'sage.rings.integer.Integer'>

>>> a = Integer(5)/Integer(3) # rTemepp a - pPaAgHOHAILHOE UYHCIO
>>> type (a)

<class 'sage.rings.rational.Rational'>

>>> a = 'hello' # remepr a — crpoka

>>> type(a)

Zooo "SEE'Z

SA3bIK C, KOTOprI HMMeeT CTATUYECKUI KOHTPOJIb TUIIOB, CYIIECCTBEHHO OTJIMYACTCS; IEPEMCHHAS, 00bsBJIEHHAS KaK e-
JIO€ YUCIJI0, MOXKET COACPKATDH TOJIBKO LIEJIOE€ YHUCIIO.

2.2 ony4yeHue noMoLuU

B Sage ectb ncuepnbiBaolast BCTPOEHHAs JJOKYMEHTAIMs, K KOTOPOH MOKHO IOJIy4UThb JOCTYII, HareyaTas uMs (pyHK-
L[UM YT KOHCTAHTBHI C MOCJIEIYIOIIMM BOIPOCUTEIbHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:
sage: tan (pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2 ( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)

(IpoJoJIKaeTCs Ha CeyIoIel CTpaHuLe)
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(TTpofioJXeHue ¢ MpeabIIyLIer CTPAHHUIIbI)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-1log2)/ (1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log?2)

log (2)

sage: maxima (log2) .float ()

.6931471805599453

sage: gp(log2)

0.6931471805599453094172321215 # 32-bit

0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

sage: A = matrix(zz,9,(5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,

0,3,0 6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, ©,0,0, 2,0,8, ©,0,0,
6,0,0, 0,0,0, 0,2,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,

0,0,0 9,0, 0,5,0, 0,0,3]1)
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>>> from sage.all import *
>>> tan?
(poJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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(TTpofioJXeHue ¢ MpeablIyIel CTPaHHIbI)

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES:

>>> tan (pi)
0

>>> tan (RealNumber ('3.1415"))
-0.0000926535900581913

>>> tan (RealNumber ('3.1415"') /Integer (4))
0.999953674278156

>>> tan (pi/Integer (4))
1

>>> tan (Integer (1) /Integer (2))
tan(1/2)

>>> RR(tan(Integer (1) /Integer(2)))
0.546302489843790

>>> log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: 1log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
>>> log2
log2
>>> float (log2)
0.69314718055994529
>>> RR(log2)
0.693147180559945
>>> R = RealField(Integer (200)); R
Real Field with 200 bits of precision
>>> R(log2)
0.69314718055994530941723212145817656807550013436025525412068
>>> 1 = (Integer(l)-log2)/(Integer(1l)+log2); 1
(1 - log(2))/(log(2) + 1)
>>> R(1)
0.18123221829928249948761381864650311423330609774776013488056
>>> maxima (log2)
log (2)
>>> maxima (log2) .float ()
.6931471805599453
>>> gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
>>> sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku (A)

(IpoJoJKaeTCs Ha CeAyIOIIer CTpPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

Docstring:
Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :
>>> A = matrix (ZZ, Integer (9), [Integer (5), Integer (0), Integer(0), Integer(0),Integer(8),
—Integer(0), Integer(0),Integer(4),Integer(9), Integer(0),Integer (0),Integer(0),_
—Integer (5), Integer (0), Integer (0),
9,3,0, 0,6,7, 3,0,0, 0,0,4, 4,5,0, ©,0,0, ©,0,0, 0,0,0, 2,0,8, 0,0,0,
, 0,1,8, 7,0,0, 0,0,4, 1,5,0, ©,3,0, 0,0,2,
0,5,0

14

0,0,0, 0,0,0
0,0,0, 4,9,0, 0,5,0, 0,0,31)
>>> A
[5 000800 4 9]
[00 05000 3 0]
[0 6730000 1]
[1 5000000 0]
[00 020800 0]
[000OO0O0O0O01 8]
[7 0000415 0]
[0 3000200 0]
[4 9005000 3]
>>> sudoku (A)
[513687249]
[84 95216 3 7]
[2 67 3 4958 1]
[1 5846 397 2]
[9 7 42 18 3 6 5]
[326 79541 8]
[7 82 93415 6]
[6 351 7 2 8 9 4]
[4 9185 6 72 3]

Sage Takxke MperoCcTaBiIseT BO3MOXHOCTD ,, ABTO3aBEpILEHH“: HarleyaTaiTe HECKOJIBKO NMepBbIX OyKB Ha3BaHUS (PYHK-
Uy ¥ Haxmute TAB. Hanpumep, ecu Haneyatats ta M HaxkaTh TAB, Sage BeIBeJIeT tachyon, tan, tanh, taylor.
JanHast GyHKUMS SBIISETCS XOPOLIMM CIIOCOOOM MOKMCKa MMeH (DYHKIMIA MM IPYruX KOHCTPYKIME B Sage.

2.3 DYHKUMKU, OTCTYMbI U CYHETYUKN

HHH TOrO, YTOOHI OonpeneimTb (byHKL{I/IIO B Sage, I/ICHO.TI]J3yI7ITC KOMaHJy de f ¥ JBOETOYME MOCJIE CIIMCKA UMEH IIepeMeH-
HBIX:

sage: def is_even(n):
e return n%2 ==
sage: is_even (2)

sage: is_even(3)

>>> from sage.all import *
>>> def is_even(n):
return n%Integer (2) == Integer (0)

(mpozoyDKaeTesl Ha CileyIomel CTpaHHUIIe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> is_even (Integer (2))
True
>>> is_even (Integer (3))
False

3ameTtka: B 3aBucumocT# ot BEpCUU yqeéﬂoro rnocoous Ha BTOpOIU/I CTPOKE 3TOro npuMepa MOXHO YBUAETDH . .. . :. He
revaramnTe HUX, TaK KaK OHM CJIyXaT JIMIIb JId TOTO, 4TOOBI IIOKA3aTh OTCTYIIBI B KOJE.

He ompepensiite THIOB aprymMeHToB. MOKHO ONpPEAENUTh HECKOJIBKO BUIOB BBOJA, apTYMEHTHI KOTOPBIX MOT'YT UMETh
3HAYeHH 1Mo ymomrdanuo. Hampumep, (pyHKIMS B cremyiomeM npuMepe UCob3yeT divisor=2, ecmm divisor He
3a7aH.

sage: def is_divisible_by (number, divisor=2):
et return number$divisor == 0

sage: is_divisible_by (6, 2)

sage: is_divisible_by (6)

sage: is_divisible_by (6, 5)

>>> from sage.all import *

>>> def is_divisible_by (number, divisor=Integer(2)):
.. return numbersdivisor == Integer (0)

>>> is_divisible_by (Integer (6), Integer (2))

True

>>> is_divisible_by (Integer (6))

True

>>> is_divisible_by (Integer (6), Integer(5))

False

Takxe MOXHO 3aJJaBaTb BBOOAHBIC JaHHBIE B ABHOM BHEC IIPU BbI3OBE beHKLlI/II/I. Ecim 3aJaBaTb NapaMeTpbl ABHO, TO
TMOPAIAOK HE BAXKCH:

sage: is_divisible_by (6, divisor=5)

False

sage: is_divisible_by (divisor=2, number=6)
True

>>> from sage.all import *

>>> is_divisible_by (Integer (6), divisor=Integer (5))

False

>>> is_divisible_by (divisor=Integer (2), number=Integer (6))
True

B Python 6110k Koja He OTASIAIOTCS (DU PHBIMU CKOOKaMU WM APYTUMHU 0O03HAYEHHUIMH, KaK B IPYTUX sI3bIKax. Bme-
CTO 3TOTO UCIOJB3YIOTCS OTCTyIBL. Hampumep, ciefyomee BbIAACT CHHTAKCHYECKYIO OIIMOKY, TaK Kak Hepejl return
HET TaKOTO ke KOJTMYECTBA OTCTYIOB, KaK B MPEABIAYIINX CTPOKaX.

sage: def even (n):
5000 v = []
e for i in range(3,n):
e if 1 $ 2 == O0:
(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
el v.append (1)
5000 return v
Syntax Error:
return v

>>> from sage.all import *
>>> def even(n):
v = []
for i in range (Integer(3),n):
if i % Integer(2) == Integer(0):
v.append (1)
return v
Syntax Error:
return v

Ecnn no6aButh oTeTymbl, (hyHKIMs OyneT paboTrarhb:

sage: def even (n):

50008 v = []

e for i in range(3,n):
e if 1 $ 2 == O0:
e v.append (i)
et return v

sage: even(10)

[4, 6, 8]

>>> from sage.all import *
>>> def even(n):

v = []

for i in range (Integer(3),n):

if 1 $ Integer(2) == Integer (0):
v.append (i)

return v
>>> even (Integer (10))
[4, 6, 8]

ToukH ¢ 3ansaToN He HYXHbI Ha KOHIIaX CTPOK. Moxno PaCIOJIOKUTh HECKOJIBKO yTBGp)KJICHI/Iﬁ Ha OlIHOﬁ CTPOKE, OTAEC-
JICHHBIX TOUKAMM C 3aIISITOM:

sage: a = 5; b =a + 3; ¢c = b"2; c
64

>>> from sage.all import *
>>> a = Integer(5); b = a + Integer(3); c = b**Integer(2); c
64

Ecmu TpeGyeTcst pacloNIoKUTh CTPOKY KOJia Ha HECKOJIBKHX CTPOKAX, UCHIONB3YHTE \:
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Sage Tutorial in Russian, Bbeinyck 10.6

>>> from sage.all import *
>>> Integer(2) + Integer (3)
5

B Sage cueTunku mpon3BOAST UTEpALIMU [0 MHTEPBAITY 1IeJIbIX unces. Hanpumep, nepBas cTpoyka B IpUMepe O3HAYaeT
TO K€ caMOe€, YTO for (i=0; i<3; i++) B C++ wim Java:

sage: for i in range(3):
e print (i)

>>> from sage.all import *
>>> for i in range (Integer(3)):
print (i)

INepBas cTpouka B CeAyIOeM IPIMepe SKBUBAJIEHTHA for (1=2;i<5; i++).

sage: for i in range(2,5):
e print (1)

>>> from sage.all import *
>>> for i in range (Integer (2), Integer(5)) :
print (i)

Tpetuii aprymeHT 3agaet mar. Ciieqyloriee SKBUBANIECHTHO for (i=1;1i<6; i+=2).

sage: for i in range(1,6,2):
e print (1)

>>> from sage.all import *
>>> for i in range (Integer (1), Integer (6), Integer(2)):
print (i)

Yacro Tpedyercs co3marh TaOJMIly Ul BBIBOJA YKCeN, IOCUMTaHHBIX B Sage. Jlerkuii cnoco6 — ucnosp3oBath ¢op-
MaTupoBaHue cTpok. Huke cospgaercs Tabmuua ¢ Tpems croadlamu IUPUHON 6, copep:xariasl TabIuLly KBaJpaToB U
KyOOB:
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sage: for i in range(5):
..... print ('%6s

0 0 0

1 1 1

2 4 8

3 9 27

4 16 64

i~2, i73))

>>> from sage.all import *
>>> for i in range (Integer (5

print ('%6s
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

) 8

)
% (i, i**Integer(2), i**Integer(3)))

CaMbIM 6a30BBIM THIIOM JIAHHBIX B Sage sIBJISIETCs] CIMCOK — HA0O0p pa3inyHbIX 00beKkToB. HanpuMep, koMaHaa range
CO3/1aCT CIHCOK:

sage: list (range(2,10))
[2! 3/ 4/ 5! 6! 7/ 8/ 9]

>>> from sage.all import *
>>> list (range (Integer (2), Integer (10)))
[2I 3/ 4/ 5! 6! 7/ 8/ 9]

[anee nokazan npumep 0oJiee CIIOKHOTO CIHCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]

sage: Vv

[1, 'hello', 2/3, sin(x"3)]

>>> from sage.all import *

>>> v = [Integer(l), "hello", Integer(2)/Integer(3), sin(x**Integer(3))]
>>> v

[1, 'hello', 2/3, sin(x"3)]

I/IHHCKCLI B CIIMCKE HAYMHAIOTCA C HYJIA, KaK BO MHOT'UX fA3BIKAX IIPOrpaMMHUPOBAHMA.

sage: v[0]
1

sage: Vv[3]
sin (x"3)

>>> from sage.all import *
>>> v[Integer (0) ]

1

>>> v[Integer(3)]

sin (x"3)

HUcmoneayiite len (v) Ui TOTO, YTOOBI MOMYIUTh [UIMHY v; v . append (obj) IS TOTO, YTOOBI T0OABUTH HOBHI OOBEKT
K KOHILy v, M del v [i], 9TOOBI YAQIUTD ¢-i SJIEMEHT U3 v:
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sage: len (v)

4

sage: v.append(1.5)

sage: Vv

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v([1]

sage: Vv

[1, 2/3, sin(x"3), 1.50000000000000]

>>> from sage.all import *
>>> len (v)

>>> v.append (RealNumber('1.5"))

>>> v

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
>>> del v[Integer(1l)]

>>> v

[1, 2/3, sin(x"3), 1.50000000000000]

Jpyro¥i oueHb BaXXHBII TUI JaHHBIX — CJIOBaph (WJIM acCOIMATHUBHBIA MaccuB). OH paboTaeT, Kak CIHCOK, HO MOXKET
OBbITh MH/IEKCUPOBAH TMOYTHU JIIOOBIM 0OOBEKTOM (MHAEKCHI JOIKHBI ObITh HEM3MEHUMbIMH):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

=2

sage: dle]

pi

>>> from sage.all import *

>>> d = {'hi':-Integer(2), Integer (3) /Integer (8) :pi, e:pi}
>>> d['hi']

=2

>>> dfe]

194

Tax:xe MOXHO OIpEe/Ie/IUTh HOBBII THIT JaHHBIX C UCIIOJIb30BAaHUEM KilaccoB. MHKaICyTMpoBaHHe MaTeMAaTHYECKUX 00b-
€KTOB B KJIacCaX — 3TO MOINHAs TeXHHKA, KOTOpPas MOKET MMOMOYb YIIPOCTUTh M OPraHU30BaTh MPOrpaMMBl B Sage.
Huxe nokasan npumMep Kjacca, KOTOPBI COCTOMT U3 CHMCKA MOJOKUTEIbHBIX YETHBIX LIEJBIX YKCEN A0 71; OH TMOJTy4YeH
M3 BCTPOCHHOIO THUMA list.

sage: class Evens(list):

e def _ init_ (self, n):

et self.n = n

e oo list.__init__ (self, range(2, n+l, 2))
(self) :

ce return "Even positive numbers up to n."

e def _ repr

>>> from sage.all import *
>>> class Evens (list):
def _ init_ (self, n):
self.n = n
list.__init__ (self, range(Integer(2), n+Integer(l), Integer(2)))

(rpoosKaeTCst Ha CIISAYIOIIEl CTPAHHLIE)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
def _ repr__ (self):
return "Even positive numbers up to n."

Meto ___init__ BHI3BIBACTCS ISl MHUIMAIM3AIMU OOBEKTA [IPU €ro CO3/IaHUM; METO/l __repr_  BBIBEIET BCE 00b-
exThl. KOHCTPYKTOp CIMCKa BBI3BIBAETCSI BO BTOPOM CTpOUKe MeToga __init_ . OOBEeKT Kjlacca Evens cO3[aeTcs B
CleyIoIIeM BUJIE:

sage: e = Evens (10)
sage: e
Even positive numbers up to n.

>>> from sage.all import *
>>> e = Evens (Integer (10))
>>> e

Even positive numbers up to n.

3aMeTbTe, YTO e BHIBOAUTCS C IOMOIIBIO METOJA ___repr
UCTIONB3YHTe (PYHKIMIO 1ist:

5 KOTOpLIfI ObLT 3aJlaH HaMU. HIISI IIPOCMOTpPa CIIMCKA YUCEJI

sage: list (e)
[2, 4, 6, 8, 10]

>>> from sage.all import *
>>> list (e)
[2, 4, 6, 8, 101

MoXHO 00paTUTBLCS K aTpHOYTY n WM KCTIOIB30BATh e KaK CIUCOK.

sage: e.n
10

sage: e[2]
6

>>> from sage.all import *
>>> e.n

10

>>> e[Integer (2)]

6

2.4 basoBasi anre6pa u BblYMCIIEHUSA

Sage MOKeT OCyLIEeCTBIIATh BHIUUCIICHUS TaKUe, KaK MOUCK PelleHnil ypaBHeHUH, quddepeHIpoBaHue, UHTETPUPOBaA-
HUe U npeodpaszosanus Jlamaca. Cm. Sage Constructions , Te comepkaTtcs IpUMepHI.

2.4.1 PeweHune ypaBHEeHUN

TouHoOe pellueHMe ypaBHEeHUN

OyHKIMA solve peliaeT ypaBHeHUs. [I1sl ee MCHOJIB30BaHMS CHavyaja HYXXHO OMNPENeIuTh HEKOTOphIe IlepeMEHHBIE;
apryMeHTamMH JUisl solve OyIyT ypaBHeHHe (WM CHCTeMa ypaBHEHHI) U IepeMEHHbIe, 17151 KOTOPbIX HYXKHO HaWTH pe-
IICHHUE:
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sage: x = var('x")
sage: solve(x"2 + 3*x + 2, x)
[x == -2, x == -1]

>>> from sage.all import *

>>> x = var('x")

>>> solve (x**Integer (2) + Integer(3)*x + Integer(2), x)
[x == -2, x == -1]

MokHO pelath ypaBHEHHs AJ1s1 OJHOW ITepeMEHHON Yepe3 Apyrue:

sage: x, b, ¢ = var('x b c")
sage: solve([x"2 + b*x + ¢ == 0], x)
[x == -1/2*b - 1/2*sqgrt (b"2 - 4*c), x == —-1/2*b + 1/2*sqgrt (b"2 - 4*c)]

>>> from sage.all import *

>>> x, b, ¢ = var('x b c¢')
>>> solve ([x**Integer(2) + b*x + c == Integer(0)],x)
[x == -1/2*b - 1/2*sqgrt (b"2 - 4*c), x == -1/2*b + 1/2*sqgrt (b"2 - 4*c)]

Takxe MOXHO pemaTth YpaBHEHUA C HECKOJIbKUMU NIEPEMEHHBIMU:

sage: x, y = var('x, y")
sage: solve ([x+ty==6, x-y==4], x, y)
[[x == 5, y == 1]]

>>> from sage.all import *

>>> x, vy = var('x, y')

>>> solve ([x+y==Integer (6), x-y==Integer(4)], x, V)
[[x == 5, vy == 111

Criepyrompii mpuMep MoKa3bIBaeT, Kak Sage pelaeT CUCTeMy HeIMHEHHBIX ypaBHeHHi. 11 Hayasa cuctemMa peraercst
CHMBOJIBHO:

sage: var('x y p gq')

(2, v, P, Q)

sage: egl = ptg==

sage: eq2 = q*ytp*x==-6

sage: eg3 = g*y 2+p*x"2==24

sage: solve([eql,eq2,eq3,p==1],p,d,%,Y)

[[p == 1, g == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt (10) - 2/3]1, [p == 1, q == 8,
— x == 4/3*sqrt (10) - 2/3, y == -1/6*sqrt (10) - 2/3]]

>>> from sage.all import *
>>> var('x vy p q')

(x, v, P, 9
>>> eql = pt+tg==Integer (9)
>>> eq2 = g*ytp*x==-Integer (6)

>>> eq3 = g*y**Integer (2)+tp*x**Integer (2)==Integer (24)

>>> solve([eql,eq2,eq3,p==Integer(1l)],p,d,%,Y)

[[p == 1, g == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/31, [p == 1, g == 8,
— x == 4/3*sqrt (10) - 2/3, y == -1/6*sqrt (10) - 2/3]]

20 Maea 2. Typ no Sage




Sage Tutorial in Russian, Bbeinyck 10.6

Jnst npuOIVKEHHBIX 3HAUYEHUH PeIleH st MOXKHO MCTIONIb30BaTh:

sage: solns = solve([eql,eq2,eq3,p==1]1,p,q,x%,y, solution_dict=True)
sage: [[s[p].-n(30), s[gl.n(30), s[x].n(30), sly]l.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]1

>>> from sage.all import *

>>> solns = solve([eql,eqg2,eq3,p==Integer(l)],p,d,%X,y, solution_dict=True)
>>> [[s[p].n(Integer(30)), slgl].n(Integer(30)), s[x].n(Integer(30)), sly].
—n(Integer(30))] for s in solns]

[[1.0000000, 8.0000000, —-4.8830369, -0.13962039],
[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(OyHKIMS n BBIBEJET MPUOIMIKEHHOE 3HaUeHHe. APryMEHTOM JUIsl TAHHOH (DYHKIMH SIBJISIETCS] KOJIMYECTBO OMTOB TOY-
HOCTH)

YucneHHoe pelueHne ypaBHeHUN

Bo MHoOrux ciyvasx yHKIMs solve He CIOCOOHA HAlTH TOYHOE pellieHHe ypaBHEeHHs. BMecTo Hee MOXHO HCIOJIB30-
BaTh (PYHKIMIO £ind_root Ul HAXOXKIECHHUS YUCIEHHOTO peleHus. Harpumep, solve He BO3BpaIlaeT HUYETO CyIIe-
CTBEHHOTO JUIsl CJIEAYIOLIEro ypaBHEHUS:

sage: theta = var('theta')
sage: solve(cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

>>> from sage.all import *

>>> theta = var('theta')

>>> solve (cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

C ,IIpyl“OfI CTOPOHbBIL (byHKHI/IFI find_root MOXET UCIOJIb30BAThCA A1 peuieHu s BbIIICYKA3aHHOT'O ITpUMEPa B UHTEPBAJIE
0<¢p<m/2:

sage: phi = var('phi')
sage: find_root (cos (phi)==sin(phi),0,pi/2)
0.785398163397448...

>>> from sage.all import *

>>> phi = var('phi'")

>>> find_root (cos (phi)==sin (phi), Integer (0),pi/Integer (2))
0.785398163397448...

2.4.2 OundphbepeHumpoBaHue, MUHTErpupoBaHue U T.A4.

Sage ymeer nuddepeHIMpoBaTh U MHTErpupoBaTh MHOrke (pyHKIMK. Hanpumep, ist Toro, yto0Os! npoauddepeHimpo-
BaTh sin(u) Mo nepeMeHHOM u, TpedyeTcs:

sage: u = var('u')
sage: diff (sin(u), u)
cos (u)
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>>> from sage.all import *
>>> u = var('u')

>>> diff (sin(u), u)

cos (u)

L7151 moficyeTa 4eTBepTOi MPOU3BOJHOM (PYHKITMI sin(:cQ) HAJIo:

sage: diff (sin(x"2), x, 4)
16*x"4*sin (x"2) — 48*x"2*cos(x"2) - 12*sin(x"2)

>>> from sage.all import *
>>> diff (sin(x**Integer(2)), x, Integer(4))
16*x"4*sin (x"2) — 48*x"2*cos(x"2) - 12*sin(x"2)

151 HaXOKIeHUST YaCTHBIX TIPOM3BOIHBIX, KaK, HAIIpUMep, 1T (DYHKIIUU 22 4 17y? 110 & ¥ Yy COOTBETCTBEHHO:

sage: x, y = var('x,y'")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

2753

sage: f.diff (y)

34*y

>>> from sage.all import *

>>> x, y = var('x,y")

>>> f = x**Integer(2) + Integer(17)*y**Integer(2)
>>> f.diff (x)

25%

>>> f.diff (y)

34*y

Tenepb HaiifIéM HHTErPIbL: ¥ OLIPe/e/eHHble, 1 HeonpeesenHsle. Hanpumep, [z sin(z?) dz u fo 2 d

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1log (2)

>>> from sage.all import *

>>> integral (x*sin (x**Integer(2)), x)

-1/2*cos (x"2)

>>> integral (x/ (x**Integer (2) +Integer (1)), x, Integer(0), Integer(l))
1/2*1og(2)

JIJ1s1 HAXOXKJICHUST pas3JIOKEHHsI Ha TIPOCTBIE APOOH s 1 HYKHO CIeJIaTh Clefyloliee:

sage: f = 1/ ((1+x)*(x-1))
sage: f.partial_fraction (x)
-1/2/(x + 1) + 1/2/(x - 1)

>>> from sage.all import *
>>> f = Integer(1l)/((Integer (1)+x)* (x-Integer(1l)))

(IpoJoJIKAeTCs Ha CIEAYIOIIer CTpaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> f.partial_fraction (x)
-1/2/(x + 1) + 1/2/(x — 1)

2.4.3 PeweHne pudphepeHumanbHbIX ypaBHEHUN

Sage MOXET UCIIOJIL30BATCS IS peleHns auddepeHIraIbHbIX ypaBHenuid. s pemenus ypasuenus ¢’ +x — 1 =0
C/IeJIaeM CJIETYIOLIEE:

sage: t var('t") # omnpeneneHHe MNEPEeMEeHHOH t niad CHMBOJbHBIX BBIUHCIEHHH
sage: x = function('x') (t) # ompeneneHue QYHKLHH X 3aBHCHWEH OT t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e”t) *e” (-t)

>>> from sage.all import *

>>> t = var('t") # ompeneneHHe NEepPEeMEeHHOH t Oid CHMBOJIbHBIX BBIUHCIIEHHEH
>>> x = function('x'") (t) # ompenenenue QYHKUHH X 3aBHCImEH OT t

>>> DE = diff(x, t) + x — Integer(l)

>>> desolve (DE, [x,t])

(_C + e”t) *e”(-t)

Ili1st 3Toro mcnosp3yercst uatepdeiic Maxima [Max], HO3TOMy pe3yJibTaT MOXeET ObITh BHIBEAEH B BUJIE, OTIIMYHOM OT
0GBIYHOTO BBIBOJA Sage. B laHHOM ciiydae odlee pelieHre Juist JaHHOro auddepeHIMaIbHOro ypaBHeHust - x(t) =
e tet +O).

Ipeo6paszopanus Jlamnaca Takke MOTYT ObITh BhrumcieHbl. [IpeoOpasosanue Jlamaca mis t2et — sin(t) Beraucnsercs
CIIeIYIOIIM 00pa3oM:

sage: = var("s")
sage: = var("t")
= t"2*exp(t) - sin(t)

sage:
-1/ (s

.laplace(t, s)

s
t
sage: f
f
"2+ 1) + 2/(s - 1)"3

>>> from sage.all import *

>>> s = var("s")
>>> t = var("t")
>>> f = t**Integer (2)*exp(t) — sin(t)

>>> f.laplace (t,s)
-1/(s"2 + 1) + 2/(s - 1)"3

HpHBCH@M 0oJiee CIIOKHBIN npumep. OTKJIOHEHHE OT IOJIOKEHUS paBHOBECHUA AJId NApbl IMIPYKUH, MPUKPEIUVICHHBIX K
CTE€HE CJICBA,

=== \N/\/\/\/\=—=|maccal|-——-\/\/\/\/\/-——-|mMacca2 |

npyxuHal NpyXHUHa2

MOXeT ObITh PEJICTABIEHO B BUjie MU PepeHIMaIbHbIX YPaBHEHHI BTOPOTO NOPsIaKa
mizy + (k1 + k2)z1 — kowz =0
1"
m2w2 -+ kQ(l’Q — 1’1) = 0,

re m; - 9T0 Macca 00BEKTa i, T; - 3TO OTKJIOHEHUE OT MOJIOKEHUS PaBHOBECUS MAcCH i, a k; - 9TO KOHCTaHTa I
MPYKUHBI 1.
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Ipumep: Vcnons3yiite Sage 1is BBILIEYKA3aHHOTO TpuMepa ¢ my = 2, mo = 1, k1 = 4, ks = 2, 21(0) = 3,
24(0) =0, 22(0) = 3, 25(0) = 0.

Pemienne: Hayio HaiiTu mpeoGpa3oBaHue Jlariaca nepBoro ypaBHeHus (C yCIOBHEM & = Ty, Y = X2):

sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) - 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel.sage()

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
— 2*D[0] (x) (0)

>>> from sage.all import *

>>> del = maxima ("2*diff(x(t),t, 2) + 6*x(t) - 2*y(t)")
>>> 1ldel = del.laplace("t","s"); ldel.sage()
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)

JlaHHBIH PEe3yJIbTaT TSXKEI0 YATAEM, OJHAKO JOJIKCH OBITb MIOHAT KaK
—22"(0) + 252 - X(5) — 252(0) — 2Y(5) + 6X(5) =0

Haiinem npeo6pazoBanue Jlariaca st BTOPOro ypaBHEHHUSI:

sage: t,s = SR.var('t,s'")

sage: x = function('x')

sage: y = function('y')

sage: f = 2*x(t).diff(t,2) + 6*x(t) - 2*y(t)

sage: f.laplace(t,s)

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)

>>> from sage.all import *

>>> t,s = SR.var('t,s")

>>> x = function('x")

>>> y = function('y')

>>> f = Integer(2)*x(t).diff (t,Integer(2)) + Integer(6)*x(t) - Integer(2)*y(t)

>>> f.laplace (t,s)
2*s*2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
— 2*D[0] (x) (0)

Pesynprar:
—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Bceraeum HavassHeie yenosust 11 2(0), 27(0), y(0) u 3/ (0), u perunm ypaBeHust:

sage: var('s X Y')

(s, X, Y)
sage: eqgns = [(2*s"2+6) *X-2*Y == 6*s, —-2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s"4 + 5*s"2 + 4),
Y == 3*(s”3 + 5*s)/(s"4 + 5*s72 + 4)]]

>>> from sage.all import *
>>> var('s X Y')

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
(s, X, Y)
>>> eqgns = [ (Integer (2)*s**Integer (2)+Integer (6))*X-Integer(2)*Y == Integer(6)*s, -
—Integer (2) *X +(s**Integer (2)+Integer (2))*Y == Integer (3) *s]
>>> solve (egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s™4 + 5*s”2 + 4),
Y == 3*(s"3 + 5*s)/(s™4 + 5*s72 + 4)]]

Teneps nponssenéM odpatHoe TpeodpazoBanue Jlamaca Uit HaXOXKJEHHsT OTBETa:

sage: var('s t')

(s, t)

sage: inverse_laplace ((3*s”3 + 9*s)/(s”4 + 5*s"2 + 4),s,t)
cos (2*t) + 2*cos (t)

sage: inverse_laplace((3*s"3 + 15*s)/(s”4 + 5*s"2 + 4),s,t)
—cos (2*t) + 4*cos(t)

>>> from sage.all import *

>>> var('s t')

(B =)

>>> inverse_laplace ((Integer (3) *s**Integer (3) + Integer(9)*s)/(s**Integer (4) +._
—Integer (5) *s**Integer(2) + Integer(4)),s,t)

cos (2*t) + 2*cos (t)

>>> inverse_laplace ((Integer (3) *s**Integer (3) + Integer(15)*s)/(s**Integer (4) +_
—Integer (5) *s**Integer(2) + Integer(4)),s,t)

—cos (2*t) + 4*cos(t)

Hrak, oTBeT:
x1(t) = cos(2t) + 2cos(t), xo(t) = 4cos(t) — cos(2t).

I'paduk 1 OTBETa MOKET OBITh IIOCTPOEH MAapaMETPHUYECKH, HCIIOb3Y s

sage: t = var('t"')

sage: P parametric_plot ((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
e (t, 0, 2*pi), rgbcolor=hue(0.9))
sage: show (P)

>>> from sage.all import *

>>> t = var('t'")
>>> P = parametric_plot ((cos (Integer (2)*t) + Integer(2)*cos(t), Integer(4)*cos(t) --
—scos (Integer (2)*t) ),

(t, Integer(0), Integer(2)*pi), rgbcolor=hue (RealNumber ('0.9")))
>>> show (P)

Fpa(pmq/l MOryT OBITh TMOCTPOCHBI U [JIs1 OTACJIbHBIX KOMIIOHEHTOB:

sage: t = var('t"')
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)
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>>> from sage.all import *

>>> t = var('t")

>>> pl = plot (cos(Integer(2)*t) + Integer(2)*cos(t), (t,Integer(0), Integer(2)*pi),.
—rgbcolor=hue (RealNumber ('0.3")))

>>> p2 = plot (Integer(4) *cos(t) - cos(Integer(2)*t), (t,Integer(0), Integer(2)*pi),_
—rgbcolor=hue (RealNumber ('0.6")))

>>> show (pl + p2)

Ilnsa Gonee wcueprnbiBaoineil uHpopManmu 1o rpadukam cM. [locmpoenue zpagpurxos. Takxke cM. CeKIMiO 5.5 u3
[NagleEtA12004] most yrmy6saeHHoN nHpopManmu o qudgepeHIaabHbIM YpaBHEHUSIM.
2.4.4 Metopn dunepa ons peweHus cuctem gucpcpepeHumnanbHbIX ypaBHEHUN

B crnenyomem mpumepe rnokazan mMeton diiepa st audepeHIatbHbIX YPaBHEHUI NIEPBOrO U BTOPOTO HOPSIAKOB.
CHavasa BCIOMHHM, UTO JieJIaeTcs Ul ypaBHEHHUI NepBoro nopsijaka. [laHa 3aaua ¢ HauaJbHBIMU YCIOBHSIMU B BUJIC

y = f(z,y), yla)=c,
TpeOyeTcsi HalTH NPUOIN3UTEIbHOE 3HAUCHHE peleHusi mpu © = bu b > a.

W3 onpepeneHyst pou3BOAHOMN CIEAYET, UTO

vy yl@+h) —y(z)
y(@)m =———,

rae h > 0 naHo u sBiserca HeGonbumM. 1o U auddepentmanbHoe ypasHenue pawor f(xz, y(r)) ~ £
Teneps Hayo pemuts wist y(x + h):

(z+h)—y(z)
7 .

y(x+h)=y(x)+h- flzy)).

Ecmm nasBats h- f (x, y()) «I0MPaBOYHBIM 37IEMEHTOM», () «IIPEXHIM 3HAYEHUEM y» a (2 +h) «<HOBBIM 3HAUCHHEM
Y», TOrMA JaHHOE MPUOJTMKEHNE MOKET ObITh BHIPAXEHO B BHE

Ynew =~ Yold + h- f(xa yold)-

Ecnu pa3outh MHTEpBaI MexX/ay a 1 b Ha n 4acTeit, ytoObl h = ”‘Ta, TOT/Ia MOKHO 3arucaTh HH(POPMAIHIO /151 JaHHOTO
MeTO/Ia B TaOJIHILY.

a c h- f(a,c)
a+h c+h- fa,c)
a+2h

b=a-+nh ?7?

Llenbio sIBIISIETCS 3aMOJHUTH BCE IMYCTOTH B TaOJIMIIE MO OAHOMY psifly 3a pa3 JO MOMEHTa AOCTWKEHHs 3arucu 777,
KOTOpasi U sIBISIETCS IPUOIMKEHHBIM 3HaUeHreM MeTtoaa Dittepa ms y(b).

Pemenvie cucrem nudepeHnmanbHbIX ypaBHEHUH MOX0XKe Ha pellieHre 0ObIYHbIX Au(depeHIraTbHbIX YpaBHEHHUI.

Ipumep: Haiinure unciieHHoe npubmusuresbHoe 3Havenue i z(t) npu ¢ = 1, ucnons3yst 4 mara merosa Jitiepa,
e 2’ +tz' +2=0,2(0) =1, 2(0) =0.

Tpebyercs npusecTu T pepeHranbHOe ypaBHEHE 210 Mopsiaka K chcteMe ABYX T depeHalbHbIX ypaBHEHUI ep-
BOTO MOpsAKa (MCIONb3ysl & = z, y = z’) U IPUMEHUTh MeTO Dilsiepa:
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sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens()

sage: £ =y; g=-x -y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)
t X h*f (t, x,vy) y h*g (t, x,v)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

>>> from sage.all import *

>>> t,x,y = PolynomialRing (RealField (Integer (10)),Integer (3),"txy") .gens()

>> f =y; g=-x -y *t

>>> eulers_method_2x2 (f,g, Integer(0), Integer(l), Integer(0), Integer(l)/Integer (4),._
—Integer (1))

t X h*f(t,x,vy) vy h*g(t, x,vy)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Urak, z(1) ~ 0.75.

MoxHO NOCTpoUTbh TrpaduK JIsI TOYEK (x, y) YTOOBL [OJIy4YUTh HpI/I6JII/I3I/IT€II]>HLIﬁ BUA KpuBOH. DyHKIUA
eulers_method_2x2_plot BHINOJHUT JaHHYIO 3aJa4y; IJIs 9TOro HaJ0 ONpPEeAcInTh (byHKI_II/II/I f M g, apTYMEHT KOTO-
PBIX UMEET TpU KOOpAUHATHL: (, T, V).

sage: f = lambda z: z[2] # f(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y) = —-sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

>>> from sage.all import *

>>> f = lambda z: z[Integer (2)] # f(t,x,y) =y

>>> g = lambda z: -sin(z[Integer(l)]) # g(t,x,y) = —-sin(x)

>>> P = eulers_method_2x2_plot (f,g, RealNumber ('0.0'), RealNumber ('0.75'), RealNumber (
—'0.0"), RealNumber ('0.1"), RealNumber ('1.0"))

B 3TOT MOMEHT P cofepkut B cebe nBa rpaduka: P[0] - rpacduk x o t u P [1] - rpaduk y mo ¢t. Oda 3tu rpacduka
MOT'YT OBITh BBIBEJICHBI CJIEAYIOIIUM 00Pa3oM:

[sage: show (P[0] + P[1]) ]

>>> from sage.all import *
>>> show (P[Integer(0)] + P[Integer(1)])

2.4.5 CneuunanbHbie PyHKLUMN

Heckonpko opTOroHaIbHBIX TIOJIMHOMOB H CTIEIIMATBHBIX (DYHKIUH ocyIiecTBiIeHs! ¢ momoripio PARI [GAP] u Maxima
[Max].

sage: x = polygen(QQ, 'x')
sage: chebyshev_U (2, x)

(poJoJIKaeTcs Ha CeayIolel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
4*x~2 — 1
sage: bessel_TI(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1).n()
0.565159103992485
sage: bessel_TI(2,1.1).n()
0.167089499251049

>>> from sage.all import *

>>> x = polygen(QQ, 'x'")

>>> chebyshev_U (Integer(2), x)

4xx"2 — 1

>>> pbessel_TI (Integer(l),Integer (1)) .n(Integer (250))
0.56515910399248502720769602760986330732889962162109200948029448947925564096

>>> pbessel_TI(Integer(l),Integer (1)) .n()
0.565159103992485
>>> pessel_TI(Integer(2),RealNumber('1.1")) .n()

0.167089499251049

Ha naHHBI MOMeEHT Sage paccMaTpHBaeT JaHHbIe (DYHKLMM TOJBKO JUIs YHACIIEHHOTO NpUMEeHeHus. [k CHMBOJIBHOTO
WCIIOJIb30BaHUSI HY’)KHO HAaIIPSIMYIO UCTIONB30BaTh MHTEepdeiic Maxima, Kak OMHCaHO HUXE:

sage: maxima.eval ("f:bessel y (v, w)")
'bessel_y (v, w)'

sage: maxima.eval ("diff (f,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

>>> from sage.all import *

>>> maxima.eval ("f:bessel_y (v, w)")
'bessel_y (v, w)'

>>> maxima.eval ("diff (f,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

2.5 MNMocTpoeHue rpacoukos

Sage MOKeT CTpOUTh AByMEpHbIE U TPeXMEpPHBIE rpahuKu.

2.5.1 [1BymepHble rpadoukum

B nBymepHOM IpocTpaHCTBE Sage MOKET OTPUCOBBIBATH KPYTH, JIUHUM U MHOTOYTOJIbHHUKY; rpapuku (pyHKLUH B 1e-
KapTOBBIX KOOPJMHATAX; TaKKe rpahKu B MOJISIPHBIX KOOPIMHATAX, KOHTYPHBIE IpapuKu U N300pAKEHUsT BEKTOPHBIX
nosiedi. Hexotopeie mpumeps! OynyT moka3ansl Hioke. st 6ojiee ucueprpiBaomeid HHGOPMAIIUY 110 TIOCTPOSHHIO Tpa-
puKoB cM. Pewienue ougpgpeperyuanvhvix ypasrenuii u Maxima, a Takxke JokyMeHTauumio Sage Constructions.

JlaHHas KOMaH[a IIOCTPOUT KEJITYIO OKPYXKHOCTb paauyca 1 ¢ IeHTpoM B Havase:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
—Integer (0)))
Graphics object consisting of 1 graphics primitive

Takke MOXHO OCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> circle((Integer (0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
—Integer(0)), fill=True)

Graphics object consisting of 1 graphics primitive

Mo3KHO cO3/1aBaTh OKPYKHOCTb U 33/1aBaTh ee Kakoi-JIu0o nepemMeHHOM. [JaHHBIN TprMep He OyIeT CTPOUTh OKPYK-
HOCTB!

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

>>> from sage.all import *
>>> ¢ = circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
—Integer (0)))

YroObI MOCTPOUTD €€, UCTIONIB3YHTE C . show () WM show (c):

[sage: c.show ()

>>> from sage.all import *
>>> c.show ()

c.save ('filename.png') COXpaHUT IpadpuK B paiii.

Tereps 3TH ,,0KPYKHOCTH" OOJIBIIIE MOX0XHU Ha JIMIICHL, TAK KAK OCH MMEIOT pa3HbIii MacIiTad. TO MOKHO UCIIPABUTh
CIeyoImmUM 00pa3oM:

[sage: c.show (aspect_ratio=1)

>>> from sage.all import *
>>> c.show(aspect_ratio=Integer (1))

Komannma show(c, aspect_ratio=1) BHIIOJIHUT TO ke camoe. COXpaHUTh KAPTUHKY MOXHO C IIOMOIIBIO C.
save ('filename.png', aspect_ratio=1).

Crpouts rpaduku 6a30BbIX (PYHKIMIA JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (cos, (—-Integer(5),Integer(b5)))
Graphics object consisting of 1 graphics primitive

Kak TopKO MMs1 IepeMeHHOH OIpesiesieH0, MOKHO CO3/1aTh MapaMeTpUIecKui rpaduk:
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sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> x = var('x"'")

>>> parametric_plot ((cos(x),sin(x)**Integer(3)), (x,Integer (0),Integer (2) *pi),
—rgbcolor=hue (RealNumber ('0.6")))

Graphics object consisting of 1 graphics primitive

BaxHO oTMETHTSH, UTO OCcH rpaduka OyayT mepeceKaThes JIMIIb B TOM ClIydae, KOra Hadajao KOOPAMHAT HaXOAWTCS B
1oJie 3peHus rpaduka, U YTo K JOCTATOYHO OOJIBIINM 3HAUYEHUSM MOXXHO IPMMEHHUTh HAyYHOE 0003HAUEeHHE!

sage: plot (x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (x**Integer (2), (x, Integer (300), Integer (500)))
Graphics object consisting of 1 graphics primitive

Mo3KHO 00BEUHSATD MOCTPOCHHU S, T00ABIISISI UX OPYT JIPYTY:

sage: x = var('x")

sage: pl = parametric_plot ((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot ((cos(x),sin(x)"2), (x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi),rgbcolor=hue (0.6))
sage: show (pl+p2+p3, axes=false)

>>> from sage.all import *

>>> x = var('x")

>>> pl = parametric_plot ((cos(x),sin(x)), (x,Integer (0), Integer (2) *pi),
—rgbcolor=hue (RealNumber ('0.2")))

>>> p2 = parametric_plot ((cos(x),sin(x)**Integer(2)), (x, Integer(0), Integer (2) *pi),
—rgbcolor=hue (RealNumber ('0.4")))

>>> p3 = parametric_plot ((cos(x),sin(x)**Integer(3)), (x, Integer(0), Integer(2) *pi),
—rgbcolor=hue (RealNumber ('0.6")))

>>> show (pl+p2+p3, axes=false)

Xopommii crioco® co3naHusI 3aIOTHEHHBIX (PUTYp — CO3AaHUE CITHCKA ToYeK (L B CIIEAYIOIIeM IpuMepe), a 3aTeM Hc-
T0JIb30BaHNe KOMaH[bl polygon AJIs TOCTPOEHHs (PUTyYphI ¢ TPaHULIAMH, 00pa30BaHHBIMHU 3aJaHHBIMHU TouKamu. K npu-
MepY, CO3aIUM 3eJICHBII JAeIbTOUNL;

sage: L = [[-1l+cos(pi*i/100)* (1+cos(pi*i/100)),

50008 2*sin(pi*i/100) * (1-cos (pi*i/100))] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> I, = [[-Integer(l)+cos(pi*i/Integer (100))* (Integer (1)+cos (pi*i/Integer (100))),
Integer (2) *sin (pi*i/Integer (100)) * (Integer (1) —cos (pi*i/Integer (100)))] for i._
—in range (Integer (200)) ]
(IpoJoJIKaeTCs Ha CeAyIoIel CTpaHuLe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> p = polygon (L, rgbcolor=(Integer (1) /Integer (8),Integer (3)/Integer (4),Integer(1)/
—Integer(2)))
>>> p

Graphics object consisting of 1 graphics primitive

Hameuataiite show (p, axes=false), YTOOBI He IOKA3BIBATh OCE Ha Tpaduke.

Mo:XHO 100aBUTh TEKCT Ha TpaduK:

sage: L = [[6*cos(pi*i/100)+5*cos ((6/2)*pi*i/100),

e 6*sin (pi*i/100)-5*sin ((6/2)*pi*i/100)] for i in range (200) ]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

>>> from sage.all import *

>>> L = [[Integer (6) *cos(pi*i/Integer (100))+Integer (5) *cos((Integer (6)/

—Integer(2)) *pi*i/Integer (100)),

. Integer (6) *sin(pi*i/Integer (100))-Integer (5) *sin((Integer (6) /Integer (2)) *pi*i/
—Integer (100))] for i in range (Integer (200))]

>>> p = polygon (L, rgbcolor=(Integer (1) /Integer (8),Integer (1) /Integer (4),Integer(1)/
—Integer(2)))

>>> t = text ("hypotrochoid", (Integer (5),Integer(4)), rgbcolor=(Integer(l),Integer(0),
—Integer (0)))

>>> show (p+t)

Vunrena MateMaTHKM 4acTO PUCYIOT Ceyloliuil rpahuK Ha JOCKE: HE OJHY BETBb arcsin, a HECKOJIbKO, T.e. rpadhuk
dyskm y = sin(x) wia & Mexay —27 U 27, epeBepHyTHIiA [0 OTHOIICHHIO K JUHMU B 45 rpagycos. Creayomas
KOMaHza Sage MOCTPOUT BBIIIIEyKa3aHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float (pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> v = [(sin(x),x) for x in srange (-Integer (2)*float (pi),Integer (2)*float (pi),
—RealNumber ('0.1"))]

>>> line (v)

Graphics object consisting of 1 graphics primitive

Tak kak CI)yHKL[I/I}I TaHITeHca UMEET OOJIbIINI HUHTEPBAJI, YEM CUHYC, IIPpU UCIIOJIb30BAHUU TOH K€ TEXHUKU U1 TIEpEBEP-
ThIBaAaHUA TaHI'CHCA Tpe6yeTCH HU3MEHUTb MUHUMAJIbHOEC 1 MAKCUMAJIbHOE 3HAYCHUA KOOpAUHAT IJIsI OCHU X:

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float (pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

>>> from sage.all import *

>>> v = [(tan(x),x) for x in srange(-Integer (2)*float (pi), Integer (2)*float (pi),
—RealNumber ('0.01"))]

>>> show(line(v), xmin=-Integer (20), xmax=Integer (20))

Sage Takke MOXET CTPOUTh Tpa(PUKU B MOJISIPHBIX KOOPAMHATAX, KOHTYPHBIE IOCTPOCHUSI U N300PaKEHUsT BEKTOPHBIX
noJied (AJ1s crienraibHbBIX BUIOB (pyHKIMI). [laee ciemyeT mpuMep KOHTYPHOTO YepTesxa:

2.5. MocTtpoeHue rpacoukos 31




Sage Tutorial in Russian, Bbeinyck 10.6

sage: f = lambda x,y: cos(x*y)
sage: contour_plot (f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> f = lambda x,y: cOs(x*y)

>>> contour_plot (£, (-Integer(4), Integer(4)), (-Integer(4), Integer(4)))
Graphics object consisting of 1 graphics primitive

2.5.2 TpexmepHble rpacoukm

Sage Takke MOXKeT ObITh HCIIOJIb30BaH 151 CO3/IaHUsI TPEXMEPHBIX IpadrKOB. DTU rpavKU CTPOSITCS C TOMOIIBIO IaKeTa
[ThreelS], koTopHIi TOAAEPKUBAET TOBOPOT U MPUOIMKEHIES KAPTUHKY C TIOMOIIHIO MBIIIIH.

Hcrnonb3yiite plot 3d, 4to0bl mocTpouts rpaduk pyHkuun popmet f(z,y) = z:

sage: x, y = var('x,y")
sage: plot3d(x"2 + y"2, (x,-2,2), (y,=2,2))
Graphics3d Object

>>> from sage.all import *

>>> x, y = var('x,y")

>>> plot3d(x**Integer(2) + y**Integer(2), (x,-Integer(2),Integer(2)), (y,-Integer(2),
—Integer(2)))

Graphics3d Object

Erme MoXHO MCHONB30BaTh parametric_plot3d I MOCTPOEHHUS rpaMKOB MapaMeTPHUECKUX MOBEPXHOCTEH, Ie
KaX/ablil U3 x, y, 2 onpenensieTcs: PyHKIMer OHOM WM ABYX HepeMEHHBIX (ITapaMeTphl; 00bIYHO U U v). [Ipeaplmyuii
rpauk MOXeT ObITh BbIpakeH MapaMeTPHUECKH B CJICAYIOLIEM BUJIE:

sage: u, v = var('u, v')
sage: f_x(u, v) =u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v"2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

>>> from sage.all import *
>>> u, v

var('u, v')

>>> _ tmp_ _=var("u,v"); f_x = symbolic_expression (u).function (u,v)

>>> _ tmp_ =var("u,v"); f_y symbolic_expression (v) .function (u,v)

>>> _ tmp_ =var ("u,v"); f_z = symbolic_expression (u**Integer(2) + v**Integer(2)).
—function (u, v)

>>> parametric_plot3d([f_x, f_y, f_z], (u, -Integer(2), Integer(2)), (v, —-Integer(2),.
—Integer(2)))

Graphics3d Object

Tperuii criocod NOCTPOUTH TPEXMEPHYIO MIOBEPXHOCTh B Sage - UCIOJIb30BaHue implicit_plot3d, KOTOPBIA CTPOUT
KOHTYDHI rpapmkoB GyHKIwmiL, Kak f(x,y, z) = 0. YToObI MOCTPOUTH chepy, BOMOIB3yeMCs KJIACCHYECKOi (DOPMYITOi:

sage: x, y, z = var('x, y, z'")
sage: implicit_plot3d(x"2 + y*2 + z"2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object
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>>> from sage.all import *

>>> x, y, z = var('x, y, z")

>>> implicit_plot3d(x**Integer (2) + y**Integer(2) + z**Integer(2) - Integer(4), (x,-
—Integer(2), Integer(2)), (y,-Integer(2), Integer(2)), (z,-Integer(2), Integer(2)))
Graphics3d Object

Huxe noka3aHbl HECKOJIBKO IIPUMEPOB:

CkpelieHHbIN KoJmrak (OJM3KUi pOJCTBEHHHUK IIHMPOKO U3BECTHOTO JicTa MEOuyca):

sage: u, v = var('u,v'")

sage: fx = (l+cos(v)) *cos (u)

sage: fy = (l+cos(v))*sin(u)

sage: fz = —-tanh((2/3)*(u-pi)) *sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
e frame=False, color="red")
Graphics3d Object

>>> from sage.all import *

>>> u, v = var('u,v")

>>> fx = (Integer(l)+cos(v)) *cos (u)

>>> fy = (Integer(l)+cos(v)) *sin (u)

>>> fz = —-tanh((Integer(2)/Integer(3))* (u-pi)) *sin (v)

>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),._
—Integer (2) *pi),

frame=False, color="red")
Graphics3d Object

Kpydensiit Toponn:

sage: u, v = var('u,v')
sage: fx = (3+sin(v)+cos(u)) *cos(2*v)

(3+sin(v)+tcos (u)) *sin (2*v)

sage: fy
sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
e frame=False, color="red")

Graphics3d Object

>>> from sage.all import *

>>> u, v = var('u,v")

>>> fx = (Integer (3)+sin(v)+cos(u)) *cos (Integer (2) *v)
>>> fy = (Integer (3)+sin(v)+cos(u))*sin(Integer(2) *v)
>>> fz = sin(u)+Integer(2) *cos (v)

>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),._
—Integer (2) *pi),

frame=False, color="red")
Graphics3d Object

JlemHUCKaTa:
sage: x, y, z = var('x,y,z")
sage: f(x, y, 2z) = 4*x"2 * (xX"2 + y"2 + 272 + z) + y"2 * (y"2 + z72 - 1)

sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object
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>>> from sage.all import *

>>> x, y, z = var('x,y,z")

>>> _ tmp_ =var("x,vy,z"); £ = symbolic_expression(Integer (4)*x**Integer (2) *_

— (x**Integer (2) + y**Integer(2) + z**Integer(2) + z) + y**Integer(2) *.

— (y**Integer (2) + z**Integer(2) - Integer(l))).function(x,y,z)

>>> implicit_plot3d(f, (x, —-RealNumber ('0.5'), RealNumber ('0.5")), (y, —-Integer(l),.

—Integer (1)), (z, —-Integer(l), Integer(l)))
Graphics3d Object

2.6 PacnpoctpaHéHHble npobnembl ¢ hyHKLNAMU

HexoTtopsle acriekTsl onpeaeaeHus GyHKIuA (Hanpumep, i AudepeHIMpoBaHus WM OCTPOeHUs IrpaduKa) MOTyT
OBITH He SACHBL B 9TOM pasiene Mbl oOpaliaeM BHUMaHUE Ha HEKOTOpbIe HauboJlee pacpOCTPaHEHHbIE TPOOJIEMBL.
Janee noKazaHbl HECKOJIBKO CIIOCOOOB ONpeie/IeHUs] TOTO, YTO MOXHO Ha3BaTh «(DyHKIUEH»:

1. Ompenenute pyHkimio Python, kak onrcano B pasgene Pyrxuyuu, omcmynel u cuemuuxiy. I TaKUX (PyHKIUH MOXHO
MOCTPOUTSH rpacuku, HO npoaudpepeHIIPOBaTh WK IPOMHTETPUPOBATh UX HEJb3.

sage: def f(z): return z"2
sage: type (f)

<... 'function'>

sage: f(3)

9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> def f(z): return z**Integer(2)
>>> type (f)
<... 'function'>

>>> f (Integer (3))

9

>>> plot (f, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

OOparuTe BHUMaHUE HA CHHTaKCHC B HOC/IEeOHEH CTpouke. plot (f£(z), 0, 2) BBLAACT OMIMOKY, TaK KaK z - 3TO
niepeMeHHasi-00JIBaHKa B ONpe/ie/IeHHH £, KOTopas He onpe/iesieHa BHYTPU JaHHOW KOHCTpyKLH. [IpocTo £ (z) Bo3Bpa-
THT OoMOKY. Criefytomiee 6yneT paboTaTh B JaHHOM KOHTEKCTE, OJJHAKO, B O0IIIEM, BO3HUKHYT HEKOTOpbIE 3aTPYIHEHHUS,
HO OHH MOTYT OBITh TPOUTHOPUPOBAHBI (CM. TIYHKT 4).

sage: var('z"') # ompeneneHHe MNEPEMEHHOH Z [OAd CHMBOJIbHBIX BBIUHCIEHHH
z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> var('z'") # ompeneneHHe NEepPEeMEeHHOH Z a9 CHMBOJIbHBIX BBIUHCIIEHHE
Z

>>> f(z)

(TpooIKaeTCst Ha CISAYIOIIEl CTPAHHLIE)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
z"2
>>> plot (f(z), Integer(0), Integer(2))
Graphics object consisting of 1 graphics primitive

B stom ciay4ae £ (z) - 9TO CUMBOJIBHOE BbIpa’KEHME.

2. OmpesiesiM «BBI3BIBAEMOE CUMBOJIBHOE BbIpaskeHne». OHO MOXeT OBbITh NpoauddepeHIIpOBaHO, TPOUHTErPHUPOBaA-
HO, a TaK)ke MOKHO NIOCTPOUTBH €ro rpacuk.

sage: g(x) = x"2

sage: g # g orobpaxaer x B x"2
X |=-—> x"2

sage: g (3)

9

sage: Dg = g.derivative(); Dg

X |=-—> 2*x

sage: Dg(3)

6

sage: type (g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> _ tmp_ =var ("x"); g = symbolic_expression (x**Integer (2)) .function (x)
>>> g # g orobpaxaer x B x"2
X |-—> x"2

>>> g (Integer(3))

9

>>> Dg = g.derivative(); Dg

X |=-—> 2*x

>>> Dg (Integer (3))

6

>>> type (g)

<class 'sage.symbolic.expression.Expression'>

>>> plot (g, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

Ecm g — 3T0 BbI3bIBAEMOE CHMBOJIBHOE BBIPAKEHHUE, g (x) — ITO CBSI3SHHBIA C HUM OOBEKT, HO JPYroro BUja, IS
KOTOPOTO MOHO MOCTPOUTH rpaprK U KOTOPBII MOKHO Iu(pdhepeHIIMIpOBaTh U T 1.

sage: g (x)

x"2

sage: type (g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g (x) .derivative ()

275%

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> g(x)

(pojoJIKaeTcs Ha CeAyIolel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
x"2
>>> type (g(x))
<class 'sage.symbolic.expression.Expression'>
>>> g (x).derivative ()
25K
>>> plot (g(x), Integer(0), Integer(2))
Graphics object consisting of 1 graphics primitive

3. MO:XHO KCTIONB30BaTh yXke OlpeAeIeHHy0 (PyHKIMo Sage — . (pyHKIMIO ncuuciaeHus . [I1s Hee MoxeT OBITh OCTPO-
eH rpauK, OHa MOXeT ObITh MpoudepeHIIMPOBaHA U TPOUHTETPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot (sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot (sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> type (sin)

<class 'sage.functions.trig.Function_sin'>

>>> plot (sin, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive
>>> type (sin(x))

<class 'sage.symbolic.expression.Expression'>

>>> plot (sin(x), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

Cama 1o ce6e (pyHKIUsA sin HE MOKET ObITh poauddepeHIpoBaHa, Mo KpaiiHel Mepe, He MOXET MPOU3BECTH cos.

sage: f = sin
sage: f.derivative ()
Traceback (most recent call last):

AttributeError:

>>> from sage.all import *
>>> f = sin
>>> f.derivative ()

Traceback (most recent call last):

AttributeError:

Hcrnonp3oBanne £ = sin(x) BMECTO sin paboOTaeT, HO JIydllle UCMONb30BaTh f (x) = sin(x) JUIA TOTO, YTOOBI
OTIpeeINTh BHI3BIBAEMOE CIMBOJIBHOE BBIPAKCHHE.

sage: S(x) = sin(x)
sage: S.derivative ()
X |——> cos (x)
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>>> from sage.all import *
>>> _ tmp_ _=var("x"); S = symbolic_expression(sin(x)) .function (x)
>>> S.derivative ()

X |——> cos (x)

I[anee CJICAYIOT HEKOTOPbIE 06]].(1/16 HpO6II€MBI C OOBSICHEHNEM:

4. CnydJaiiHas OLICHKA.

sage: def h(x):

ce if x<2:

et return 0
ceat else:

et return x-2

>>> from sage.all import *
>>> def h(x):
if x<Integer(2):
return Integer (0)
else:
return x-Integer (2)

IIpobnema: plot (h(x), 0, 4) NOCTPOUT KpuByl y = x — 2. [IpnunHa: B komanzge plot (h(x), 0, 4) CHayajia
OIIEHUBAETCs h (x) , UTO O3HAYAET MOACTABKY x B (DYHKIIMIO h U OLEHKY x<2.

sage: type (x<2)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *
>>> type (x<Integer (2))
<class 'sage.symbolic.expression.Expression'>

Pemenue: He ucnonesyiite plot (h(x), 0, 4);HUCHOJb3YyUTE:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (h, Integer(0), Integer(4))
Graphics object consisting of 1 graphics primitive

5. OumboyHoe co3/1aHNe KOHCTAaHTBl BMECTO (DYHKLIMH.

sage: f = x

sage: g = f.derivative()
sage: g

1

>>> from sage.all import *
>>> f = x

>>> g = f.derivative()

>>> g

1
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[MpobGaema: g (3), HaNpUMep, BO3BPATUT OIIKOKY ¢ cooOuieHneM «ValueError: the number of arguments must be less
than or equal to 0.»

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type (9)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *

>>> type (f)

<class 'sage.symbolic.expression.Expression'>
>>> type(g)

<class 'sage.symbolic.expression.Expression'>

g HE ABJIACTCA Q)yHKHHCﬁ, 9TO KOHCTAHTAQ, NO3TOMY OHAa HE UMEET NEPEMCHHBIX, U Bbl MOKETEC BCTABJIATH YTO YTOJHO B
HEC.

Pemrenue: ecth HECKOJIBKO BO3MOKHBIX nyTeﬁ.

o OHPC)ICJ'[I/IT]) f M3HAYaJIbHO KaK CUMBOJILHOE BbIPAKEHHUE.

sage: f(x) = x # BMecTO 'f = x'
sage: g = f.derivative()

sage: g
X |-—> 1
sage: g (3)
1

sage: type (g)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *

>>> _ tmp_ _=var("x"); f = symbolic_expression (x ) . function (x) # BmMecro 'f = x'
>>> g = f.derivative()

>>> g

X |-—> 1

>>> g (Integer(3))

1

>>> type (9)

<class 'sage.symbolic.expression.Expression'>

¢ JIubo BMecTe C £, OnpeaesIeHHON BhIIIIe, ONPEIeIUTh g KaK CUMBOJIBHOE BhIpasKeHHE.

sage: f = x

sage: g(x) = f.derivative () # BvecTto 'g = f.derivative()'
sage: g

x |-—> 1

sage: g (3)

1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *
>> f = x
>>> _ tmp_ _=var("x"); g = symbolic_expression (f.derivative () ) . function (x) # BMecTO

(IpoJoJIKaeTCs Ha CAeAyIOIIel CTpPaHULEe)
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—~'g = f.derivative () '
>>> g

X |-—> 1

>>> g(Integer(3))

1

>>> type (g)
<class 'sage.symbolic.expression.Expression'>

* JIu6o ¢ £ u g, 3aJJaHHBIMH, KaK [MOKA3aHO BbIIlIe, CO3JATh IIEPEMEHHYIO, I10]] KOTOPYIO TOJCTABISIIOTCS 3HAYCHUSI.

sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # BmMecTOo 'g(3)'
1

>>> from sage.all import *
>>> f = x

>>> g = f.derivative()

>>> g

>>> g (x=Integer (3)) # BMecTO 'g(3)'

Ecrtb elrie ofiuH crioco0, Kak OnpenesuTh pa3inuie Mex/ay MPOU3BOAHBIMU £ = x U f (x) = x

sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # HmepeMeHHble, KOTOPBIE NPHCYTCTBYIOT B g

0)

sage: g.arguments () # apryMeHTbl, KOTOpbIE MOIYT ObITb HNOLCTABIEHBE B g
(%,)

sage: f = x

sage: h f.derivative ()
sage: h.variables()
()

sage: h.arguments ()

0)

>>> from sage.all import *

>>> _ tmp_ =var("x"); f = symbolic_expression (x).function (x)

>>> g = f.derivative()

>>> g.variables () # IepeMeHHbIe, KOTOPhIe NPHCYTCTBYIOT B g

0)

>>> g.arguments () # apryMeHTb, KOTOPEE MOTyT OBITH HOLCTABIEHBl B g
(x,)

>>> f = x

>>> h = f.derivative()

>>> h.variables ()

0)

>>> h.arguments ()

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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{()

Kak nokaspiBaeT JaHHBIIA IPUMeEp, h He IIPUHAMAET apryMEHTOB, TI09TOMY h (3) BEpHET OIIHOKY.

2.7 OcHOBHbIe Konbua

I[Ipu 00BSBICHUN MATpPUL, BEKTOPOB MM MOJMHOMOB JUIsl HUX MHOTJIA MOJIE3HO, & MHOTAA U HEOOXOOUMO OIPEAessTh
«KOJIbLIa», HA KOTOPBIX OHH ompeiesieHbl. Koablo - 9T0 MaTeMaTHuecKasi KOHCTPYKINS, B KOTOPOU CYIIECTBYIOT OIpejie-
JICHHBIE TIOHATHS CYMMBI U pou3BesieHNs. Ecii BBl HUKOTAa O HUX HeE CJIbIIIAM, TO BaM, BEPOSTHO, JOCTATOYHO 3HATh
00 9THX YETBIPEX YaCTO MCHOJIb3YEMbIX KOJIbIAX:

* menble uucna {...,—1,0, 1,2, ...}, Ha3siBaeMmble ZZ B Sage.

* palMOHANIbHBIC YMCIIa — HATIPUMEP, APOOH WITK OTHOLIEHHMS 1IEJIbIX YUCeNl —, Ha3biBaeMble QO B Sage.
* BEIIECTBEHHbIE YKC/Ia, HAa3bIBaeMble RR B Sage.

* KOMILJIEKCHBIE UMClia, Ha3blBaeMble CC B Sage.

3HaHWe pa3IMIMil MEXAy JAaHHBIMU KOJIbIIAMH OYeHb BaKHO, TaK KAaK OJMH M TOT K€ MOJIMHOM, OIpeJeIeHHBIA B pa3-
HBIX KOJIBIIAX, MOKET BECTH cebsl mo-pasHomy. Hanpumep, nomHom 22 — 2 uMeeT aBa KOpHS: +1/2. DTH KOpHHU He
SIBJISIIOTCS] PALMIOHAIBHBIMU YKCJIAMH, TIO3TOMY €CJIM Bbl paboTaeTe ¢ MOJMHOMaMM C PalMOHAJIbHBIMU KO3 (HUIIeH-
TaMH, TO TOJIMHOM He OyzeT pasniaratbcsi Ha MHoxuTe . C BelecTBeHHbIME Koadduimentamun — Oyner. [loatomy
CTOUT ONPENEUTh KOJIBIIO, YTOOBI OBITh YBEPEHHBIM, UTO MOJYYEHHBIH pe3ynbTar OyaeT npaBmibHbIM. Clieqyionye ase
KOMaH/Ibl 33/1210T MHOKECTBA MTOJIMHOMOB C PallMOHATbHBIMU KO3(D(PHUIIEHTAMH U BEIIECTBEHHBIMU KO3(hULIMEeHTaMU
COOTBETCTBeHHO. MHOKeCTBa Ha3BaHbI «ratpoly» u «realpoly», HO 3TO He CTOJIb BaXXHO B JAHHOM KOHTEKCTE, OTHAKO
CHMBOJIBHBIE COUETAHUS «.<t>» U «.<Z>» ABJIAIOTCS HA3BaHUSMH ITEPEMEHHBIX, UCTIOJIb30BAaHHBIX B IBYX CIIydasix.

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

>>> from sage.all import *
>>> ratpoly = PolynomialRing (QQ, names=('t',)); (t,) = ratpoly._first_ngens (1)

’
>>> realpoly = PolynomialRing(RR, names=('z',)); (z,) = realpoly._first_ngens(1l)

®dakTopusupyem 2 — 2:

sage: factor(t”2-2)

tr2 - 2

sage: factor(z"2-2)

(z — 1.41421356237310) * (z + 1.41421356237310)

>>> from sage.all import *

>>> factor (t**Integer (2)-Integer(2))

tr2 - 2

>>> factor (z**Integer (2) -Integer(2))

(z — 1.41421356237310) * (z + 1.41421356237310)

CumBon T 0603HaYAeT KBAJIPATHBII KOPEHb U3 —1; i — 3T0 TO ke camoe, uTo I. KoHeuHo, 3T0 He paliMoHaIbHOE YUCIIO:

sage: 1 # xBampaTHEIH KOpPEeHb H3 —1
I

sage: i in QQ

False
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>>> from sage.all import *

>>> 1 # xBagpaTHbIE KOpPEeHb H3 —1
I

>>> i in QQ

False

3amerKa: BhIIIeOnucaHHBIM KO MOXET padoTaTh He TaK, Kak 33 [yMbIBAJIOCh, €CJIU MEPEeMEHHOM i OBbUIO 3a[]aHO JIpyroe
3HauYeHHUE, HAIIPUMEP, €CJIM OHO OBLIO MCIOJIb30BAHO, KAK CUSTUMK JUTSl IMKJIA. B TakoM ciiydae BBeuTe

[sage: reset ('1")

>>> from sage.all import *
>>> reset ('i')

JJId TOro, YTOOBI MNOJIy4YUTh U3HAYAJIbHOE KOMIUIEKCHOE 3Ha4YeHue 1.

EcTh 0iHa TOHKOCTH B 3aJaHIM KOMIUIEKCHBIX YMCEJI: KaK OMMCAHO BBIIIE, CHMBOJ i MPE/ICTABIsIeT KBaJAPATHBIA KOPEHb
u3 —1, HO 310 KOpeHb U3 — 1 Kak anredpanveckoe Ynucio. BeI3oB CC (1) M CC. gen (0) WM CC . 0 BEPHET KOMNAEKCHDILE
KBaJpaTHBIN KOpeHb 13 —1.

sage: i = CC(1) # KOMOIEXCcHOEe YHCIO C NIaBapljed 3amldToH
sage: i == CC.O0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1I

sage: z.imag() # MHHMag yacrThb

0.666666666666667

sage: z.real() == a # aBTOMATHYECKOE [OPHBEIEHHE THIOB INEepen CPAaABHEHHEM
True

sage: a + b

2

sage: 2*b == a

True

sage: parent (2/3)

Rational Field

sage: parent (4/2)

Rational Field

sage: 2/3 + 0.1 # aBToMaTHUeECKOe NPHBENEHHE THIOB NEPEeln CIOXEHHEM
0.766666666666667

sage: 0.1 + 2/3 # npuBemeHwe THIOB B Sage CHMMETPHUHO
0.766666666666667

>>> from sage.all import *

>>> i = CC(1i) # KOMHOIEXCHOEe UYHCHAO C [OiaBaomel 3amndToH
>>> i == CC.gen(0)

True

>>> a, b = Integer(4)/Integer(3), Integer(2)/Integer (3)
>>> z = a + b*i

>>> z

1.33333333333333 + 0.666666666666667*1T

>>> z.imag () # MHHMAd YacTh

(IpoJoJIKaeTCs Ha CAeAYIOIIer CTpPaHULEe)
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0.666666666666667
>>> z.real () == a # aBTOMaATHYECKOE NPHBENEHHE THIOOB [IEepel CPABHEHHEM
True
>>> a + b
2
>>> Integer(2)*b == a
True
>>> parent (Integer (2) /Integer (3))
Rational Field
>>> parent (Integer (4) /Integer (2))
Rational Field
>>> Integer (2) /Integer (3) + RealNumber ('0.1") # aBTOMATHUECKOE HNPHBENEHHE THIOB.
—Iepern CIOXeHHEM
0.766666666666667
>>> RealNumber ('0.1') + Integer (2)/Integer (3) # HDpHBeneHHe THIOB B Sage CHMMETPHUYHO
0.766666666666667

Haree crenyioT nmpuMepsl 0a30BBIX KoJjell B Sage. Kak oTMedeHO BhIIIe, KOJBIO PAIMIOHATBHBIX YHCcesl 0003HAYaeTC s
KaK QQ, a TaK)Ke KaKk RationalField () (noae - 3TO KOJBIO, B KOTOPOM IMPOU3BEICHHUE SBIISECTCS KOMMYTATUBHBIM U
B KOTOPOM KaX/IbIil HEHYJIEBOW 3JIEMEHT MMeeT OOpATHYIO BEJIMYMHY B 3TOM KOJIblie (PAllIOHANIbHBIC YKCIIA SIBIISIOTCS
OJIeM, a IIeJIble - HeT):

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

>>> from sage.all import *

>>> RationalField()

Rational Field

>>> Q0

Rational Field

>>> Integer (1) /Integer(2) in QQ
True

I[CCHTI/I‘IHOC YuCJIO 1.2 pacCMaTpUBAETCs KaK QQ: JeCATUYHbIC YMCJIa, KOTOpbIE TaKXkKe ABJIAI0TCS pallMOHAJIbHBIMU, MO-
ryr OBITh «IMIPUBCACHBD» K pAllMOHAJIbHBIM YHCJIAM. Yucnaa ™ u \/Q HC ABJIAIOTCA pallMOHAIbHBIMM:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqgrt(2) in QQ
False

sage: sqgrt(2) in CC
True
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>>> from sage.all import *
>>> RealNumber ('1.2') in QQ
True

>>> pi in QQ

False

>>> pi in RR

True

>>> sqrt (Integer (2)) in QQ
False

>>> sqgrt (Integer (2)) in CC
True

HJIH HCIIOJIb30BaHUsI B BBICIIIEH MaTeMaTHKe Sage TaKXX€ MOJKET BBITIOJIHATDH OII€palivy C JPYyIruMu KOJIbIIaMH, KaK KOHEY-
HBIC I10JIA, p-aAUYCCKUE YrCJia, KOJIBILO anre6pa1/1qe01<1/1x quces1, TOJTMHOMHAIbHBIE KOJIblIa U MATPUYHLIE KOJIbIIA. lIaJIee
TMOKa3aHbl HEKOTOPBLIC U3 HUX:

sage: GF (3)

Finite Field of size 3

sage: GF (27, 'a') # ecnu mone He OmpocToe, HYXHO 3alaTh HMI IeHeparopa
Finite Field in a of size 3”3

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqgrt (3) in QQbar # amrebpamnueckoe 3ameikakue Q0

True

>>> from sage.all import *

>>> GF (Integer(3))

Finite Field of size 3

>>> GF (Integer (27), 'a') # ecinu mome He OpoCcToe, HYXHO 3amaTh HMI TeHepaTropa
Finite Field in a of size 3”3

>>> Zp (Integer (5))

5-adic Ring with capped relative precision 20

>>> sqgrt (Integer (3)) in QQbar # anrebpanuecxoe 3ameikaxkue Q0

True

2.8 JlnHenHas anre6bpa

Sage MOoAACPKUBACT CTAHAAPTHBIE KOHCTPYKIIUU U3 JIMTHEUHOU a,nre6pm, KaK XapaKTEePUCTUYCCKUE MMOJIMHOMBI, CTYIICH-
YaTbIC q)OpMI)I, CYMMBI 2JIEMCHTOB T. JIABHOI AWaroHaJii MaTpUlbl, pa3JI0KCHUA.

COS,I[aBaTL 1 IEPEMHOKATh MAaTPHULIBI JIETKO:

sage: A = Matrix([[1,2,31,1[3,2,11,1(11,1,111)
sage: w = vector([1,1,-4])
sage: wW*A

(0, 0, 0)

sage: A*w

(=9, 1, =2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]
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>>> from sage.all import *

>>> A = Matrix([[Integer(l),Integer(2),Integer(3)], [Integer(3), Integer(2), Integer(l)],
— [Integer (1), Integer(1l),Integer(1)]])

>>> w = vector ([Integer(l),Integer(l), -Integer(4)])
>>> w*A

(0, 0, 0)

>>> A*w

(=9, i, =2)

>>> kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

Perienrie MaTpUUYHBIX YpaBHEHHUH TaKke BBIIOJIHsIETCS O€3 3aTpyIHEHHUH, UCTIONB3YsI METOJl solve_right. Beruncienue
A.solve_right (Y) BO3BpatuT Matpuily (1 Bektop) X Takoit, uto AX =Y

sage: Y = vector ([0, -4, -1])
sage: X = A.solve_right (Y)
sage: X

(=2, 1, 0)

sage: A * X # mpoBepxa.. .
(0, -4, -1)

>>> from sage.all import *
>>> Y

vector ([Integer (0), —-Integer(4), —-Integer(1l)])
>>> X = A.solve_right (Y)

>>> X

(=2, i, )

>>> A * X # mpomepkxa. . .

(0, -4, -1)

Ecmu pereHus He cyliecTByeT, TO Sage BEpHET OIIMOKY:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

>>> from sage.all import *
>>> A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

HUcnonb3yiite A. solve_left (Y), uroOsl Haiith X B X A = Y. Sage MoxkeT HAXOIUTh COOCTBEHHOE YUCIIO M COOCTBEH-
HBII BEKTOP:

sage: A = matrix([[O0, 4], [-1, 0]1)
sage: A.eigenvalues ()

[=2%L, 2¥I]

sage: B = matrix ([[1, 31, [3, 111)
sage: B.eigenvectors_left ()

(4, 0, 1)1, v, =2, [(1, -1)], 1)]
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>>> from sage.all import *

>>> A = matrix ([[Integer(0), Integer(4)], [-Integer(l), Integer(0)]])
>>> A.eigenvalues ()

[=2%1, 2%I]

>>> B = matrix([[Integer(l), Integer(3)], [Integer(3), Integer(l)]])

>>> B.eigenvectors_left ()
(¢4, (1, )1, 1, (=2, [(1, -1)], 1)]

(PesynbraT eigenvectors_left - 3TO CIUCOK TPOEK: (COOCTBEHHOE YHMCIIO, COOCTBEHHBIN BEKTOpP, MHOroo0Opasue).)
CoOCTBEHHBIE YHC/IAa ¥ BEKTOPA JUTS QQ WM RR TaKkKe MOTYT ObITh BHIUKCIIEHBI C MOMOIIBbI0 Maxima (cMm. Maxima).

Kak YKa3aHO B pa3eje OcHoenbvle KOabld, KOJIBLO, B KOTOPOM OIIPpEJICJIEHA MaTpullad, BJIMACT Ha HCKOTOPLIC €€ CBOMCTBA.
B crenymoiem npuMepe nepBblil apryMeHT KOMaH/Ibl matrix cooOmaeT Sage, 4ToObl MATPHIA PACCMATPUBANIACh Kak
MaTpHILIA LIeJIBIX YUCe (CIyvail ¢ Z7), Kak MaTpHIa PalMOHAIBHBIX Yrces (QQ) MM KaK MaTPHUIlA BEIIECTBEHHBIX YHCEI
(RR):

sage: AZ = matrix(zZ, [[2,0], [0,1]11)
sage: AQ = matrix(QQ, [[2,01, [0,111)
matrix(RR, [[2,0], [0,111)
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]1

sage: AR

>>> from sage.all import *

>>> AZ = matrix(ZZ, [[Integer(2),Integer(0)], [Integer(0),Integer(l)]])
>>> AQ = matrix(QQ, [[Integer(2),Integer(0)], [Integer(0),Integer(l)]])
>>> AR = matrix (RR, [[Integer(2),Integer(0)], [Integer(0),Integer(l)]1])
>>> AZ.echelon_form()

[2 0]

[0 1]

>>> AQ.echelon_form()

[1 0]

[0 1]

>>> AR.echelon_form/()

[ 1.00000000000000 0.000000000000000]

[0.000000000000000 1.00000000000000]

17151 BBIYMCIIEHHsI COOCTBEHHBIX 3HAUSHUI M COOCTBEHHBIX BEKTOPOB MATPHII ISHCTBUTEIbHBIX MIIM KOMIUIEKCHBIX YHCEI C
TUIABAIOIIEH TOYKOM, MaTpHIIa I0JKHA ObITh onpenesieHa Haa RDF (Real Double Field) wiu cDF (Complex Double Field),
COOTBETCTBEHHO. EciM KOJIBIIO HE YKa3aHO, M B MaTPUIIE UCIIOJb3YIOTCS IEHCTBUTEIbHBIE UM KOMILIEKCHbIE KOHCTAHTHI
C IUTaBaloIIed TOYKOW, TO (10 YMOJYAHMIO) OHA OMNpeJiesieHa HaJl He BCerga MoJIepKUBAOIINMH TaKie BBIYUCICHUS
MOJIIMU RR WX CC, COOTBETCTBEHHO:

sage: ARDF = matrix (RDF, [[1.2, 2], [2, 311)
sage: ARDF.eigenvalues () # rel tol 8e-16
[-0.09317121994613098, 4.293171219946131]
sage: ACDF = matrix(CDF, [[1.2, I], [2, 311)

(IpoJOJIKACTCS Ha CJIEAYIOIeN CTPaHULE)
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sage: ACDF.eigenvectors_right () # rel tol 3e-15
[(0.8818456983293743 — 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*1)1, 1),
(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.
—3756690858502104*I, 0.9152458258662108)]1, 1)]

>>> from sage.all import *

>>> ARDF = matrix (RDF, [[RealNumber('1.2'), Integer(2)], [Integer(2), Integer(3)]])
>>> ARDF.eigenvalues () # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

>>> ACDF = matrix (CDF, [[RealNumber('1.2'), I], [Integer(2), Integer(3)]])

>>> ACDF.eigenvectors_right () # rel tol 3e-15

[(0.8818456983293743 — 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*I)1, 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.
—3756690858502104*I, 0.9152458258662108)1, 1)]

2.8.1 MartpuyHoe NpocTpaHCTBO

Cospmaaum mpocTpancTBo Mats « 3(Q), cocTosiiee 3 MaTpuil 3 X 3 ¢ JIEMEHTAMHU U3 PALMOHAIBHBIX YHCEIT:

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (3))
>>> M

Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(Onsa toro, 4roObI cO3/aTh MPOCTPAHCTBO M3 MATpHIl 3 Ha 4, WCHONB3yHTe MatrixSpace (QQ, 3,4). Ecim uwmc-
JIO CTOJNOLIOB HE YKa3aHO, 10 YMOJYaHMIO OHO OyJeT paBHO YMCIy CTpPOK (MatrixSpace (QQ,3) 3KBUBAJIEHTHO
MatrixSpace (QQ, 3, 3).) MaTpu4HOe MPOCTPAHCTBO CHAGKEHO €ro KAHOHUUYECKOH 0a30ii:

sage: B = M.basis|()
sage: len (B)

9

sage: B[O0,1]

[0 1 0]

[0 0 0]

[0 0 0]

>>> from sage.all import *
>>> B = M.basis()

>>> len (B)

9

>>> B[Integer (0), Integer (1) ]
[0 1 0]

[0 0 0]

[0 0 0]

Co3aiuM MaTpUIly KaK JIEMEHT M.
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sage: A = M(range(9)); A
[0 1 2]
[3 4 5]

1

[6 7 8

>>> from sage.all import *

>>> A = M(range (Integer(9))); A
[0 1 2]

[3 4 5]

[6 7 8]

)Ianee TMMOKAXXEM BBIYUCIIEHUE MATPUL], OIIPEACIEHHBIX B KOHEUHBIX ITOJIAX:

sage: M = MatrixSpace (GF (2),4,38)

sage: A = M([Z1,1,0,0, 1,2,21,2, O0,2,0,0, 1,0,1,1,
ceat 0,0,1,0, 1,12,0,1, 0,0,1,1, 1,1,1,01])
sage: A

[11001111]

[01 00101 1]

[00 10110 1]

[00 11111 0]

sage: rows = A.rows ()

sage: A.columns ()
r¢, o, o, 0, ¢, 1, 0, 0), (0, 0, 1, 1), (0, 0, O, 1)
(x, 1, 1, 1), (, 0, 1, 1), (1, 1, O, 1), (1, 1, 1, O)

o~

>>> from sage.all import *

>>> M = MatrixSpace (GF (Integer (2)), Integer (4), Integer(8))

>>> A = M([Integer(1l),Integer(l),Integer(0),Integer(0), Integer(l),Integer(l),
—Integer(1l),Integer (1), Integer(0),Integer(l),Integer(0),Integer(0), Integer(l),
—Integer (0), Integer (1), Integer (1),

Ce . Integer (0), Integer (0),Integer (1), Integer(0), Integer(l),Integer(l),
—Integer (0), Integer(l), Integer(0),Integer(0),Integer(l),Integer(l), Integer(l),
—Integer (1), Integer (1), Integer (0)])

>>> A
[112001111]
[01 00101 1]
[00 10110 1]
[0O021 1111 0]
>>> rows = A.rows ()

>>> A.columns ()

r¢x, @, ©, @y, (1, 4, ©, @), (0, 0, 1, iy, (©, 0, 0, i)
(4, 4, 4, 4y, 1, 0, 41, 1), (41, 4, 0, Ly, (1, 41, i, O)

>>> rows

(L, 1, o, 0, 41, 1, 4, 4y, (o, 1, ©, ©, 4, 0, L, 4d),
o, o, 1+, @, 1, 1, ©, 41y, O, @, 1, i1, 4, 1, i1, ©)]

o~

CO3}1&HI/IM NnoAnpoOCTPaHCTBO B FQ, OXBAaTbIBAIOIIEE BbICTICPEUYUCIIEHHBIC CTPOKU.
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sage:

sage:

sage:

VvV =

S
S

VectorSpace (GF (2), 8)
V.subspace (rows)

Vector space

Basis matrix:

of degree 8 and dimension 4 over Finite Field of size 2

[17 000010 0]

[01 00101 1]

[001 0110 1]

[00 01001 1]

sage: A.echelon_form()

[27 000010 0]

[01 00101 1]

[001 0110 1]

[00 01001 1]

>>> from sage.all import *
>>> V = VectorSpace (GF (Integer (2)), Integer(8))
>>> S = V.subspace (rows)
>>> S

Vector space

Basis matrix:

of degree 8 and dimension 4 over Finite Field of size 2

[100O0O01 0 0]
[01 00101 1]
[00 10110 1]
[0001 001 1]
>>> A.echelon_form()
[10O0O0O01O0 0]
[01 00101 1]
[00 10110 1]
[00 01001 1]

2.8.2 PaspexeHHas nMHenHas anrebpa

Sage nopnepkuBaeT pa3pekeHHYI0 JMHEHHYIO areopy.

sage: M = MatrixSpace (QQ, 100, sparse=True)

sage: A = M.random_element (density = 0.05)

sage: E = A.echelon_form()

>>> from sage.all import *

>>> M = MatrixSpace (QQ, Integer (100), sparse=True)

>>> A = M.random_element (density = RealNumber ('0.05"))
>>> E = A.echelon_form()

My JIbTUMO/IYJIbHBIN aJITOPUTM B Sage paboTaeT XOPOIIIO [Ist KBaIPATHBIX MaTPHII (HO HEe TaK XOPOIIIO JIJIs1 HeKBaIPATHBIX

MaTpuI):
sage: M = MatrixSpace (QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()
sage: M = MatrixSpace (GF (2), 20, 40, sparse=True)
sage: A = M.random_element ()
(poJoJIKaeTCs Ha CeAyIolel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

{sage: E = A.echelon_form()

>>> from sage.all import *

>>> M = MatrixSpace (QQ, Integer (50), Integer (100), sparse=True)

>>> A = M.random_element (density = RealNumber ('0.05"))

>>> E = A.echelon_form()

>>> M = MatrixSpace (GF (Integer(2)), Integer(20), Integer (40), sparse=True)
>>> A = M.random_element ()

>>> E = A.echelon_form/()

3amertsTe, uTo B Python ncnosns3oBanue 3araBHbIX OyKB UTPaeT poIib:

sage: M = MatrixSpace (QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__ () got an unexpected keyword argument 'Sparse'...

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (10),Integer(10), Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__ () got an unexpected keyword argument 'Sparse'...

2.9 NMonuHoOMBI

JlaHHBIA pa3zien coepKUT MH(POPMALIMIO O TOM, KaK CO3/1aBaTh M UCIIOIb30BATh TOJIMHOMBI B Sage.

2.9.1 NonnHoMbl OAHOW NepeMeHHOoM

Ectp P crocoda CO3JaHUsA IMOJIMHOMHAJIBHBIX KOJICI.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

>>> from sage.all import *
>>> R = PolynomialRing(QQ, 't'")
>>> R

Univariate Polynomial Ring in t over Rational Field

JlaHHBI cr10co0 cO37acT MOJIMHOMHAIBHOE KOJIBLO M YKAXKET Sage UCIOJIb30BaTh CTPOKY ,,t“ B KauecTBe HEM3BECTHOTO
NIpH BBIBOJIE HA 9KpaH. OHAKO, 3TO HE ONpPEAEIIAET CUMBOJI t JUIsl UCTIOIBb30BAaHUA B Sage, TaK 4TO HEJIb3sI P TOMOLIA
HEro BBECTH MOJMHOM (Kak ¢2 + 1), NpuHaIeKaIuii R.

Ipyrotii crioco6:

sage: S = QQ['t"']
sage: S == R
True
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>>> from sage.all import *
>>> S = QQ['t']
>>> S == R

True

ITOT CcIOcCO0 UMEET Ty ke MpoOJIeMy 10 OTHOLICHHIO K t.

Tperuii crioco6 Gosiee y10OHbIN

[sage: R.<t> = PolynomialRing (QQ)

>>> from sage.all import *
>>> R = PolynomialRing (QQ, names=('t',)); (t,) = R._first_ngens (1)

W

[sage: R.<t> = QQ['t"]

>>> from sage.all import *
>>> R = QQ['t"'"]; (t,) = R._first_ngens (1)

WA Jaxe

[sage: R.<t> = QQ[]

>>> from sage.all import *
>>> R = QQ['t"]; (t,) = R._first_ngens (1)

IroT cnocob BiaeveT 3a cO00i 0OBbABICHNE EPEMEHHOM t KaK HEM3BECTHOTO B MOJIMHOMHUATILHOM KOJIbLIE TaK, 4TO ee
MOXHO KCIIOJIb30BaTh NP CO3JaHUU JIEMEHTOB R, KaK OMKUCAHO HUXe. (3aMeThbTe, YTO TPETHH CIOCOO MOX0K Ha 000-
3HaYeHHe KOHCTPYKTOpa B Magma, u, kak B Magma, OH MOXeT ObITh MCIIOJIb30BaH [UIsl IIIUPOKOro Habopa 0ObEKTOB. )

sage: poly = (t+l1l) * (t+2); poly
tr2 + 3*t + 2

sage: poly in R

True

>>> from sage.all import *

>>> poly = (t+Integer(l)) * (t+Integer(2)); poly
th2 + 3*t + 2

>>> poly in R

True

Kakoii 651 CIOCOG HM MCTIONB30BAIICS JUISl 3a/IaHMs TIOJIMHOMMANIBHOTO KOJIbIIA, MOKHO BHYJIEHUTH HEW3BECTHOE B BHJIE
0" renepatopa:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0

sage: t in R

True

>>> from sage.all import *
>>> R = PolynomialRing(QQ, 't')

(IpoJoJIKaeTcs Ha CeAyIoIel CTpPaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
>>> t = R.gen(0)
>>> t in R
True

IMoxoxas KOHCTPYKIUA UCHOJIB3YETCA 1A KOMIUJIEKCHBIX YUCEI: KOMIUIEKCHBIE YUCIa MOTYT OBITH PacCMOTPEHBI KakK
reHeprupoOBaHHBIE U3 BEILIECTBEHHBIX YMCEJ C UCMOJIb30BAHUEM CUMBOJIA 1i; U3 3TOIO CJIEAYET:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0O-ox remeparop CC
1.00000000000000*T

>>> from sage.all import *

>>> CC

Complex Field with 53 bits of precision
>>> CC.gen(0) # O-on remeparop CC
1.00000000000000*I

J17151 TOJTMHOMUAJTBHBIX KOJIEI] MOKHO MOJTYYUTh U KOJIBLIO, U €70 TeHepaTop, WM MIPOCTO TeHEpaToOp BO BpeMs CO3JaHuUs
KOJIbLIA:

sage: R, t = QQ['t"'].objgen()
sage: t = QQ['t"].gen()
sage: R, t = objgen(QQ['t"'])
sage: t = gen(QQ['t'])

>>> from sage.all import *
>>> R, t = QQ['t'"'].objgen()

>>> t = Q0['t"].gen()
>>> R, t = objgen(QQ['t'])
>>> ¢ = gen(QQ['t'])

HakoHel, MOXHO COBEpILIMTH HEKOTOpBbIE apudMeTrHyecKue onpeparud B Q[t].

sage: R, t = QQ['t'].objgen ()

sage: f = 2*t"7 + 3*t"2 - 15/19

sage: f*2

4*t~14 + 12*t"~9 - 60/19*t~7 + 9*t~4 - 90/19*t"2 + 225/361

sage: cyclo = R.cyclotomic_polynomial (7); cyclo

t"6 + t*5 + £t 4+ t°3 + t72 + t + 1

sage: g = 7 * cyclo * t”5 * (t*5 + 10*t + 2)

sage: g

T*EN16 + 7*EN15 + 7*tN14 4+ 7FeM13 + 77*tEN12 + 91*t711 4+ 91*t~10 + 84*tN9
+ 84*t"8 + 84*t"7 + 84*t”6 + 14*t"5

sage: F = factor(g); F

(7) * €25 * (£”~5 + 10*t + 2) * (t"6 + t"5 + t™4 + t°3 + "2 + t + 1)

sage: F.unit ()

5

sage: list (F)

[(£, 5), (£*5 + 10*t + 2, 1), (t"6 + t~5 + t™4 + t73 + t72 + t + 1, 1)]
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>>> from sage.all import *

>>> R, t QQ['t'].objgen ()

>>> f Integer (2) *t**Integer (7)
>>> f**Integer (2)

4*£~14 + 12*t79 - 60/19*t"7 + 9*t~4 - 90/19*t"2 + 225/361
>>> cyclo R.cyclotomic_polynomial (Integer (7)) ;
t"6 + t*5 + £t + £t°3 + t72 + t + 1

>>> g * cyclo * t**Integer(5) *

+ Integer (3) *t**Integer (2) - Integer (15)/Integer (19)

cyclo

Integer (7) (t**Integer (5) + Integer (10)*t +.
—Integer(2))

>>> g

7*trM1l6 + 7*t~15 + 714+ 7FeM13 + 77*FeM12 + 91*Ft~11 + 91*t~10 + 84+t 9

+ 84*t”8 + 84*t"7 + 84*t”6 + 14*t"5

>>> F = factor(g); F

(7) * €75 * (£75 + 10*t + 2) * (t76 + t"5 + t"4 + t°3 + t"2 + t + 1)
>>> F.unit ()

5

>>> list (F)

[(t, 5), (£*5 + 10*t + 2, 1), (t"6 + t°5 + t™4 + t£"3 + t72 + t + 1, 1)]

Henenue ABYX INOJIMHOMOB CO3JaCT 9JIEMEHT B IIpO6HOM IoJie, 4To 6yIleT CIACIaHO Sage aBTOMATHYCCKH.

sage: x = QQ['x'].0

sage: f = x"3 + 1; g = x"2 - 17
sage: h = f/g; h

(x*3 + 1)/ (x*2 - 17)

sage: h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

>>> from sage.all import *

>>> x = QQ['x'].gen (0)
>>> f = x**Integer(3) + Integer(l); g = x**Integer(2) - Integer(1l7)
>>> h = f/g; h

(x"3 4+ 1)/ (x"2
>>> h.parent ()

- 17)

Fraction Field of Univariate Polynomial Ring in x over Rational Field

I/ICHOJ'II)3yH pAObL .HopaHa, MOJKHO IMOCUMTATh Pa3JIOKEHUE B pAld B IlpO6HOM noJse QQ [x]:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field
sage: 1/(1-x) + O(x"10)

1 + x + x2 + x*3 + x™ + x5 + x"6 + x*7 + x*8 + x*9 + 0(x"10)

>>> from sage.all import *

>>> R R

LaurentSeriesRing (QQ, names=('x',));

(x,) = R._first_ngens(1);
Laurent Series Ring in x over Rational Field
>>> Integer (1) / (Integer (l)-x) + O(x**Integer (10))

1 + x + x"2 + x*3 + x™ + x5 + x"6 + x*7 + x"8 + x*9 + O0(x"10)

Eciu Ha3BaTh NEpEMEHHYIO MO-JPYroMy, MOXHO MOJTy4YHTh APYroe OAHOMEPHOE MOJIMHOMUAIBHOE KOJIBLIO.

sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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sage: R(y"2 - 17)
x"2 - 17

>>> from sage.all import *

>>> R = PolynomialRing(QQ, names=('x',)); (x,) = R._first_ngens (1)
>>> S = PolynomialRing(QQ, names=('y',)); (vy,) = S._first_ngens (1)
>>> == y

False

>>> R == S

False

>>> R(y)

X

>>> R(y**Integer (2) - Integer(17))

x"2 - 17

Kosb1io onpeensiercs nepemenHoin. O6patute BHUMAHUE, YTO CO3/IaHUE EIIE OJTHOTO KOJIbIIA C IEPEMEHHOM x HE BEPHET
JIPYTOTO KOJbIIA.

sage: = PolynomialRing (QQ, "x")

R b4
sage: T = PolynomialRing(QQ, "x")
sage: R
True
sage: R is T
True
sage: R.0 == T.0

True

>>> from sage.all import *

>>> R = PolynomialRing (QQ, "x")
>>> T = PolynomialRing(QQ, "x")
>>> R == T

True

>>> R is T

True

>>> R.gen(0) == T.gen(0)

True

Sage nouIepKUBAET KOJIbLIA CTENIEHHBIX PANOB U psiioB Jlopana uist moGoro 6a3ucHoro Koublia. B ciieyomem npuvepe
coznaaum snement u3 Fr[[T]] u nopenum, utoGe cozaars anement u3 F7((T)).

sage: R.<T> = PowerSeriesRing(GF (7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T"2 + T"3 + O(T"4)

sage: f*3
T3 + 2*T"4 + 2*T*5 + O(T"6)
sage: 1/f

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)

2.9. MNMonnHombl 53




Sage Tutorial in Russian, Bbeinyck 10.6

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
T*"~1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

>>> from sage.all import *

>>> R = PowerSeriesRing (GF (Integer (7)), names=('T',)); (T,) = R._first_ngens(l); R
Power Series Ring in T over Finite Field of size 7

>>> f = T + Integer(3)*T**Integer(2) + T**Integer(3) + O(T**Integer (4))

>>> f**Integer (3)

T"3 + 2*T"4 + 2*T~5 + O(T"6)

>>> Integer(l)/f

T*~1 + 4 + T + O(T"2)

>>> parent (Integer (1) /f)

Laurent Series Ring in T over Finite Field of size 7

Tax:ke MOXHO CO31aBaTh KOJIbllda CTETICHHBIX PANOB, UCIIOJIb3Yy A HBOﬁHLIe CKOOKHU:

sage: GE(7)[['T']]
Power Series Ring in T over Finite Field of size 7

>>> from sage.all import *
>>> GF (Integer (7)) [['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 NMonnHoOMblI HECKONIbKUX NepeMeHHbIX

,H.TIH pa60TI>I C NIOJIMHOMaMU € HECKOJIbKMMU IIEPEMECHHBIMHA, CHa4YaJ1a HA/10 00BSABUTH MTOJTMHOMHUAILHOE KOJIbLIO U Iepe-
MCHHBIC.

sage: R = PolynomialRing (GF(5),3,"z") # 3mecb 3 — 5TO YHCIO NEPEMEHHBIX
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

>>> from sage.all import *
>>> R = PolynomialRing (GF (Integer (5)),Integer(3),"z") # 3mecr 3 — 2TO YHCIO HEpPEMEHHEIX
>>> R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Tak K€, Kak U JId OTHOMEPHBIX IMOJIMHOMOB, CYIIECTBYET HECKOJIbKO nyTeﬁ:

sage: GF(5)['z0, zl1l, z2']

Multivariate Polynomial Ring in z0, zl1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, z1l, z2 over Finite Field of size 5

>>> from sage.all import *

>>> GF (Integer(5)) ['z0, zl, z2']

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

>>> R = GF (Integer(5))(['z0, zl1, z2']l; (z0, zl1, z2,) = R._first_ngens(3); R
Multivariate Polynomial Ring in z0, zl1, z2 over Finite Field of size 5

YroObI UMEHa IMEPEMEHHBIX COCTOSAIN U3 6yKB, HaJ10 UCNOJIb30BAaTh CIIEAYIOIIEE:
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sage: PolynomialRing(GF(5), 'x, vy, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

>>> from sage.all import *
>>> PolynomialRing (GF (Integer(5)), 'x, vy, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

HemHoro apudmernxu:

sage: z = GF(5)['z0, zl1, z2'].gens

sage: z
(z0, z1, z2)

sage: (z[0]+z[1l]1+z[2])"2

z0"2 + 2*z0*zl1 + z172 + 2*z0%z2 + 2*z1*z2 + 2272

>>> from sage.all import *

>>> z = GF (Integer(5))['z0, z1, z2'].gens()

>>> 7z

(z0, z1, z2)

>>> (z[Integer (0)]+z[Integer(l)]+z[Integer(2)])**Integer (2)
z0%2 + 2*z0*zl1 + 2172 + 2*z0%z2 + 2*z1*z2 + 2272

MOoO:KHO HCIIOJIL30BaTh O0JIee MaTEMATHUECKOE 0603Ha‘-IGHI/Ie, YTOOBI MOCTPOUTH MOJIMHOMUAJIBHOE KOJIBLIO.

sage: R = GF(5)['x,y,z"]

sage: X,y,z = R.gens()

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,v'].gens ()

(2, ¥)

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

>>> from sage.all import *

>>> R = GF (Integer(5))['x,y,z"']

>>> x,y,z = R.gens|()

>>> Q0['x"]

Univariate Polynomial Ring in x over Rational Field

>>> Q0['x,y'].gens ()

(2, ¥)

>>> QQ['x'].objgens ()

(Univariate Polynomial Ring in x over Rational Field, (x,))

MHoromepHbIe OJTMHOMBI BHEAPEHHI B Sage C UCIoJIb30BaHMeM cioBapell Python. Sage ncrons3yer Singular [Si] s
Boiunciiennit HOJI u Gasuca ['péOHepa uneanos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
f = (x"3 + 2*y"2*x)"2

sage: g = x"2*y"2
f.

gcd (g)

sage:

sage:

xX"2
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>>> from sage.all import *

>>> R, (x, y) = PolynomialRing(RationalField(), 'x, v').objgens/()
>>> f = (x**Integer(3) + Integer(2)*y**Integer(2)*x)**Integer (2)
>>> g = x**Integer (2)*y**Integer(2)

>>> f.gcd(g)

x"2

Cosnanum uaean (f, g), reHEpUPOBaHHBIA U3 f U f yMHOXKEHHEM (f, g) Ha R.

sage: I = (f, g)*R; I

Ideal (x7"6 + 4*x"4*y"2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x76, x"2*y"2]

sage: x"2 in I

False

>>> from sage.all import *

>>> I = (£, g)*R; I

Ideal (x"6 + 4*x"4*y"2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

>>> B = I.groebner_basis(); B

[x76, x"2*y"2]

>>> x**Integer (2) in I

False

Kcraru, 6asuc I'péGHepa sIBIIsIeTCs He CIIMCKOM, 8 HEM3MEHSIeMO¥ MOC/ISA0BATENHOCTBI0. DTO 03HAYAET, YTO Y HETO eCTh
YHUBEPCYM, POAUTENb U YTO OH HE MOXKET ObITh M3MEHEH (UTO XOPOIIO, IOCKOJIbKY M3MEHeHHe Gasnca HapyIiuiIo Obl
Jpyrue onepaiuyu, ucross3yomue 6asuc ['pédHepa).

sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *

>>> B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
>>> B[Integer(l)] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hekortopast komMyTaTHBHas1 ainredpa JOCcTymnHa B Sage U BHepeHa ¢ omotibio Singular. K npumMepy, MOXHO HOCUUTATD
NPUMapHOE Pa3IoKeHHUe U MPOCThle COOTBETCTBYIOIIME 1S 1

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y*2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()
(mpoosKaeTCst Ha CISAYIOIEH CTPAHHULIE)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

>>> from sage.all import *
>>> TI.primary_decomposition ()
[Ideal (x72) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
>>> T.associated_primes ()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 KoHeuHble rpynnbl, AbeneBbl rpynnbl

Sage nonjiep:KkMBaeT BHIYUCICHHS C IPYIIIAMU NEPECTAHOBOK, KOHEYHBIMU KJIACCUYECKUMHU IpyNamMu (Kak, Harpumep,
SU(n,q)), KOHEYHBIMA MATPHYHBIMU IPyHIIaMy (¢ COOCTBEHHBIME reHepaTopamMu) U rpyrnamu Adess (1axe ¢ 6ecko-
HEYHbIMHU). MHOro€e 13 3TOro OCyIIeCcTBIsETCS MocpeAcTBOM uHTepdeiica k GAP.

Hanpumep, 94To6BI IOCTPOUTH IPYIILY HEePECTaAHOBOK, HAJIO 33/1aTh CIIHCOK FeHepaTopoB:

sage: G = PermutationGroup(['(1,2,3) (4,5)"', '"(3,4)'])
sage: G
Permutation Group with generators [(3,4), (1,2,3) (4,5)]

sage: G.order ()
120
sage: G.is_abelian()

False
sage: G.derived_series() # random output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)1,

Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)]]
sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.random_element () # random output

(1,5,3) (2,4)

sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

>>> from sage.all import *

>>> G = PermutationGroup (['(1,2,3) (4,5)', "(3,4)'])

>>> G

Permutation Group with generators [(3,4), (1,2,3) (4,5)]

>>> G.order ()

120

>>> G.1is_abelian()

False

>>> G.derived_series () # random output

[Permutation Group with generators [(1,2,3) (4,5), (3,4)],
Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)1]
>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
>>> G.random_element () # random output
(1,5,3) (2,4)
>>> print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

Takoke MOKHO TIOJIyYUTh CUMBOJIBHYIO Ta0Omuily B (popmate LaTeX:

sage: G = PermutationGroup([[(1,2),(3,4)]1, [(1,2,3)11)
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

1 &1 &1 & 1 \\

1 & —\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —\zeta_{3} - 1 & 1 \\

3&&0¢&0 & -1

\end{array}\right)

>>> from sage.all import *

>>> G = PermutationGroup ([[ (Integer(l),Integer(2)), (Integer(3),Integer(4))],-
— [ (Integer(l),Integer(2),Integer(3))11)

>>> latex (G.character_table())

\left (\begin{array}{rrrr}

1 &1 & 1 & 1 \\

1 & —\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢&0¢& -1

\end{array}\right)

Sage TaKJKe BKJIIOUAET B ceOsI KJIaCCUUECKUE U MAaTPpUYHbIE I'PYIIIILI 411 KOHEYHbIX TIOJIEH:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],([-1,1]]),MS([[1,1],([0,111)]

sage: G = MatrixGroup (gens)

sage: G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
to 11, 1 51, (5 51, [0 6], (1 2], [5 2], [1 O], [1 41, [1 3], [O 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF (7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[5 5 5 1]

[0 2 6 3]

[5 01 0]

[4 6 3 4]

sage: G.order ()

276595200
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>>> from sage.all import *

>>> MS = MatrixSpace (GF (Integer (7)), Integer(2))

>>> gens = [MS([[Integer(l),Integer(0)], [-Integer(l),Integer(1)]]),MS([[Integer (1),
—Integer(1)], [Integer(0),Integer(1)11)]

>>> G = MatrixGroup (gens)

>>> G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]

(o 11, [t s5j, [5 5], [0 6], (1 2], [5 2], [1 O], [1 4], [1 3], [0 2],

<BLANKLINE>

[5 0]

[0 3]

)
>>> G = Sp(Integer (4),GF (Integer(7)))

>>> G

Symplectic Group of degree 4 over Finite Field of size 7
>>> G.random_element () # random output

[5 5 5 1]

[0 2 6 3]

[5 0 1 0]

[4 6 3 4]

>>> G.order ()

276595200

Takke MOXKHO ITPOM3BOJUTH BHIUKUCIICHUS C rpynnaMu AGessi (KOHEYHBIMH 1 GECKOHEUHbIMH):

sage: F = AbelianGroup (5, [5,5,7,8,9], names='abcde')

sage: (a, b, ¢, d, e) = F.gens|()
sage: d * b**2 * c**3
br2*c”3*d

sage: F = AbelianGroup (3, [2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H

Multiplicative Abelian group isomorphic to C2 x C3

sage: AbelianGroup (5)

Multiplicative Abelian group isomorphic to Z x Z X Z x Z X Z
sage: AbelianGroup (5) .order ()

+Infinity

>>> from sage.all import *
>>> F = AbelianGroup (Integer (5), [Integer(5),Integer(5),Integer(7),Integer(8),
—Integer(9)], names='abcde')

>>> (a, b, ¢, d, e) = F.gens()
>>> d * b**Integer(2) * c**Integer (3)
br2*c”3*d

>>> F = AbelianGroup (Integer (3), [Integer(2)]*Integer(3)); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2

>>> H = AbelianGroup ([Integer(2), Integer(3)], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3

>>> AbelianGroup (Integer (5))

Multiplicative Abelian group isomorphic to Z x Z X Z X Z X Z
>>> AbelianGroup (Integer (5)) .order ()

+Infinity
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2.11 Teopwusa uncen

Sage nMeeT OOIMPHYIO (PYHKLIIMOHAILHOCTh B TUIAHE TEOPUH urcel. Hanpumep, MOKHO ITPOU3BOIUTH apUPMETUUECKIE
onepaiun B Z/NZ:

sage: R = IntegerModRing (97)

sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b”*20052005
50

sage: b.modulus ()
97

sage: b.is_square ()
True

>>> from sage.all import *

>>> R = IntegerModRing (Integer (97))
>>> a = R(Integer(2)) / R(Integer(3))
>>> 3

33

>>> a.rational_reconstruction ()

2/3

>>> b = R(Integer(47))

>>> b**Integer (20052005)

50

>>> pb.modulus ()

97

>>> b.is_square ()

True

Sage conepxuT craHgapTHbIe (PyHKIMM Teopun uuces. Hanprimep,

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); c

15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime (2005)

2011

sage: previous_prime (2005)

2003

sage: divisors (28); sum(divisors(28)); 2*28
[, 2, 4, 7, 14, 28]

56

56

60 Maea 2. Typ no Sage




Sage Tutorial in Russian, Bbeinyck 10.6

>>> from sage.all import *

>>> gcd (Integer (515), Integer (2005))

5

>>> factor (Integer (2005))

5 * 401

>>> ¢ = factorial (Integer(25)); c

15511210043330985984000000

>>> [valuation(c,p) for p in prime_range (Integer (2), Integer (23))]
22, 10, &, 3, 2, i, i, 4]

>>> next_prime (Integer (2005))

2011

>>> previous_prime (Integer (2005))

2003

>>> divisors (Integer (28)); sum(divisors (Integer (28))); Integer(2)*Integer (28)
[, 2, 4, 7, 14, 28]

56

56

OtmyHO!

OyHKIMA sigma (n, k) B Sage CyMMHUpYeT k-e CTEleH! JeTuTeNe n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

>>> from sage.all import *

>>> sigma (Integer (28),Integer (0)); sigma (Integer(28),Integer(l)); sigma (Integer (28),
—Integer(2))

6

56

1050

Jasiee nmokaxem ajaroputM DBKIKMIA, ¢-PYHKLMIO Dilyiepa U KUTANCKYI0 TeopeMy 00 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod (3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors (n)

[5, 401]

sage: phi = n*prod([l - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi (n)

1600

sage: prime_to_m_part (n, 5)
401
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>>> from sage.all import *

>>> d,u,v = xgcd(Integer(12),Integer (15))
>>> d == u*Integer(12) + v*Integer(15)
True

>>> n = Integer (2005)

>>> inverse_mod (Integer (3),n)

1337

>>> Integer (3) * Integer (1337)
4011

>>> prime_divisors (n)

[5, 401]

>>> phi = n*prod([Integer(l) - Integer(l)/p for p in prime_divisors(n)]); phi
1600

>>> euler_phi (n)

1600

>>> prime_to_m_part (n, Integer(5))
401

Ysacuum koe-urto s 3n + 1.

sage: n = 2005

sage: for i in range (1000) :
00008 n = 3*odd_part (n) + 1
e if odd_part (n)==1:
e print (i)

ceat break

>>> from sage.all import *
>>> n = Integer (2005)
>>> for i in range (Integer (1000)) :
n = Integer (3) *odd_part (n) + Integer(l)
if odd_part (n)==Integer (1) :
print (i)
500 break
38

Kuraiickas Teopema 00 octaTkax:

sage: x = crt(2, 1, 3, 5); x
11

sage: x $ 3 # x mod 3 = 2

2

sage: x $ 5 # x mod 5 = 1

1

sage: [binomial (13,m) for m in range (14)]

[+, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial (13,m)%2 for m in range(14)]

4, 4, 0, ©, 4, 1, 0, ©, 1, i1, ©, @, i, 4]

sage: [kronecker(m,13) for m in range(1,13)]

i, =i, i, 4, =1, =4, =i, =i, 1, 1, =i, 4]

sage: n = 10000; sum([moebius(m) for m in range(l,n)])

-23

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: Partitions (4).list ()
re41, s, 11, tz, 21, (2, 1, 11, (1, 1, 1, 11]

>>> from sage.all import *
>>> x = crt(Integer(2), Integer(l), Integer(3), Integer(5)); x

11

>>> x % Integer (3) # x mod 3 = 2
2

>>> x % Integer (5) # x mod 5 = 1
1

>>> [binomial (Integer (13),m) for m in range (Integer (14))]

L, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
>>> [binomial (Integer (13),m)%$Integer (2) for m in range (Integer (14))]
4, 4, 0, ©, 4, 1, 0, ©, 1, i, ©, ©, i, 4]

>>> [kronecker (m, Integer (13)) for m in range (Integer (1), Integer (13))]
[11 71/ 1/ 1/ 71/ 711 71/ 71/ 1/ 1/ 71/ 1]
>>> n = Integer (10000); sum([moebius(m) for m in range (Integer(1l),n)])

-23
>>> Partitions (Integer(4)) .list ()
(41, s, 11, tz2, 21, 2, 1, 11, 11, 1, 1, 111

2.11.1 p—agnuyeckue unucna

Ilone P-adAYECKUX YMCEJI pEAJIN30BAHO B Sage. O6paTI/IT€ BHHUMAHHE: KaK TOJIBKO I10JIE P-aANYECKUX YUCEJI CO3JaHO, €TO
TOYHOCTh HE MOXET OBITh M3MEHEHA.

sage: K = Qp(11); K

l1l-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*11 + 1172 + 7*1173 + 9*1175 + 5*1176 + 4*11"7 + 8*11"8 + 7*11"9
+ 9*%11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"16
+ 3*11717 + 11718 + 7*11719 + 0O(11720)

sage: b = K(3211/11"2); b

10*¥11%-2 4+ 5*117-1 + 4 + 2*11 + 0(11718)

>>> from sage.all import *

>>> K = Qp(Integer(11)); K

ll-adic Field with capped relative precision 20

>>> a = K(Integer (211)/Integer(1l7)); a

4 + 4*11 + 1172 + 7*1173 + 9*%1175 + 5*1176 + 4*11~7 + 8*11"8 + 7*11"9
+ 9%11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"716
+ 3*%11717 + 11718 + 7*11719 + 0O(11720)

>>> b = K(Integer (3211)/Integer (11)**Integer(2)); b

10*¥117-2 4+ 5*117-1 + 4 + 2*11 + 0(11718)

Bosnbiioe konm4yecTBo MeTo/I0B BCTpoeHo s Kitacca NumberField.

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_basis ()

[1, 1/2*a”2 + 1/2*a, a2]
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>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('x'"',)); (x,) = R._first_ngens (1)

>>> K = NumberField(x**Integer (3) + x**Integer(2) - Integer(2)*x + Integer(8),
>>> K.integral_basis ()

[1, 1/2*a”2 + 1/2*a, a"2]

lal)

sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

>>> from sage.all import *
>>> K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

sage: K.polynomial_ quotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X"3 + x"2 - 2*x + 8

sage: K.units ()

(=3*a”2 - 13*a - 13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x"3 + x"2 - 2*x + 8

sage: K.class_number ()

1

>>> from sage.all import *

>>> K.polynomial_ quotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

>>> K.units ()

(=3*a*2 = i13+*a = i13,)

>>> K.discriminant ()

-503

>>> K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x*3 + x"2 - 2*x + 8

>>> K.class_number ()

1

2.12 HeMHOro BbicLLUe MaTeMaTUKH

2.12.1 Anrebpanuyeckas reomeTpums

Sage mosBosseT co3gaBarh JOOBE aNredpanyeckre MHOroodpasusi, HO MHOTga (PyHKIMOHAIBHOCTb OrPaHMYMBACTCS
KoJIbIIaMH Q MM KOHEYHBIMHM TOJIsIMU. Hanpumep, Haiinem oObeqUHEHHE JBYX IJIOCKUX KPHBBIX, @ 3aT€M BBIYWICHUM

KpUBBIE KaK HECOKPATUMBbIE COCTABJIAIOIINC O6'I)CHI/IH6HI/IH.

sage: x, y = AffineSpace (2, QQ, 'xy').gens()
sage: C2 = Curve(x"2 + y*2 - 1)
sage: C3 = Curve(x"3 + y*3 - 1)

(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

sage: D = C2 + C3
sage: D
Affine Plane Curve over Rational Field defined by

X"5 4+ x"3*yt2 4+ x"2*y"3 + y*5 - x°3 - y*"3 - x"2 - y*2 + 1
sage: D.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

x"2 + y*2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

x"3 + y*"3 - 1]

>>> from sage.all import *
>>> x, y = AffineSpace (Integer(2), QQ, 'xy').gens()

>>> C2 = Curve (x**Integer (2) + y**Integer(2) - Integer(l))
>>> C3 = Curve (x**Integer (3) + y**Integer(3) - Integer (1))
>>> D = C2 + C3

>>> D

Affine Plane Curve over Rational Field defined by
X5 4+ x"3*yt2 + x"2*y"3 + y*5 - x°3 - y*"3 - x"2 - y*2 + 1
>>> D.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + y*2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*"3 - 1]

Takske MOXXHO HAWTH BCE TOUYKM NIEPECEUYEHUs] IBYX KPUBBIX.

sage: V = C2.intersection (C3)

sage: V.irreducible_components ()

[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
Xy

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X t+y + 2,
2*y~2 + 4*y + 3]

>>> from sage.all import *
>>> V = C2.intersection (C3)
>>> V.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
X!
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Yo
x - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X +y + 2,
2*y"~2 + 4*y + 3]

Takum o6pasom touku (1,0) u (0, 1) HaxoasaTCs HA 0GEMX KPUBBIX, @ KOOPAMHATHI [0 OCH ¥ YIOBJIETBOPSAIOT (PYHKIIUN
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2y% +4y +3=0.

Sage MOJKET BBIYUCIIUTDH TOpOPI,HaI[bHLIfI nacal HEIUIOCKOI KpHBOﬁ TPETLETO NMOpAKa:

sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I = ideal (b"2-a*c, c”2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b"2 - a*c, c¢c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],
[-b*c + a*d, -c¢c”2 + b*d, b"2 - a*c],
[-e*3 + a*d*2, -¢*2 + b*d, b*ec - a*d, b2 - a*c],
[=e”2 + ¥el, B2 = a*e, b¥e = a%d, e*3 = a®*d?2],
[-b*c + a*d, -b"2 + a*c, c”2 - b*d],
=973 + a*2%¢, =172 + a*e, e*2 = lb¥el, b¥*e = a%cl],
[=l”2 + a*e, e*2 = lb¥adl, lb¥e = a%e, 193 = a*2%d],

[c"2 - b*d, b*c - a*d, b"2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4

>>> from sage.all import *

>>> R = PolynomialRing (QQ, Integer (4), names=('a', 'b', 'c', 'd',)); (a, b, ¢, d,) =2
—R._first_ngens (4)

>>> T = ideal (b**Integer (2)-a*c, c**Integer(2)-b*d, a*d-b*c)

>>> F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b"2 - a*c, c¢”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

>>> F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],

[-b*c + a*d, -c¢c”2 + b*d, b"2 - a*c],

[=e”3 + a%el*2, =2 + lb¥el, lb¥e = a*d, b2 = a%e],
[=e”2 + ¥el, B2 = a*e, b¥e = a%d, e*3 = a®d?2],
[-b*c + a*d, -b"2 + a*c, c¢c*2 - b*d],

=973 + a*2%e, =172 + a*e, e 2 = lb¥el, b¥*e = a%cl],
=72 + a*e, e*2 = lb*d, lb¥e = a%ec, 13 = a*2%d],

[c"2 - b*d, b*c - a*d, b*2 - a*c]]
>>> F.polyhedralfan ()
Polyhedral fan in 4 dimensions of dimension 4

2.12.2 dnnuntuyeckKkne Kpmsblie

DYHKIMOHAJILHOCTD SJUIMIITUYECKUX KPUBBIX BKJIIOYAET B ceOsi Goublyio YacTh (pyHKIpoHabHOCTH PARI, nocryn k
nHpopManuy B oHiaiH tabmmuax Cremona (4to TpeOyeT JOMOJHUTENBHBIA MakeT 6a3 AaHHBIX), (PYHKIMOHAIBHOCTD
mwrank, aroput™ SEA, BeIMHCIIeHHE BCeX M30TeHMI, MHOTO HOBOTO Koja it Q ¥ HEKOTOpyio (byHKIIMOHAJIbHOCTD
mporpaMMHOTo obecriedeHust Denis Simon.

Komanga E11ipticCurve A CO3aHUS UMITHYECKUX KPUBBIX UMEET MHOTO (POPM:

* EllipticCurve([a1, a2, as, a4, ag]): Bo3BpaTuT 3JUIMNTUYECKYIO KPUBYIO

y? + arzy + asy = 2° + axx” + asx + ag,
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* EllipticCurve([aq4, ag]): To xe, 9To U BbIIIIE, HO ] = ag = a3 = 0.

« EllipticCurve(label): Bepuer syumunideckyio KpuByio 13 6a3sl faHHbIX Cremona ¢ 3a/laHHbIM sipiibikoM Cremona.
SprbIK - 3TO CTPOKA, HAIIPUMeEp, "11a" or "37b2".

* EllipticCurve(j): BepHeT amnTiudecKyio KpHUBYIO C HHBAPUAHTOH j.

* EllipticCurve(R, [a1, a2, as, a4, ag]): CO3AACT JUTMNTHYECKYIO KPUBYIO U3 KOJIbIa R C 3aJaHHBIMU a; ‘MH, KaK
OBLIO YKa3aHO BbILIE.

Hcrnonb3oBaHue KaxXaoro KOHCTPyKTopa:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

sage: EllipticCurve ([GF (5) (0),0,1,-1,0])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a'")
Elliptic Curve defined by y"2 + y = x°3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y"2 + x*y = x*3 + 36*x + 3455 over Rational Field

sage: EllipticCurve (GF(5), [0,0,1,-1,01])
Elliptic Curve defined by y"2 + y = x*3 + 4*x over Finite Field of size 5

>>> from sage.all import *
>>> EllipticCurve ([Integer (0), Integer (0), Integer(l), -Integer (1), Integer(0)])
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

>>> EllipticCurve ([GF (Integer (5)) (Integer (0)), Integer (0), Integer (1), -Integer(l),
—Integer(0)1])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

>>> EllipticCurve ([Integer (1), Integer(2)])
Elliptic Curve defined by y*"2 = x"3 + x + 2 over Rational Field

>>> EllipticCurve('37a')
Elliptic Curve defined by y"2 + y = x°3 - x over Rational Field

>>> EllipticCurve_from_j(Integer (1))
Elliptic Curve defined by y*2 + x*y = x*3 + 36*x + 3455 over Rational Field

>>> EllipticCurve (GF (Integer (5)), [Integer(0),Integer(0),Integer(l),-Integer(l),
—Integer (0)])
Elliptic Curve defined by y"2 + yv = x*3 + 4*x over Finite Field of size 5

IMapa (0, 0) - 3T0 TOUKa Ha /UTMNITHYECKON KpUBOii F, 3aanHoi (pynkimei 42 +y = 23 — z. [l co3nanus 310ii Touku

B Sage HareyaraiTte E ([0, 0] ). Sage MoxeT J0OaBUTh TOUKH Ha TaKyl0 SJUIMITHYECKYIO KPHUBYIO:
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sage: E = EllipticCurve([0,0,1,-1,01)

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
sage: P = E([0,01])

sage: P + P

(1 : 0 : 1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()

37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer(0), Integer(0), Integer (1), -Integer(l),Integer (0)])
>>> E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
>>> P = E([Integer(0),Integer(0)])

>>> P + P

(1 : 0 : 1)

>>> Integer (10) *P

(161/16 : -2065/64 : 1)

>>> Integer (20) *P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)

>>> E.conductor ()

37

DIMNTHYECKUE KPUBbIE U151 KOMIUIEKCHBIX YMCElT 331aI0TCsI IapaMeTpaMy MHBApUAHTHI j. Sage BHIYUCIUT UHBAPUAHTY
VK

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.j_invariant ()
110592/37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (0), Integer (0), Integer(0), -Integer(4),Integer(2)]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field

>>> E.conductor ()

2368

>>> E.j_invariant ()

110592/37

Eciu Mbl cO3[aIMM KPUBYIO C TOU e UHBAPUAHTOM j, Kak ajis F/, oHa He noykHa ObiTh n3omopduoii F. B crenyorem
MpruMepe KpuBble He N30MOP(]HBI, TaK KaK MX KOHIYKTOPBI PA3JIMYHBL.

sage: F = EllipticCurve_from_3j(110592/37)
sage: F.conductor ()
37
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>>> from sage.all import *

>>> F = EllipticCurve_from_j (Integer (110592)/Integer (37))
>>> F.conductor ()

37

OpHako kpydeHne F' Ha 2 1act n30MopQHYIO KPHUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: G.conductor ()

2368
sage: G.j_invariant ()
110592/37

>>> from sage.all import *

>>> G = F.quadratic_twist (Integer(2)); G

Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
>>> G.conductor ()

2368

>>> G.j_invariant ()

110592/37

() oo n o
MoskHo nocuntaTh KO3(MUUHUEHTH a,, psAna L uin Momy sapHOi Gopmsl Y~ a,,q", IPUKPEIUICHHON K 3JUTMIITHYE-
CKO# KpuBOU. [lJaHHOE BbIUKCIIEHUE UCTONb3yeT Oudmoreky PARI:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E.anlist (30)

o, 1, =2, =3, 2, =2, 6, =i, 0, 6, 4, =5, =6, =2, 2, 6, =4, 0, =12, 0, =4,
3, 10, 2, 0, =1, 4, =9, =2, 6, =12]

sage: v = E.anlist (10000)

>>> from sage.all import *
>>> E = EllipticCurve ([Integer (0), Integer(0), Integer (1), -Integer (l),Integer (0)])
>>> E.anlist (Integer (30))
e, 1, =2, =3, 2, =2, 6, =1, 0, 6, 4, =5, =6, =2, 2, 6, =4, 0, =12, 0, =4,
3, 10, 2, 0, =i, 4, =9, =2, 6, =12]
>>> v = E.anlist (Integer (10000))

3aiimMeT JIUIIb CeKYHY IS OACYETa BCEX Ay, I N < 10°:

sage: %time v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

>>> from sage.all import *

>>> Stime v = E.anlist (Integer (100000))

CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DJUIMNTAYECKIE KPUBBIE MOTYT OBITh IOCTPOEHBI C IOMOIIBIO MX SAPJIBIKOB Cremona.

sage: E = EllipticCurve ("37b2")
sage: E
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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Elliptic Curve defined by y*2 + y =
Field

sage: E = EllipticCurve ("389a")
sage: E

Elliptic Curve defined by y*2 + y =
sage: E.rank()

2

sage: E = EllipticCurve ("5077a")
sage: E.rank()

3

x"3 + x"2

x"3 + x"2

(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

- 1873*x - 31833 over Rational

- 2*x over Rational Field

>>> from sage.all import *
>>> E = EllipticCurve ("37b2")

>>> E

Elliptic Curve defined by y*2 + y =
Field
>>> E = EllipticCurve ("389%a")

>>> E

Elliptic Curve defined by y*2 + y =
>>> E.rank ()

2

>>> E = EllipticCurve ("5077a")
>>> E.rank ()

3

x"3 + x"2

x*"3 + x"2

- 1873*x — 31833 over Rational

- 2*x over Rational Field

Takxe ecTb gocTyn K 6a3e nanHbIx Cremona.

sage: db = sage.databases.cremona.CremonaDatabase ()
sage: db.curves (37)
{'az': [[O, O, 1, -2, O], 1, 1], 'b1': [[O, 1, 1, -23, =501, O, 31}
sage: db.allcurves (37)
{'al': [[O, O, 1, -1, O], 1, 1],
'b1': ([0, 21, 1, -23, -50], O, 31,
'b2" [ro, 1, 1, -1873, -318331, 0, 11,
'b3"’ (e, i, i, =3, 11, 0, 31}
>>> from sage.all import *
>>> db = sage.databases.cremona.CremonaDatabase ()
>>> db.curves (Integer (37))
{'az': [[O, O, 1, -2, O], 1, 1], 'b1': [[O, 1, 1, -23, -501, O, 31}
>>> db.allcurves (Integer (37))
{'al': [[O, O, 1, -1, O], 1, 1],
'b1': ([0, 21, 1, -23, -50], O, 31,
'b2': ([0, 21, 1, -1873, -31833], 0, 11,
'b3': ([0, 21, 1, -3, 11, O, 31}

OO6beKThl, BO3BpallleHHbIe 3 0a3bl JaHHBIX, HE TIPUHAJIEkAT THITY E11ipticCurve. DTO 31eMeHTHI 0a3bl JAHHBIX, UMe-
folpe napy nojeil. CymectByeT Majiasi Bepcust 6as3bl JaHHbIX Cremona, KOTopasi eCThb 110 YMOTYaHUIO B Sage U COIEPKHUT
OrpaHIUYEHHYI0 MH(OPMALIMIO O JTUITHYECKUX KPUBBIX ¢ KOHAYKTOpoM < 10000. Takske cyIiecTByeT JOMOIHATEIbHAS
OosibInast BEpCHsi, KOTOpask COACPKUT UCUSPIIBIBAIOIIYI0 HH(POPMAIIHMIO O BCeX KPUBHIX ¢ KoHaykTopoM 10 120000 (Ok-
Ts16pb 2005). Eme oauu pononHuTenbHbli naket (2GB) auis Sage copepXUT COTHU MUJUTMOHOB JTMITHYECKUX KPHUBBIX

B 0asze gaHHbIX Stein-Watkins.
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2.12.3 Cumsonsbl Oupuxne

Cumeon upuxae - 310 pactunpenne romomopdusma (Z/NZ)* — R* nns komsiia Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |-—> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |-—> -1, 5 |--—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |[--> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |-—> -1]
sage: G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[-—-> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |-—> 1, 5 |-—> -1)

sage: len (G)
4

>>> from sage.all import *
>>> G = DirichletGroup (Integer (12))
>>> G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |-—> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |[-—> -1, 5 [-—> -1]
>>> G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |-—> 1, 5 |-—> -1)
>>> len (G)

4

Co3paB rpymniy, Hy)HO CO3JaTh IEMEHT U C €ro MOMOILbIO IOCYUTATE.

sage: G = DirichletGroup (21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |-—> zetab

sage: chi.values|()

[0, 1, zeta6 - 1, 0, -zeta6, -zeta6 + 1, 0, 0, 1, 0, zeta6, -zetao6, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, —-zeta6 + 1, -1]

sage: chi.conductor()

7
sage: chi.modulus ()
21

sage: chi.order ()

6

sage: chi(19)
-zeta6 + 1

sage: chi (40)
-zetab + 1

>>> from sage.all import *

>>> G = DirichletGroup (Integer (21))

>>> chi = G.gen(1l); chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |-—-> 1, 10 |-—> zetab
>>> chi.values ()

[0, 1, zeta6 - 1, 0, -zeta6b, —-zeta6 + 1, 0, O, 1, 0, zeta6, -zetao, 0, -1,
(poJoJKaeTcs Ha CeAyIolel CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

0, 0, zeta6 - 1, zetao, 0, -zeta6 + 1, -1]
>>> chi.conductor ()

>>> chi.modulus ()

21

>>> chi.order ()

6

>>> chi (Integer (19))
-zeta6 + 1

>>> chi (Integer (40))
-zeta6 + 1

Takxe BO3MOXHO nocuntats aercrsue rpymist Fanya Gal(Q((xn)/Q) Ha 9TH CUMBOJIBL

sage: chi.galois_orbit ()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> -zetab + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
1, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition ()

[Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6.
—and degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6.
—and degree 2]

>>> from sage.all import *

>>> chi.galois_orbit ()

[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> -zetab + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab]

>>> go = G.galois_orbits ()
>>> [len(orbit) for orbit in go]
L, 2, 2, 1, 1, 2, 2, 1]

>>> G.decomposition ()

[Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6.
—and degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6.
—and degree 2]

Jastee HAXO MOCTPOUTSH TpyIIILy CUMBOJIOB duprxiie mo Mogy:mo 20, Ho co 3HaueHusMu ¢ Q(4):

sage: K.<i> = NumberField(x"2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1
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>>> from sage.all import *

>>> K = NumberField(x**Integer (2)+Integer(l), names=('i',)); (i,) = K._first_ngens (1)
>>> G = DirichletGroup (Integer (20),K)
>>> G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1

Tenepb MOCYMUTACM HECKOJIbKO MHBAPUAHT G:

sage: G.gens ()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 |--> 1)

sage: G.unit_gens ()
(11, 17)

sage: G.zeta()

i

sage: G.zeta_order ()
4

>>> from sage.all import *

>>> G.gens ()

(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |-—> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 |--> 1)

>>> G.unit_gens ()
(11, 17)

>>> G.zetal()

i

>>> G.zeta_order ()
4

B manHOM mpumepe, cuMBOIIBI IMpuXJle CO3AAIOTCS CO 3HAUEHUSMU B UKCIOBOM I10JIE, SIBHO 3aJlaeTcsl BHIOOP KOPHS
00beIMHEHUS] TPETbUM apryMEeHTOM DirichletGroup.

sage: x = polygen (QQ, 'x')

sage: K = NumberField(x"4 + 1, 'a'); a = K.O
sage: b = K.gen(); a ==

True

sage: K

Number Field in a with defining polynomial x*4 + 1

sage: G = DirichletGroup (5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |[--> a”2

sage: [(chi”i) (2) for i in range (4)]

[1, a*2, -1, -a"2]

>>> from sage.all import *
>>> x = polygen (QQ, 'x')
>>> K = NumberField(x**Integer (4) + Integer(l), 'a'); a = K.gen(0)

>>> b = K.gen(); a == Db
(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
True
>>> K
Number Field in a with defining polynomial x*4 + 1
>>> G = DirichletGroup (Integer(5), K, a); G
Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

>>> chi = G.gen(0); chi
Dirichlet character modulo 5 of conductor 5 mapping 2 |[--> a”2
>>> [(chi**i) (Integer(2)) for i in range (Integer(4))]

[1, a2, -1, -a"2]

3nech NumberField (x*4 + 1, 'a') rOBOpUT Sage UCIOJIL30BaTh CUMBOJI «a» IS TIEYaTH TOTO, YeM SIBJISIETCSl K
(4ucioBOE MoJie C ONPEAEISIOIUM TOJIMHOMOM xt + 1). HazBanue «a» He 0OBbSIBIIEHO HA JaHHBIA MOMeHT. Korga a =
K.0 (9KBHBAJIEHTHO a = K.gen () ) OyIeT OIlEHEHO, CUMBOJI «a» MPEICTaBIsAeT KOPEHb MMOJMHOMA x4 1.

2.12.4 MopaynsipHbie oOpMbli

Sage MOXeT BBIITOJHSATH BEIYUCIICHHUS, CBA3aHHbBIE C MOLY/ISIPHBIMU (hOpMaMHU, BKJTIOUAsl U3MEPEHU S, BEIYMCICHUE MOALY-
JIAPHBIX CUMBOJIOB, ONepaTopoB ['ekke 1 pa3noxeHus.

Cy1mecTByeT HECKOJIBKO HOCTYITHBIX (DYHKIMI JUTsl BBIYMCIICHNSI U3MEPEHHI TPOCTPaHCTB MOy IsIpHBIX hopM. Hanpu-
Mmep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO (1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

>>> from sage.all import *
>>> from sage.modular.dims import dimension_cusp_forms
>>> dimension_cusp_forms (GammaO (Integer (11)), Integer (2))

1

>>> dimension_cusp_forms (GammaO (Integer (1)), Integer (12))
1

>>> dimension_cusp_forms (Gammal (Integer (389)), Integer (2))
6112

Jlanee TMOKa3aHbl BLIYUCJIEHUA ONIEPATOPOB I'ekke B IMPOCTPAHCTBE MOAYJIAPHBLIX CUMBOJIOB YPOBHS 1 nBeca 12.

sage: M = ModularSymbols(1,12)
sage: M.basis ()

([x~8*y~2, (0,0)1, [X~9*Y, (0,0)]1, [X*10,(0,0)1)
sage: t2 = M.T(2)
sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field
sage: t2.matrix()

[ -24 0 0]
[ 0 -24 0]
[4860 0 2049]

(IpoJoJKaeTCs Ha CeAyIOIel CTpPaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: f = t2.charpoly('x'"); £
x"3 - 2001*x72 - 97776*x - 1180224
sage: factor (f)
(x — 2049) * (x + 24)"2
sage: M.T(11) .charpoly('x").factor ()
(x — 285311670612) * (x — 534612)"2

>>> from sage.all import *

>>> M = ModularSymbols (Integer (1), Integer (12))

>>> M.basis ()

([X~8*Y"2,(0,0)], [X"9*Y, (0,0)], [X"10,(0,0)1)

>>> t2 = M.T(Integer(2))

>>> t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field

>>> t2.matrix()

[ -24 0 0]
[ 0 -24 0]
[4860 0 2049]

>>> f = t2.charpoly('x'"); £

X3 - 2001*x72 - 97776*x - 1180224

>>> factor (f)

(x — 2049) * (x + 24)"2

>>> M.T (Integer (11)) .charpoly('x"').factor()
(x — 285311670612) * (x — 534612)"2

Takske MOXKHO co3aaBath rpoctpanctso st 'o(N) u 'y (V).

sage: ModularSymbols (11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11l) of weight 2 with

sign 0 over Rational Field

>>> from sage.all import *

>>> ModularSymbols (Integer (11), Integer (2))

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

>>> ModularSymbols (Gammal (Integer (11)), Integer(2))

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign 0 over Rational Field

Boeruncmm HEKOTOPbIE XaPAKTCPUCTUYICCKHUEC TOJIMHOMBI U ¢-Pa3JIOKCHUA.

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2) .charpoly('x")
x™11 - 8*x710 + 20*x79 + 10*x"8 - 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x73 — 515*x72 + 1804*x — 1452
sage: M.T(2) .charpoly('x"') .factozr ()
(x — 3) * (x + 2)"2 * (x74 - 7*x"3 + 19*x72 - 23*x + 11)
* (xM - 2*x"3 4+ 4FxM2 + 2*x + 11)
(poJoJKaeTcs Ha CIeAyIolIel CTpaHuLe)

2.12. HemHoro BbicLLen MaTeMaTukKu 75




Sage Tutorial in Russian, Bbeinyck 10.6

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix()
[-2 0]
[ 0 -2]
sage: S.g_expansion_basis (10)
[ - 2*g"2 - g"3 + 2*g™4 + g"5 + 2*g"6 - 2*g"7 - 2*gq"9 + 0(g”10)]

>>> from sage.all import *
>>> M = ModularSymbols (Gammal (Integer (11)), Integer (2))
>>> M.T (Integer (2)) .charpoly ('x")
X1 - 8*x710 + 20*x"9 + 10*x"8 — 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x73 — 515*x"2 + 1804*x — 1452
>>> M.T (Integer (2)) .charpoly('x"').factor ()
(x — 3) * (x + 2)7"2 * (x"4 - 7*x"3 + 19*x72 - 23*x + 11)
* (x4 — 2*x”3 + 4*x°2 + 2*x + 11)
>>> S = M.cuspidal_submodule ()

>>> S.T (Integer(2)) .matrix()
[-2 0]
[ 0 -2]

>>> S.qg_expansion_basis (Integer (10))
[q — 2%q*2 — g*3 + 2*q™4 + g5 + 2*q*6 — 2*q*7 - 2*q*9 + 0(g”10)]

Taxoke BO3MOXKHBI BEIYMCIIEHHSI IPOCTPAHCTB MOIYJIAPHBIX CHMBOJIOB ¢ OyKBaMU.

sage: G = DirichletGroup (13)

sage: e = G.0"2

ModularSymbols (e, 2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

sage: M

[zetab6], sign 0, over Cyclotomic Field of order 6 and degree 2
sage: M.T(2) .charpoly('x"') .factor ()

(x — zeta6 - 2) * (x — 2*zetab - 1) * (x + zeta6 + 1)"2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x").factor ()

(x + zetab + 1)"2

sage: S.g_expansion_basis (10)

[g + (-zeta6b - 1)*g"2 + (2*zetab - 2)*g"3 + zetab*g"4 + (-2*zetab + 1)*g"5 + (-
—2*zetab + 4)*g”6 + (2*zetab — 1)*g"8 - zetab6*g”9 + 0(g”10)]

>>> from sage.all import *

>>> G = DirichletGroup (Integer (13))

>>> e = G.gen(0) **Integer (2)

>>> M = ModularSymbols (e, Integer(2)); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

>>> M.T (Integer (2)) .charpoly('x'"') .factor ()

(x — zeta6 — 2) * (x — 2*zetab - 1) * (x + zeta6 + 1)"2

>>> S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
(poJoJIKaeTcs Ha CeAyIolIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
Cyclotomic Field of order 6 and degree 2
>>> S.T(Integer(2)) .charpoly('x"') .factor ()
(x + zeta6b + 1)"2
>>> S.g_expansion_basis (Integer (10))
[g + (-zeta6 - 1)*g"2 + (2*zetab - 2)*g"3 + zetab*g"4 + (-2*zetab + 1)*g"5 + (-
—2*zetab + 4)*g”6 + (2*zetab - 1)*g"8 - zetab*g”9 + 0(g”10)]

ITpumep Toro, Kak Sage MOXET BBIYMCIISTH ACHCTBUS onepaTopoB [ ekKe Ha MPOCTPaHCTBO MOAYJISIPHBIX (POPM.

sage: T = ModularForms (GammaO (11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

sage: T.degree ()

2

sage: T.level()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

sage: T.dimension ()

2

sage: T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weilght ()

2

sage: M.basis ()

((1,0), (1,8), (1,9))

sage: M.sign ()

0

>>> from sage.all import *

>>> T = ModularForms (GammaO (Integer (11)), Integer(2))

>>> T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

>>> T.degree ()

2

>>> T.level ()

11

>>> T.group ()

Congruence Subgroup GammaO (11)

>>> T.dimension ()

2

>>> T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for

(poJoJIKaeTcs Ha CeAyIolIel CTpPaHULEe)
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Congruence Subgroup GammaO (11) of weight 2 over Rational Field
>>> T.eisenstein_subspace ()
Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field
>>> M = ModularSymbols (Integer (11)); M
Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field
>>> M.weight ()
2
>>> M.basis ()
((1,0), (1,8), (1,9))
>>> M.sign ()
0

Homyctum, T}, — 3To 06br4HbI onepatop I'ekke (p mpoctoe). Kak onepatopst I'ekxe 15, T3, T BeayT ce6s B IpoCTpaH-
CTBE MOJYJIIPHBIX CUMBOJIOB?

sage: M.T(2) .matrix()

[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0 0 -1]
sage: M.T(5) .matrix ()
[ 6 0 -1]
[ 0 1 0]
[ 0 0 1]

>>> from sage.all import *

>>> M.T (Integer(2)) .matrix()
[ 3 0 -1]
0 -2 0]
0 0 -2]
>>> M.T (Integer (3)) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0O 0 -1]
>>> M.T (Integer (5)) .matrix ()
[ 6 0 -1]
[ 0 1 0]
[ 0O 0 1]
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FMABA 3

NHTepakTmBHas obonoyka

ITourtn Bceraa B 3TOM PYKOBOACTBE MBI IPEAIIOIAraeM, YTo HHTeprpeTaTtop Sage ObLT 3aryllieH KOMaHoi sage. OHa
3aIyCTUT CrIennajIbHyIo Bepcuio KoHcomu [Python m mMmoprupyer MHOeCTBO (hyHKIIMI M KJIaccOB, TAK YTO OHU T0O-
TOBBI /ISl MICTIOJIB30BAHUSI B KOMAHAHOW CTpoKe. Bojee TOHKasi HaCTpOMKa MpPOW3BOIUTCS peJaKTHpOBaHHEM (paiiia
$SAGE_ROOT/ipythonrc. [Ipu 3amycke Sage Bbl YBUIUTE BHIBOJ, MOXOXKUN HA CIIEAYIOIIHNA:

SageMath version 9.7, Release Date: 2022-01-10
Using Python 3.10.4. Type "help ()" for help.

sage:

YroOs! BeiiiT U3 Sage, Haxmute Ctrl-D wim BBeauTe quit WK exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

>>> from sage.all import *
>>> quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

Wall time — 370 mpoieee BpeMsi. ITO 3HaAUEHUE BEPHO, noTtoMy Kak B «CPU time» He BXOAUT BpeMs, UCIOJIb30-
BaHHOe cybnponeccamu Bpoae GAP um Singular.

(TTocTapaiiTech He yOuBaTh mpoiiecc Sage KOMaHIoN k111 -9 U3 TepMUHAJA, TOTOMY YTO Sage MOXKeT He yOUTh iouep-
HUE MPOLIECChl, Takue Kak Maple, Wi MOXeT He OUMCTUTh BpeMeHHbIe (haiiyibl U3 AUPEKTOPUU SHOME/ . sage/tmp.)

3.1 Bawa ceccua Sage

Ceccust — 3TO MOC/EI0BATENLHOCTb BBOJIOB M BHIBOJIOB HAUKMHASI C 3aITyCKa IPOrPaMMBbl U 3aKaHUMBAs BBIXOJIOM M3 HEe.
Sage 3aHOCHUT BCIO MCTOPUIO BBOJOB B log-chaiin, ucnonb3ys [Python. Eciu BbI ucIonb3yeTe MHTEPAKTUBHYIO 000JI0UKY
(ue BeO-unTepdeiic Notebook), To BbI MOXeTe BBECTH $hist, YTOOBI BBIBECTH CIIUCOK BCEX BBEICHHBIX KOMaHI. Bbi
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MOXeTe BBECTH ? B KOMaHJHOUW CTpOKe Sage, 4ToObl noyunTh Oosbiie nugopmanuu o IPython, Hanpumep, «IPython
MpeaOCTaBIACT MPOHYMEPOBAHHBIE KOMaHIHBIE CTPOKHU. .. C KEHIMPOBAHUEM BBO/Jid U BbIBOJA. Bce BBCJCHHBIC JaHHBIC
COXPaHSIOTCSI ¥ MOTYT OBITh MCIIOJIb30BaHBI Kak MepeMeHHbIe (ITOMUMO OOBIYHOT'O BBI30Ba C MOMOIIBIO CTpesioK). Creny-
I0ILIKe [T00ATbHbIC MIepeMEHHbIE TPUCYTCTBYIOT Beera (He Mepe3anuchiBaiTe ux ! )»:

previous input (interactive shell and notebook)
next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

[Ipumep:

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3,5)
2 =-1

sage: Shist # PaforaeT TONbKO B HHTEPAKTHUBHOH obonouke, HO He B Sage notebook.
1: factor (100)

2: kronecker_symbol (3, 5)

3: %hist

sage: _oh

_4 = {1: 272 * 572, 2: -1}
sage: _il

5 = 'factor (Zz(100))\n"
sage: eval(_1i1)

_6 =272 * 572

sage: %hist

factor (100)
kronecker_symbol (3, 5)
$hist

_oh

_i1

eval (_1i1)

%hist

~N o U W N

>>> from sage.all import *
>>> factor (Integer (100))
1 =272 * 572
>>> kronecker_symbol (Integer (3), Integer (5))
2 = -1
>>> Shist # PabBoTaeT TONbLKO B HHTEPAkKTHBHOH obonouke, HO He B Sage notebook.
1: factor (100)
2: kronecker_symbol (3, 5)

3: %hist
>>> _oh
_4 = {1: 272 * 572, 2: -1}
>>> i1
5 = 'factor (Zz(100))\n"'

>>> eval (_il)

_6 = 272 * 572

>>> Shist

1: factor (100)

2: kronecker_symbol (3, 5)
3: %hist

(pooIIKaeTCst Ha CISAYIOIIEH CTPAHHULIE)
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4: _oh
5: _1i1
6: eval(_11)
7: Shist

Mpb1 He BKJTIOYaEM HOMEpa CTPOK B 9TOM y‘{e6HOM MOCOOWH U B prFOfI AJOKYMECHTallUn Sage.

BrI Takxe MoxeTe XPaHUTb CIIMCOK BBEICHHbIX KOMaH[ CECCMU B BUJI€ MAKPOCa JIsI CECCUM.

sage: = EllipticCurve([1,2,3,4,5])
= ModularSymbols (37)

sage: %hist

= M

sage:

1: E = EllipticCurve([1,2,3,4,5])
2: M = ModularSymbols (37)
3: %hist

sage: %macro em 1-2
Macro “em’ created. To execute, type its name (without quotes).

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (1), Integer (2), Integer (3), Integer (4),Integer(5)])
>>> M = ModularSymbols (Integer (37))

>>> Shist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols (37)

3: %$hist

>>> %Smacro em Integer (1)-Integer (2)

Macro ‘em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

>>> from sage.all import *

>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

>>> E = Integer (5)

>>> M = None

>>> em

Executing Macro...

>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

IMpu ncnosib30BaHUK MHTEPAKTUBHOM 00004KH Sage, mobass UNIX-komaHa MoxkeT ObITh 3alyllieHa ¢ TOMOIIBIO TIpe-
(pukca !. Hanpumep
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sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

>>> from sage.all import *
>>> l1s

auto example.sage glossary.tex t tmp tut.log tut.tex

BO3BpAILAET COJIEPXKAHUE TEKYIIEH JUPEKTOPHIL.

IMepemeHHast PATH COXEPKUT QUPEKTOpHIo bin (OrHapHbIe (haiiibl) B CAMOM Havaie, TaK YTO €CJIM Bbl 3aMycKaeTe gp,
gap, singular, maxima, ¥ T.[. BBl IOJIy4aeTe BEPCHUH, BKIIOUCHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

>>> from sage.all import *

>>> lgp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (1x86/GMP-4.1.4 kernel) 32-bit version

>>> !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005
FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XypHanupoBaHue BBOOa U BbiBOAA

JKypHanmmpoBaHue ceccum Sage 3TO He TO e caMmoe, YTO COXpHaHeHue ceccuu (cM. Coxparenue u 3azpy3Kd NOAHbIX
ceccuti 1yist 9T010). 111 )KypHAIMPOBaHUs1 BBOJIA (U, OMIIMOHAIBHO, BHIBOJIA), UCTIONB3YHTE KOMaHy logstart. Beaure
logstart? Juisg NOgpOOHOCTeH. Bbl MOXeTe MCIOJIb30BaTh 3TY KOMaH/Ly JUIsl )KYPHAIMPOBAHUSI BCETO, YTO Bbl BBOJUTE,
BCEro BBIBOJIA, U [Jake MOXKETe BOCIIPOM3BECTH BBEICHHBIC JaHHbIEe B Oyayien ceccuu (IpoCcTo 3arpy3uB log-chaiin).

was@form:~$ sage

T 1
| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |
l I

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

Filename : setup
Mode : backup
Output logging : False
Timestamping : False
State : active

sage: E = EllipticCurve([1,2,3,4,5]).minimal_model ()

sage: F = Q0”3

sage: x,y = Q0['x,y'].gens ()
sage: G = E.gens ()

sage:

Exiting Sage (CPU time Om0.61ls, Wall time Om50.39s) .
was@form:~$ sage

T
|
| Using Python 3.10.4. Type "help()" for help.
|

|
SageMath version 9.7, Release Date: 2022-01-10 |
|
|

sage: load("setup")
Loading log file <setup> one line at a time...
Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*y = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: x*y

xX*y

sage: G

[(2 : 3 : 1)]

Ecam Br ucnionib3yete Sage B konsole — tepmuHaie cpeasl KDE B GNU/Linux — Tora Bl MOXETE COXPaHHUTh CECCHIO
CJIeIyIONIMM 00pa30M: MocJIe 3amycka Sage B konsole, BRIOEpHUTE «settings», MOTOM «history...», oTom «set unlimited».
Kora BbI TOTOBBI COXPaHUTh cecchlo, Bioepute «edit» u «save history as...» u BBemute UM (paiiyia Jjisi COXpaHeHUS.
ITocrie 3TOro Bbl MOXeTe BOCIONB30BATHCS JIOOBIM TEKCTOBBIM PEJaKTOPOM, HAIIPHMeEP Xemacs, 1J1sl uTeHus daia.

3.3 BcraBka urHopupyet npurnawieHuve

JorycTiM, BBl UMTaeTe ceccuio Sage WK Beraucienus Python, n xorure ckonmposats ux B Sage. Ho ectb ogHa mpodiiema:
3HaKM >>> WM sage : . Ha caMoM Jesie Bbl MOKeTe KOMPOBAaTh U BCTABJIATH IPAMEPHI, KOTOPHIE BKJIIOYAIOT 3TH 3HAKH.
Hpryumu cnoBamu, Sage UTHOPUPYET CUMBOJIBI >>> WM sage : Mepel] OTIpaBkoi komaHy B Python. Hanpumep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

>>> from sage.all import *
>>> Integer (2) **Integer (10)
1024

(mpozoyDKaeTesl Ha CileyIomel CTpaHHUIIe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> sage: sage: Integer (2)**Integer (10)
1024
>>> >>> Integer (2) **Integer (10)
1024

3.4 KomaHabl U3aMepeHUsi BpeMeHn

Eciu BB BBeZleTe KOMaH/y %time B Hayalie CTPOKM BBOJA, TO BpeMsl, 3aTPayeHHOE Ha BHIIIOJIHEHHE oriepaiyu, Oyaer
BBIBEIEHO Ha 3KpaH. Harpumep, BbI MOXeTe U3MEPUTh BPEMsI BBITIOJIHEHHU s OTIepalli BO3BE/ICHUS B CTEIIEHb HECKOJIb-
KUMHU 1yTsiMu. [TokazaHus Huke OyIyT OTIMYaThCs OT BalllMX; OHM MOTYT OTJIMYAThCs Jake B PasHBIX Bepcusx Sage.
Yucrtsrii Python:

sage: %time a = int (1938)7int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

>>> from sage.all import *

>>> Stime a = int (Integer (1938)) **int (Integer (99484))
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

3r0 o3Hayaet 4to 0.66 cekyH ObUIO 3aTpayeHo B cymme, a «Wall time», (poresiee Bpemsi), Toxe 0.66 cekyna. Eciu
Balll KOMITBIOTEP CUJIBHO 3arpyeH IpyriuMu Ipolieccamu, To « Wall time» MOXkeT CHIIBHO OTJIMYAThCS OT IIPOLIECCOPHOTO
BpEMEHH.

Jlanee Mbl OCYMTAEM BpeMsi BO3BEJIEHUsI B CTEIIEHb C KMCIOJIb30BAHMEM BCTPOSHHOTO B Sage HEeJIOUYUCIEHHOTO THIA
JaHHBIX, peanu3oBanHoro (B Cython) ¢ ucnonb3oBanuem oudmoreku GMP:

sage: Stime a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

>>> from sage.all import *

>>> Stime a = Integer (1938) **Integer (99484)

CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

HUcnounb3ys unrepdeiic PARI n3 6ubdnmmoreku C:

sage: Stime a = pari(1938) *pari (99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

>>> from sage.all import *

>>> Stime a = pari(Integer(1938)) **pari (Integer (99484))
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Bepier ce6st Jtydliie, HO TOJIBKO HEMHOTO (Kak M OKUAAIOCH, Belb Bepcust PARI, BcTpoeHHast B Sage, UCIIONb3yeT
GMP p17151 paGoTHI € LETBIMHU YHUCTAMH).

BblI Takoke MOxeTe 3aMepUTh BpeMsl BBIIIOJIHEHHS 0JI0Ka KOMaHJ C IIOMOILBIO cput ime, KaK MOKa3aHO HUXeE:
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sage: t = cputime ()

sage: a = 1int (1938)7int (99484)

sage: b = 1938799484

sage: ¢ = pari(1938) “pari(99484)

sage: cputime (t) # random output
0.64

>>> from sage.all import *

>>> ¢ cputime ()

>>> a = int (Integer (1938)) **int (Integer (99484))

>>> b = Integer (1938)**Integer (99484)

>>> C pari(Integer (1938)) **pari (Integer (99484))
>>> cputime (t) # random output
0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t —— (optional) float, time in CPU seconds
OUTPUT:

float —- time in CPU seconds

>>> from sage.all import *
>>> cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t —-— (optional) float, time in CPU seconds
OUTPUT:

float —— time in CPU seconds

Komanma walltime BemeT ceOs Tak ke, Kak cputime, HO OHa U3MepsieT HACTOSIIee BpeMsl.

MBI Takske MOXeM BO3BECTH YUCIIO B CTENIEHb, HICTIONb3Ys1 CHCTEMBI KOMITBIOTEPHOH allreOphl, BKIIOUEHHBIE B Sage. B kax-
JIOM CJTy4yae MbI 3aITyCKaeM MPOCTYI0 KOMaH/y B CHCTeMe YTOOBI 3aIlyCTUTDb CepBep JJIsl 3TOH nporpammsl. CaMmoe TouHOe
- Bpems 310 Wall time. OfHako, eciii CylIecTByeT CyIIeCTBEHHasl pa3HULIA MeX/y 9TUM 3HA4€HHEM U MPOLECCOPHBIM
BpemeHeM (CPU time), To, BOBMOXXHO, €CTb CMBICII IIPOBEPUTH CUCTEMY Ha HAJIMUYKE ITPOOJIEM IIPOM3BOANTEIBHOCTH.

sage: time 1938799484;

CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01

sage: gp(0)

0

sage: time g = gp('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04

sage: maxima (0)

0

sage: time g = maxima ('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLe)
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Wall time: 0.30

sage: kash (0)

0

sage: time g = kash('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04
sage: mathematica (0)
0
sage: time g = mathematica('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.03

sage: maple (0)

0

sage: time g = maple('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.11

sage: libgap (0)

0

sage: time g = libgap.eval('1938799484;")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 1.02

.00

.00

.00

.00

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

>>> from sage.all import *
>>> time Integer (1938) **Integer (99484);

CPU times: user 0.01 s, sys: 0.00 s, total:

Wall time: 0.01

>>> gp (Integer (0))

0

>>> time g = gp('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04

>>> maxima (Integer (0))

0

>>> time g = maxima ('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.30

>>> kash (Integer (0))

0

>>> time g = kash('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04
>>> mathematica (Integer (0))
0
>>> time g = mathematica ('1938799484

)

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.03

>>> maple (Integer (0))

0

>>> time g = maple('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.11
>>> libgap (Integer (0))

.01

.00

.00

.00

.00

.00

(poJoJKaeTcs Ha CeAyIolel CTpaHuLe)
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0
>>> time g = libgap.eval ('1938799484; ")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

3ametbTe, uto GAP 1 Maxima SIBJISIIOTCSI CAMBIMH MEJIICHHBIME B 9TOM TecTe (TecT ObUT IIPOBE/IeH Ha MalllMHE sage .
math.washington.edu). Tak kak oHU paGoTaloT ¢ APyruM UHTEp(EHCOM, HaJCTPOEHHBIM HaJl HUMU, CYJUTb 00 ab-
COJTIOTHOY MPON3BOJUTEIFHOCTH ITUX CUCTEM HE CTOMT.

3.5 OWMOKM U ncKknroYeHns

Korga uro-To uaer He Tak, 0OBIYHO MOKHO YBHIETh HcKmoueHre Python (Python «exception»). Python gaxe mombita-
€TCs TIPE/NOJIOKUTD, YTO BBI3BAJIO OIIMOKY. YacTo Bbl MOKETE BUAETh UM UCKJIIOUYEHHUS, HAITPUMED, NameError WA
ValueError (cM. Python Library Reference [PyLR] s nosnHoro crnivcka uckimouyenuil). Hanpumep,

File "<console>", line 1
727 (3)_2

A

SyntaxError: invalid

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

>>> from sage.all import *
>>> Integer (3_2)

File "<console>", line 1
Z7Z(3)_2

SyntaxError: invalid
>>> EllipticCurve ([Integer (0),infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

VHTepaKkTHUBHBII OT/IAJUMK MOKET OBITh IOJIE3HBIM [JIs1 IOHUMAS TOTO, YTO MOILIO He TaK. OTIaYMK MOXKHO BKJIIOYATh
WM BHIKJIIOYATh KOMaH/I0M $pdb (110 YMOTYaHHUIO OH BHIKJIIOYEH). [IpHriarieHre KoMaHIHON CTPOKH ipdb> MOSIBISAET-
sl Ha 9KpaHe, eClii CIyYUIOCh UCKJIIOUEHHE U OTIaAuMK ObUT BKITIOUEH. 13 oTIagunka Bbl MOXETe BBIBECTU Ha 3KpaH
COCTOsIHME JIIOOOH JIOKaJIbHOM NepeMEHHOM 1 ABUTaThCsl BBEPX M BHU3 IO CTEKy (execution stack). Hanpumep,

)

sage: S%pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve ([1l,infinity])

(mpozoypKaeTes Ha CileyIomel CTpaHHUIIe)
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<class mexceptions.TypeError'> Traceback (most recent call last)

ipdb>

>>> from sage.all import *

>>> Spdb

Automatic pdb calling has been turned ON
>>> EllipticCurve ([Integer (1), infinity])

<class mexceptions.TypeError'> Traceback (most recent call last)

ipdb>

,HJUI IIOJIyYE€HM CIIMCKA KOMaH/l OTJIaJ4YMKa BBEIUTE ? B KOMEIH)IHOFI CTpOKe ipdb>:

ipdb> 2

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u

alias ¢ cont down ignore n pinfo return wunalias
args cl continue enable J next pp s up

b clear d exit Jjump o) q step w

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxwmure Ctrl-D nm BBetiTe quit 4ToOBI BEpHYThCS B Sage.

3.6 O6paTHbIN NOMUCK U aBTOAOMNO/IHEHNE

CHauasa co3/aiM TpexMepHOe BEKTOPHOE MpocTpaHcTBo V = Q2 ciiemyommum o6pasom:

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

>>> from sage.all import *
>>> V = VectorSpace (QQ, Integer (3))
>>> V

Vector space of dimension 3 over Rational Field

MO2HO HCITO/Ib30BaTh COKpalll€eHHOE 0003HaueHue:
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[sage: V = Q0”3

>>> from sage.all import *
>>> V = QQ**Integer (3)

BBeauTe HauaJI0 KOMaH/bl, TIOTOM Ha)XMHTe Ctr1-p (WM MPOCTO HAKMUTE CTPEJIKY BBEpPX Ha KJIABHAType) YTOOBI BEp-
HYTBCS K JIIOOOW M3 CTPOK, KOTOPbIE Bbl BBOIVJIM, HAUMHAIOIIEHCS C TAKUX e CUMBOJIOB. DTO paboTaeT gaxe eCJId Bbl
TOJTHOCTD BBIIIUIM U3 Sage U Mepe3ayCTIIN ero mo3xke. MokKHO UCTIOb30BaTh M OOPATHBIA MTOUCK 10 KCTOPUM KOMaH]T
C IOMOIIBI0 Ctr1-r. Bce 9TH BOZMOKHOCTH HCIOJB3YIOT MAKET readline KOTOPHIA JOCTYIIEH MOYTH HA BCEX Pa3HO-
pugHocTax GNU/Linux.

MO3KHO C JIETKOCTBIO BBIBECTH CIUCOK BeeX (PYHKIMI 1151 V', MCTONb3yst aBToAoNOIHeHHe. [IpocTo BBeIuTe V. , IOTOM
HaXMUTe [TAB] Ha CBOEH KJIaBUAType:

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis

< < < < <

.coordinates

V.zero_vector

>>> from sage.all import *
>>> V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis

< < < <<

.coordinates

V.zero_vector

Ecmu BH BBEJIETE MEPBLIE HECKOJILKO CUMBOJIOB KOMAaH/bI, 4 ITIOTOM HaXXMETe [TAB], BbI IIOJIy4YMUTE (byHKL[I/II/I, KOTOPBIE
Ha4YMHAIOTCA C 9TUX CUMBOJIOB.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

>>> from sage.all import *
>>> V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

Ecnu BaM MHTEpecHO, 4TO JesaeT Kakas-HUOynb (pyHkuus, Harpumep coordinates, BBeluTe V.coordinates? s
TIOJTyYEHHsI CIIPABKY WM V. coordinates?? Ul HOJMYYeHHUs] HCXOAHOTO Kozia (OOBSICHSIETCS B CICAYIONIEM pasierie).

3.6. O6parTHbIil MOUCK M aBTOAOMNOJNHEHWe 89



Sage Tutorial in Russian, Bbeinyck 10.6

3.7 BcTtpoeHHasi cnpaBo4YHasi cuctema

Sage ob:1aiaeT BCTPOEHHOM CIIPaBOYHOM cucTeMol. BBeauTe HazBaHue (hYHKIIMH CO 3HAKOM ? [UIsI JOCTYIA K JOKYMEH-
TalUU MO TOH (PYHKIIUH.

sage: V = Q0”3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ ambient_ field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.

Returns a list c¢ such that if B is the basis for self, then

sum c_1 B_1 = wv.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:

sage: M FreeModule (IntegerRing (), 2); MO,M1=M.gens ()

sage: W = M.submodule ([MO + M1, MO - 2*M1])

sage: W.coordinates (2*M0-M1)
-1]

(2,

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinates?

Type: instancemethod

Base Class: <class 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_i B_i = wv.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES:
>>> M = FreeModule (IntegerRing(), Integer(2)); MO0,M1=M.gens ()

>>> W = M.submodule ([MO + M1, MO - Integer(2)*M1])

(poJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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>>> W.coordinates (Integer (2) *M0-M1)
(2, -11]

Kak noka3zaHo Bblllie, BLIBOJI IOKA3bIBAET TUI 00BEKTA, (haiisi, B KOTOPOM OH OMpe/IesieH 1 MoJIe3HOe ONKrcaHue (PyHKIINU
C MpUMepamMH, KOTOpble MOKHO BCTaBUTh B Ballly TEKYIYI0 ceccuio. [TouTH Bce mprMepsl MOABEPraloTCs PeryisipHOM
ABTOMATHUYECKOM MPOBEPKE Ha MPeIMET PabOTOCIIOCOOHOCTH M HAJTMYUS TPEOYeMOro MOBEICHUS.

Jlpyrast BO3MOKHOCTb XOPOIIO OTpaXkaeT JyX OTKPBITOro pOrpaMMHOr0 odecriedeHust: eciu £ 31o gpyHkims Python’a,
TO £?? BBIBEJET UCXOJHBIN KO, KOTOPHI onpezaenseT £. Hanpumep,

sage: V = Q0”3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates (self, v):

nun

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v) .list ()

>>> from sage.all import *

>>> V = QQ**Integer (3)

>>> V.coordinates??

Type: instancemethod

Source:
def coordinates (self, v):

nun

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v) .list ()

Otciofa Mbl 3HaeM, 4To Bce, UTo JesaeT (hyHKIUs coordinates, 9TO BbI30B (PYHKIIMU coordinate_vector M Ipe-
BpalllaeT pe3yJbTaT B CricoK. Uto senaer pyHKIMs coordinate_vector?

sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector (self, v):

return self.ambient_vector_space () (v)

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinate_vector??

def coordinate_vector (self, v):

return self.ambient_vector_space () (v)
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PyHKIMA coordinate_vector yAepXKHBaeT BBEICHHBIE 3HAUEHHUS BO BHEIIHEM IPOCTPAHCTBE, YTO TO3BOJISET HO-
OuUThCS TaKOro Xe 3(pdeKra, Kak Mpy BHIUUCIEHUH BeKTOpa KO3(phHUIIMEHTOB MepeMeHHOl v ¢ ToukH 3penus V. [Ipo-
cTpaHcTBO V' yike BHEIIHee, Tak Kak oHo sBnserca Q3. Cymectsyer Takxke GyHKIMA coordinate_vector juls HOJ-
MIPOCTPAHCTB, ¥ OHA BeJIeT ce0s1 Mo-MHOMY. MBI CO3/IMIM TOIIPOCTPAHCTBO ¥ IOCMOTPHM:

sage: V = Q0"3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):

nun

First find the coordinates of v wrt echelon basis.
= self.echelon_coordinate_vector (v)

#
w
# Next use transformation matrix from echelon basis to
# user basis.

T

= self.echelon_to_user_matrix()
return T.linear_combination_of_ rows (w)

>>> from sage.all import *
>>> V = QQ**Integer(3); W = V.span_of_basis([V.gen(0), V.gen(l)])

>>> W.coordinate_vector??

def coordinate_vector (self, v):

nun

nun

First find the coordinates of v wrt echelon basis.
= self.echelon_coordinate_vector (v)

#
w
# Next use transformation matrix from echelon basis to
# user basis.

T

= self.echelon_to_user_matrix()
return T.linear_combination_of_rows (w)

(Ecxm BBI cuMTaeTe, YTO CYLIECTBYIOIIAs peann3aust Hed(heKTUBHA, MOXATyHCTa, 3apErUCTPUPYHTECh U TIOMOTHUTE OII-
TUMU3HPOBATh JIMHEHHYIO anreopy.)

BrI Takke MOkeTe BBECTH he 1p (uMs_xoMaHne) WM help (xnacc) s MOTyYeHUs CIPABKH O KJ1accax MIH (PYHKIHSIX
B CTWJIE Man-CTPaHULL.

sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
%*,

with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

sage: V = VectorSpace (FractionField (PolynomialRing(ZZ, 'x"')),3)
sage: V
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

sage: V.basis ()

[

(1! O! O)!
(0, 1, 0),
——More——

>>> from sage.all import *
>>> help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
<4,*,

with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

>>> V = VectorSpace (FractionField (PolynomialRing(ZZ, 'x")),Integer (3))

>>> V
Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

>>> V.basis ()

[

(1, 6, 0),
(O! 1! O)!
——More——

Korna Bbl BBOAMTE g AJIs1 BBIXO/Ia U3 CIIPABOYHON CHUCTEMBI, Ballla CECCUsI HAXOAUTCS B TOM k€ COCTOSIHMU, 4TO U IO
storo. CnpaBka He 3axJlamJIsieT Ball 9KpaH, B OTIMYME OT POpMBI function_name?, KOTOpas MHOIZA MOXET OCTaB-
JIATh MH(POPMAIIHIO B BaIlIeH CECCHU. Oco0eHHO T0JIE3HO MCIIOIB30BaTh help (module_name). Hanpumep, BekTopHBIE
MPOCTPAHCTBA OMHUCAHBI B sage .modules. free_module, MO3TOMY BBEAUTE help (sage.modules . free_module)
IUTsE TOKyMEHTaIu| 000 BceM Mopysie. Korma Bbl mpocMaTpuBaeTe JOKYMEHTAIUIO B CIIPABOYHOM CHUCTEME, BbI MOXKETe
OCYIIECTBJIATL NOUCK C IMOMOIIbIO / AB 06paTHOM MOPAAKE C IIOMOILBIO 2.

3.8 CoxpaHeHue u 3arpy3kKa oTaeNibHbiX 06 bEKTOB

IIOl'lyCTI/IM BbI BBIYUCJIAIA MATPUILy WK XYKE: CJIOKHOE ITPOCTPAHCTBO MOAYJIAPHBLIX CUMBOJIOB, 1 XOTUTE COXPAHUTDL €Io
JJIA paﬁOTbI B 6yaymeM. Kax sto C)ICJ'IEITI)? EcTb HECKOJIBKO CHOCOéOB, KOTOPbIMH KOMIIbIOTEPHBIE anre6p1>1 MOJIb3YIOTCA
JJIs1 COXpAaHEHU A 0OBEKTOB.

1. Coxpanutb urpy: IlognepxuBaeTcs coxpaHeHHe U 3arpy3Ka TOJIBKO MOJHBIX ceccrid (Harpumep, GAP, Magma).

2. YHuHuIupoBaHHBIA BBO/BBIBOA: BbiBO 0OBEKTOB Ha 9KPaH B TAKOM BH[E, B KOTOPOM OHU MOTYT OBITh CUH-
tanbl o3xe. (GP/PARI).

3. Eval: Jlerkwuii crioco6 3artycka y1io60ro kojga B MHTeprperarope (Hanpumep, Singular, PARI).

Tak kak Sage rmoctpoeH Ha Python’e, OH HCIIOJIb3yeT UHOW MOJXO/: KAXIbI OOBEKT MOXKET ObITh PEBPAIIEH B CTPOKY,
U3 KOTOPOW B MOCJEICTBMY MOKHO BOCCTAaHOBUTH 00beKT. CrIoco0 X0k €O crocoOoM yHU(PUKAIMK BBOJA U BBIBOJA,
kak B PARI, Ho B ciyuae ¢ Sage HeT HEOOXOAUMOCTHY BHIBOAUTh OOBEKT Ha SKpaH B caMoll HeynoOHou hopme. Takxke,
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HoJJIepKKa COXPaHEHHs U 3arpy3KH (B OOJIBLIIMHCTBE CIIy4aeB) IIOJHOCTBIO ABTOMAaTHYHA, He TpeOyeT JOMNOIHUTEIEHOTO
HPOrpaMMHPOBAHU; TO IIPOCTO BO3MOXHOCTh Python’a, koTopas ObUIa BKJIIOUEHA B SI3bIK C CAMOI0O HayaIa.

3133

[Mourtn Mm0o60¥ 06BEKT X MOXKET OBITH COXPAHEH B C:KaToi (popMe Ha JIMCK TPH TIOMOILIM KOMaH/IH ,,“save(X, filename)
(v BO MHOTHIX CIIy4asix ,,“X.save(filename)““

3333

). s 3arpy3ku oObekta BBequrte ,,“load(filename)“.

sage: A = MatrixSpace (QQ, 3) (range(9)) "2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save (A, 'A'")

>>> from sage.all import *
>>> A = MatrixSpace (QQ, Integer (3)) (range (Integer (9))) **Integer (2)

>>> A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

>>> save (A,

Teneps BhIIMTE U3 Sage U nepe3anycrute. Tenepb Bbl MOXETE MOJIYyYHTh ,,“A““ 00paTHO:

sage: A = load('A")

sage: A
[ 15 18 21]
[ 42 54 66]

[ 69 90 111]

>>> from sage.all import *
>>> A = load('A'")

>>> A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To ke camoe MOXHO [es1aTh U ¢ 60J1ee CI0KHBIMU 0OBbEKTaMU, HAPUMEP JUTMITUYECKUMU KpUBbIMU. Bes nadopmansa
00 0ObeKTe (KOTopast HaXOJUTCA B Kellle) coxpaHseTcs: BMecTe ¢ oobekToM. Hanpumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist (100000) # Tpebyer HEKOTOPOIrO BPEMEHH. . .
sage: save(E, 'E')

sage: quit

>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> v = E.anlist (Integer (100000)) # TpebyeT HEeKOTOpOroO BPEMEHH. ..
>>> save (E, 'E')

>>> quit

CoxpaHeHHast Bepcust E 3aHuMaeT 153 kuiobura, Tak Kak B Hem coaepsxkatcs nepsbie 100000 a,,.

~/tmp$ 1ls -1 E.sobj
-rw-r——-r—— 1 was was 153500 2006-01-28 19:23 E.sobj

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
~/tmp$ sage [...]
sage: E = load('E")
sage: v = E.anlist (100000) # MoMeHTANIbLHO!

(B Python, coxpaHeHue U 3arpy3Ka OCYLIECTBIISIETCSI MOAyJieM cPickle. OObeKT Sage x MOXeT ObITh COXPaHeH C I10-
MOIIBIO cPickle.dumps (x, 2).O0paTute BHUMaHMe Ha 2!)

Sage He MOXKeET COXpaHSATh U 3arpykaTh OOBEKTHI, CO3JJAHHbIE B IPYTUX CHCTEMaX KOMIBIOTEPHOH ajareOpbl, TAKUX Kak
GAP, Singular, Maxima u ip. OHE 3aTpy’KaloTcsi B COCTOSIHUH, KOTOpOe IIOMeYeHO Kak «invalid». Xots, B GAP mHOorme
OOBEKTHI BRIBOAATCS B (pOpMe, U3 KOTOPOI MX MOTOM MOXHO BOCCTAaHOBHTb, HO MHOTHE He BHIBOISTCS B TaKOW (hopme,
MO3TOMY UX BOCCTAHOBJIEHUE U3 TAKOTO BUJIA HAPOYHO 3allpEIIeHO.

sage: a = libgap(2)

sage: a.save('a')

sage: load('a'")

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer

running.

>>> from sage.all import *
>>> a = libgap (Integer(2))
>>> a.save('a')

>>> load('a'")

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer

running.

Oo6bexTsl GP/PARI MoryT OBITH COXpaHEHbI M 3aTPyKeHbl, TAK KaK MX BUJ IIPU BBIBOJIE HA KPaH AOCTaTOYEH JUlsl BOC-
CTaHOB/IEHUs OOBEKTA.

2

]

sage: a = gp(2)
sage: a.save('a')
a')

sage: load('
2

>>> from sage.all import *
>>> a = gp(Integer(2))

>>> a.save('a'")

>>> load('a')

CoxpaHeHHble 0OBEKTB MOTYT OBITh 3arpysKeHbI I03%e Ha KOMITBIOTEpax C JPYroi apXUTEKTYpPOH MM ONepaliOHHON
CHCTEMOW, HAIpUMep, Bbl MOXKETE COXPaHUTh OrpOMHYI0 MaTpuly B 32-6utHoir OS X u 3arpy3uth ee B 64-OUTHYIO
GNU/Linux, npuBecTH K CTyINeH4YaTol (hopMe U NepeMecTUTh 00paTHO. Takke BO MHOTHX CIIydasix Bbl MOXKETE 3arpy-
kaTb OOBEKTHI B BEPCHHU Sage, OTIMYHbIE OT BEPCHH, HA KOTOPOH OHM ObUTH coXpaHeHbl. Bce aTpnbyThl 00beKTa COXpaHs-
I0TCS1 BMECTE C KJIACCOM (HO He BKJIIOYasi ICXOJHBIN KOJT), KOTOPHIH ormichiBaeT 00beKT. Ecim Ki1acc Gosiee He cyiiecTByeT
B HOBOM BepcuM Sage, Tora OOBEKT He MOXET OBITh 3arpyKeH B 3Ty HOBYIO Bepcuio. Ho ecii BbI 3arpy3ure ee Ha Bep-
CHIO HIIKE, TIOJTyYHTe CI0Bapbh OOBEKTOB (C TIOMOIIBIO x . __dict__) U COXPAHUTE CJIOBAPb, TO CMOXKETE 3arpy3UTh €ro
B HOBYIO BEPCHIO.
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3.8.1 CoxpaHeHue B BUpe Tekcra

BbI Takke MoxeTe coxpaHaTh 00beKThl B Buie Habopa ASCII cMMBOJIOB B ITPOCTON TEKCTOBBIN (haids1 MPOCTBIM OTKPbI-
THeM haiiyia ¥ COXpaHEeHHEM CTPOKH, KOTOpas BhIpakaeT (OMKCHBAET) OObEKT (Bb MOKETE 3aIUCHIBATh HECKOJIBKO 00b-
extoB). He 3a6yapTe 3aKkphITh (hafil mocse 100aBIeHus JaHHBIX.

sage: R.<x,y> = PolynomialRing (QQ, 2)
sage: f = (xty)"7

sage: o = open('file.txt','w")

sage: o.write(str(f))

sage: o.close()

>>> from sage.all import *
>>> R = PolynomialRing (QQ, Integer (2), names=('x', 'yv',)); (x, y,) = R._first_ngens(2)
>>> f (xty) **Integer (7)
>>> o0 = open('file.txt','w')
o
o

>>> o.write(str (f))

>>> .close ()

3.9 CoxpaHeHue U 3arpy3Ka noJsiHbiIX CecCUu

Sage obnamaer o4eHb THOKUMHU BO3MOKHOCTSIMH COXPAHEHHUS U 3arpy3KH MOJIHBIX CECCHIA.

KomaHza save_session (sessionname) COXpaHSIET BCE IEPEMEHHBIE, KOTOPBIE BbI 3aJJaJI1 B TEKYILEH CECCUM B BUIE
CIIOBaps B 33JaHHOM sessionname. (B penkom ciydae, korga oObeKT He MOEPKUBAET COXPAHEHUs, OH IIPOCTO HE
OyIeT BKJIIOUEH B CJI0Bapb.) B pe3ynbrare Oyner co3nan (aiii ¢ paciupeHueM . sobj U MOKET OBITh 3arpykeH Kak JIo-
60i1 npyroit o6bekT. Korna Bbl 3arpyxaere CoX paHeHHbIE OOBEKTHI B CECCHIO, BbI ITOJTyYaeTe CJI0Bapb, KIIOYaMH KOTOPOTO
SIBJISIIOTCS] MIMEHA TIePeMEHHBIX, & 3HAYEHUSIMU — OOBEKThL.

Bbl MOXeTe UCIOJIb30BaTh KOMaHIy load_session (sessionname), YTOOBI 3arpy3uTh MepeMEHHbIC, OMMCAHHBIC B
sessionname, B TEKYILIyIO CeCCHI0. 3aMeThTe, UTO 3TO He yAajsdeT IepeMeHHble, 3aJaHHble B 3ToW ceccuu. Bmecto
9TOTO, JBE CECCHU OOBETUHSIOTCS.

)IJIH HayvaJia 3aIryCTUM Sage 1 3aJaIMM HECKOJIbKO IEPEMEHHBIX.

sage: EllipticCurve('lla")
ModularSymbols (37)

E
M
sage: a = 389
t
(x

sage:

sage:
4 =

M.T(2003) .matrix (); t.charpoly().factor ()
- 2004) * (x — 12)72 * (x + 54)"2

>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> M = ModularSymbols (Integer (37))

>>> a = Integer (389)

>>> t = M.T(Integer (2003)) .matrix(); t.charpoly().factor ()
4 = (x — 2004) * (x - 12)"2 * (x + 54)72

Jlasiee, coXpaHUM Hallly CECCHIO, YTO BKJIIOYUT B ce0s1 COXpaHEHHE BCEX 3aJaHHBIX BbIIEe epeMeHHbIX B (haiti. [lotom
MBI TpoBepuM HH(popmario o daiine. Ero pasmep — 3 kusobaiita.

sage: save_session('misc')
Saving a
Saving M
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Saving t
Saving E
sage: quit
was@form:~/tmp$ 1s -1 misc.sobj
—-rw-r——-r—-— 1 was was 2979 2006-01-28 19:47 misc.sobj

>>> from sage.all import *

>>> save_session('misc')

Saving a

Saving M

Saving t

Saving E

>>> quit

was@form:~/tmp$ 1s -1 misc.sobj

-rw-r——r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

Hakonern, MbI niepe3amyctum Sage, 3alaquM JOTIOJHUTENIBHYIO IIEPEMEHHYIO 1 3aTPy3UM COXPAHEHHYIO CECCHIO.

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

>>> from sage.all import *
>>> b = Integer(19)

>>> load_session('misc')
Loading a

Loading M

Loading E

Loading t

Kaxxnas coxpaHeHHas miepeMeHHasi CHOBa sIBJIsieTcs niepeMeHHo. Kpome Toro, nepemMeHHasi b He Obuia nepe3anucaHa.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y"2 + y = x*3 - x*2 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389

>>> from sage.all import *

>>> M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field

>>> E

Elliptic Curve defined by y*2 + y = x*3 - x°2 - 10*x - 20 over Rational
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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Field
>>> b
19
>>> a
389

(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
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rnasa 4

NHTtepdpeiicol

KpaeyronpHbIM KaMHeM Sage SIBIISIeTCs HO/IEPKKa BBIUKMCIIEHUH C UCTIONB30BAaHUEM OOBEKTOB M3 PA3HBIX CUCTEM KOMb-
MIOTEPHOM aJIreOphl, KOTOPHIE HAXOASITCS IO/ OHON KPHIIIEi» U FCHOIB3YIOT OOIIMI UHTEP(ENC U YICTHII S3BIK TPO-
IPaMMHUPOBAHMS.

Mertonsl console u interact uHtepdgeiica aenaot pa3Hbie Beru. Harpumep, ncnonszyst GAP kak npumep:

1. gap.console (): OtkpsiBaeT koHcOob GAP 1 niepenaet ynpasnenne GAP’y. 3neck Sage BhICTYNaeT B poJu yio6-
HOU KOMaH/IHOU CTPOKH, Hanoiooue ooonouku Bash 8 GNU/Linux.

2. gap.interact ():T0 yI0OHBI CIOCOO B3aMMOJICHCTBHSI C 3anyllieHHbIM HHTepdeiicom GAP, «3anonHeHHbIM»
obbekTamu Sage. Bbl MOkeTe MMITOPTUPOBATh 00beKTHl Sage B ceccuio GAP (nake U3 MHTEPAKTUBHOTO MHTEP-
(eiica), u np.

4.1 GP/PARI

PARI 310 KOMIIaKTHasd, OUY€Hb MPOAYMAaHHAA U XOPOLIO ONTUMU3UPOBAHHAA IMPOrpaMMa Ha C, COCpEAOTOYCHHAA Ha
TEOPpUU YUCCII. CyH.ICCTByeT ABa pa3aCcJIbHbIX HHTGp(beﬁca, KOTOPBIC Bbl MOXKETE UCIIOJIb30BATh B Sage:

* gp — gp - untepnperatop PARI , u
¢ pari — pari - C-6ubmorexka PARI.

HaHpI/IMep, ciaeaymnmue 1B€ CTPOUKH BLIIOJHAKT OJHY U TY K€ OICPalulo. Onn BBIITIAAT UWACHTUYHO, HO BBIBOJ Ha
CaMOM [ICJI€ OTJIMYACTCH, a 3a KyJIMCaMU IIPOUCXOAAT COBCEM Pa3HbIC BEIIIH.

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari ('znprimroot (10007) ")
Mod (5, 10007)

>>> from sage.all import *
>>> gp ('znprimroot (10007) ")
Mod (5, 10007)

(1IpoJOJIKACTCS Ha CJIE/YIOIeN CTPaHULE)
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>>> pari ('znprimroot (10007) ")
Mod (5, 10007)

B nepBom cirydae otnensHas Konms uHTEppeTatopa GP 3amyckaeTcs Kak cepBep, M CTpOKa ' znprimroot (10007) '
OTIIpaBJIsIETCS B HETO, BIUMCsAeTcs ¢ nomotipio GP, u pe3ynsraT 3anuceiBaetcs B nepemeHHylo B GP (kotopas 3aHu-
MaeT IIPOCTPAHCTBO B namMATU nporecca GP u He Oyner ocsoboskaeHa). [Tocie 3Toro 3HaueHue nepeMeHHON BHIBOJUTCS
Ha 9KpaH. Bo BTopoM city4ae oTespHast mporpaMma He 3alycKaeTcs, M CTpoKa 'znprimroot (10007) ' BIUUCIAETCA
koHKpeTHOU (pyHKImei C-6ubmmoreku PARI. Pesynbrar coxpansiercst B heap-namsatu Python’a, kotopast ocBoG0k1a-
eTcs TI0CJIe TOTO, KaK IepeMeHHast IepecTaeT UCTONIb30BaThCs. Y 0ObEKTOB PasHbIN THIL:

sage: type (gp('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type (pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> type (gp ('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
>>> type (pari ('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

Tak Kakoii e Crocod MCMOJb30BaTh? DTO 3aBUCHUT OT TOTO, YTO BbI Aenaere. Murepdeiic GP Moxer aenats Bce, 4TO
MoxeT fenath mporpamma GP/PARI, 3amyckaemas W3 KOMaHIHOW CTPOKH, MOTOMY KaK OH 3aIlyCKaeT 3Ty Mporpam-
My. Bbl MoxeTe 3arpy3uts cnoxnyio nporpammy PARI u 3amyctuts ee. C npyroit croponsl, uaTepdeiic PARI (uepes
C-6ubMoTeKy) MMeeT HaMHOTO OOJIbIle OrpaHUUYeHH. Bo-niepBbIX, He Bee (DyHKIMM B HEW peain3oBaHbl. Bo-BTOpHIX,
MHOTO KOjia, HallpuMep, YMCIIEHHOe MHTerpupoBanue, He Oyzaer paborath yepes unrepdeiic PARI. Uurepiiec PARI
MOXeT ObITh HAMHOTO OBICTpEE M IOHsATHEe, YeM cpaBHeHuio ¢ GP.

(Ecmm y untepetica GP 3akoHUMTCS MaMATh MTPY BEIYUCICHAN JTAaHHOW CTPOKH, OH aBTOMATHUYECKH U Oe3 TpeIyTpekie-
HUSI YIOBUT pa3Mep CTeKa M MonpoOyeT BhlYMciieH e elie pa3. [IoatoMy Bailm BHYKCISHHsI Beerna OyayT MpOU3BeAeHbI
KOPPEKTHO, €CJIM Bbl IPABUJILHO pacuuTaeTe pazmMep HeoOXOAMMON NaMsITH. DTOT yAOOHBI TPIOK HE BXOAUT B apCeHal
npocroro uHTepnperaropa GP. OtaocurensHo nntepdeiica C-6mdomorekn PARI: oH cpa3y kormmpyeT Kaxaplil co31aH-
HBIIT 00BbeKT U3 cteka PARI, moatomy cTek HuKorAa He pactet. OIHAKO, KK OOBEKT He JOJDKEH MPEBHIIIATh pa3Mepa
B 100 Merabaiit, uim ctek OyzieT NepernoHeH P CO30aHUU 00beKTa. JOMOoNHNUTEbHOEe KOMMPOBaHHE HEMHOTO BIIUSIET
Ha OOILYI0 IPOM3BOJUTEIBHOCTD. )

Sage wucnonbzyer C-6ubmmoreky PARI, 4toObsl mopaepkuBath (DyHKIMOHAIBHOCTb, CXOXYI0 C HMHTEPIPETATOPOM
GP/PARI, HO BKJI0UYasi pa3/IM4YHBIE CJIOKHBIE OIIEPaLliH 110 paboTe C MaMsIThIO U s3bIK IIporpammupoBanust Python.

CHauauna, cozgaguMm criicok PARI u3 criucka Python.

sage: = pari([1,2,3,4,5])

v
sage: Vv
[1, 2, 3, 4, 5]
sage: type (v)

<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> v = pari([Integer(l),Integer(2),Integer(3), Integer (4),Integer(5)])
>>> v

[1, 2, 3, 4, 5]

>>> type (v)

<class 'cypari2.gen.Gen'>
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Kaxnpiii 06bekT PARI siBisiercst o6bekToM THma Gen. Turt PARI MoxeT ObITh MOJyYeH ¢ NOMOIIbI0 (DYHKIMK-YJIeHa
type.

sage: v.type()
't_VEC'

>>> from sage.all import *
>>> v.type ()
't_VEC'

B PARI, 4T0oOBI cO3aTh JUTMNTUYECKYIO KPHBYIO, HY)KHO BBEeCTH ellinit ([1,2,3,4,5]). B Sage crocod cxox,
TOJIBKO e11init — 3TO METO/, KOTOPBIA MOXET ObITh BBI3BaH s JToOoro oobekta PARI, Hanpumep Hama t_VEC v.

sage: e = v.ellinit ()

sage: e.type()

't_VEC'

sage: pari(e) [:13]

rL, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

>>> from sage.all import *

>>> e = v.ellinit ()

>>> e.type ()

't_VEC'

>>> pari(e) [:Integer (13)]

1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Ter[epb, KOrJa y Hac €CTb 00BEKT SJUIAIITHYECKAS KpuBasA, Mbl MOXEM BbIYUCIIUTH tITO-HI/I6y,HI).

sage: e.elltors()

(1, 1, [1]

sage: e.ellglobalred()

(103512, 1, -1, 0, -11, 1, f[21, 1; 941, 11, I[I21, 5, O, 21, [1, 5, 0O, 1111
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

(2, -1, 0, 4, 3]

>>> from sage.all import *

>>> e.elltors ()

(1, 1, [1]

>>> e.ellglobalred()

(103512, 1, -1, 0, -11, 1, f[21, 1; 941, 11, [I2, 5, O, 21, [1, 5, 0, 1111
>>> f = e.ellchangecurve ([Integer (1), -Integer(l),Integer(0), -Integer(1l)])
>>> f[:Integer (5)]

[1, -1, 0, 4, 31

4.2 GAP

Sage nocrasisiercst ¢ GAP [y1s1 BbIYMCIIEHUH B 00JIACTH JUCKPETHON MaTeMaTUKH, B OCOOEHHOCTH, B TEOPUU IPYIIIL.

Bot npumep pyakumm I1dGroup u3 GAP, koTopas ucnonb3yer 6a3y JaHHBIX HeOOJIBIIMX IPYII, KOTOpasi A0JKHA OBITh
yCTaHOBJIEHA OTIEJIbHO, KaK ITOKa3aHO HIIKE.
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sage: G = gap('Group((1,2,3) (4,5), (3,4))")

sage: G

Group( [ (1,2,3) (4,5), (3,4) 1)
sage: G.Center ()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

>>> from sage.all import *
>>> G = gap('Group((1,2,3) (4,5), (3,4))")

>>> G

Group( [ (1,2,3) (4,5), (3,4) 1)
>>> G.Center ()

Group ( () )

>>> G.IdGroup ()

[ 120, 34 ]

>>> G.Order ()

120

MBeI MOKEM ITPOBECTH Te ke BhIYUCIeHHsI B Sage 6e3 npsmMoro Bbi3zoBa HHTepdeiica GAP crienyomum o6pa3om:

sage: G = PermutationGroup([[(1,2,3),(4,5)1,[(3,4)11)

sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

>>> from sage.all import *

>>> G = PermutationGroup ([[ (Integer(l),Integer(2),Integer(3)), (Integer(4),
—Integer(5))], [ (Integer(3),Integer(4))11)

>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
=5) 1)

>>> G.group_id ()

[120, 34]

>>> n = G.order(); n

120

Hexotoble pynkimu cucremsl GAP fOCTYIHBI TOJIBKO MOC/IE MHCTAUIALMU JOMNOJHUTEIBHOTO NakeTa Sage. OH MOXeT
OBITH YCTAHOBJIEH KOMaH/I01:

[sage -i gap_packages
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4.3 Singular

Singular npefocTaBiIfeT MAaCCUBHYIO U IPOyMaHHyI0 6ubimoTeKy ajs Gasuca I'pédHepa, HaxoxaeHUsA HauOOJBIIErO
001LIero AeuTeNs MOJIMHOMOB, 0azuca IPOCTPAHCTB IUIOCKKX KPUBBIX PrMaHa-Poxa u dakropusanuu, Hapsiay ¢ Opyru-
MU Beramu. Mbl okaxeM npuMep (hakTOpU3aLHy NOJMHOMOB C HECKOJIBKMMU MepEMEHHBIMH, UCTIONb3Ys HHTEepdeiic
Singular B Sage (He BBogMTE . . . . :):

sage: R1 = singular.ring(0, '(x,y)', 'dp'")
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ...

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y”8 - 9*x"2*y"7 - 18*x"3*y"6 — 18*x"5*y"6 +'
ceat '9%xM6*yt4 + 18*x"NT7*y~5 + 36*x7"8*y”t4 + 9*x"10*yt4 - 18*x"1l1*yr2 !
B G '9*xN12*y~3 — 18*xM13*y"2 + 9*x"16")

>>> from sage.all import *

>>> R1 = singular.ring(Integer(0), '(x,y)', 'dp'")
>>> R1

polynomial ring, over a field, global ordering
// coefficients: QQ...

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

>>> f = singular('9*y"8 — 9*x"2*y"7 — 18*x"3*y 6 — 18*x"5%y~6 +'
TOXRAGXyNA + 18*x"NTHyN5 + 36%¥x 8%y 4 + 9*x N10*y~4 — 18*x 11*yn2 -
19*xANI2%y~3 — 18%xA13*yn2 + 9*x16')

Ter[epb KOrZla Mbl OITpe e ININ f, MbI BBIBOAUM Ha 9KpaH U q)aKTOpI/ByeM.

sage: f
9*x"16-18*x"13*y"2-9*x"12* y"3+9*x"10*y"4-18*x"11*y"2+36*x"8*y"4+18*x"T*y"5-18*x"5*y"
S 6+9F XN Yy NE-18FxN3FyN6-9*x"2*y N T+9*y "8
sage: f.parent ()
Singular
sage: F = f.factorize(); F
[17:
[11=9
_[2]=x"6-2*x"3*y"2-x"2*y"3+y"4
[3]=—x"5+y"2
[2]:
il,4,2
sage: F[1][2]
XNO—2* XN3FyN2-x"2* y " 3+y 4

>>> from sage.all import *

>>> f

9* x"N16-18*x"M13*y " 2-9*x"12*y " 3+9*x"10*y"4-18*x"11*y"2+36*x"8*y"4+18*x"T*xy"5-18*x"5*y”
= 6+9*xN6xyN4-18* X3y 6-9* "N 2*y N T+9*y "8

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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>>> f.parent ()

Singular
>>> F = f.factorize(); F
[1]:

[1]1=9

[2]=x"6-2*x"3* y"2-x"2*y"3+y"4
[3]=—%x"5+y"2

[2]:

1,i,2
>>> F[Integer(l)] [Integer(2)]
XNO=2* XN3FyN2-x"2* y " 3+yt4

Kak n na npumepe GAP B GAP, Mbl MOeM COBEpIINTh IAaHHYIO (DaKTOpH3aLHIo Oe3 MPsIMOro yKazaHusl uHTepderica
Sage (omgHaKo 3a KynmcaMu Sage Bce paBHO UCToNb3yeTcst uHTepdeiic Singular). He BBoguTe . . . . ::

sage: x, vy = Q0['x, y'].gens|()

sage: f = (9*y"8 — 9*x"2*y"7 - 18*x"3*y"6 — 18*x"5*y"6 + 9*x"6*y"4

ceat + 18*x"7*y"5 + 36*x"8*y"4 + 9*x"10*y*4 - 18*x"N11*y"2 - 9*x"N12*y”3
ceat - 18*x"13*y"2 + 9*x716)

sage: factor (f)

(9) * (=x"5 + y"2)72 * (X6 — 2*x"3*y"2 - x"2*y"3 + y"4)

>>> from sage.all import *
>>> x, y = Q0['x, y'l.gens()
>>> f = (Integer(9)*y**Integer(8) - Integer(9)*x**Integer (2)*y**Integer(7) -
—Integer (18) *x**Integer (3) *y**Integer (6) - Integer (18) *x**Integer (5)*y**Integer (6) +.
—Integer (9) *x**Integer (6) *y**Integer (4)
.. + Integer (18) *x**Integer (7) *y**Integer (5) +.
—Integer (36) *x**Integer (8) *y**Integer (4) + Integer (9)*x**Integer (10)*y**Integer (4) —.
—Integer (18) *x**Integer (11) *y**Integer (2) - Integer (9)*x**Integer (12)*y**Integer (3)
— Integer (18) *x**Integer (13) *y**Integer (2) + Integer (9)*x**Integer (16))
>>> factor (f)
(9) * (=x"5 + y7"2)"2 * (x"6 — 2*xX"3*y"2 — x"2*y"3 + y*4)

4.4 Maxima

Maxima BKJTIoYeHa B Sage, Tak xke Kak peanu3anus Jlucna. [Taker gnuplot (koTopslit Maxima HCTIOIB3yeT Mo YMOTYaHNIO
IS IOCTPOEHM S rpapKOB) PacpOCTpaHseTCs Kak JIOMOJTHUTENbHBIN makeT Sage. KpoMe octanpHbIX Bemieit, Maxima
MO3BOJISIET MTPOU3BOAUT CUMBOJIMUECKHME MAaHUITY IAIMK. Maxima MoeT HHTerpupoBath U JuddepeHpoBaTh QyHK-
Y CUMBOJIMYECKH, pelaTh OObIKHOBEHHBIE (D hepeHIMaIbHbIE YPaBHEHHUsI 1TO MOpsiaKa, OOJIBIIYI0 YacTh IMHEHHBIX
0OBIKHOBEHHBIX M (hepeHIINaIbHBIX yPaBHEHHH 2r0 MOPsI/IKa, UCTIOJIb30BaTh MpeodpazoBanus Jlaruiaca Kkak MeTo st
PpelleH s TMHEHHBIX OOBIKHOBEHHBIX T (pepeHIManbHbIX YpaBHEHHH T000ro nopsiaka. Maxima Takxke «3HaeT» 0 00JIb-
oM HaGope crielManbHbIX (PYHKIIMI, UMEET BO3MOKHOCTb CTPOMTH TpauKH Mpy nomoIiy gnuplot, MMeeT MeTo/Ibl pe-
IEHUs] 1 MaHUITYJISLKA MaTpuliamu (K mpumepy, Metop ['aycca, HaxoxaeHre cCOOCTBEHHbIX 3HAUEHUI 1 BEKTOPOB), a
TAaKXKe YMEeT PellaTh MOJIUHOMBL

MbI npowutiocTpupyeM pabdoty Sage/Maxima ¢ IOMOIIBI0 MATPULIbL, 3HAYEHUS ¢, j KOTOPOIl ABJISIIOTCS &/ 7, Ui 4, j =
1 4
o4

sage: f maxima.eval ('ij_entry[i,]] := i/3")
sage: A = maxima('genmatrix(ij_entry,4,4)"'); A

(mpozoyDKaeTes Ha CileyIomel CTpaHHUIIe)
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(TTpofioJXeHue ¢ MpeabIIyLIer CTPAHHUIIbI)

matrix([1,1/2,1/3,1/4]1,12,1,2/3,1/21,13,3/2,1,3/41,14,2,4/3,11])

sage: A.determinant ()

0

sage: A.echelon()
matrix([(1,1/2,1/3,1/41,1(0,0,0,0]1,([0,0,0,01,[0,0,0,01)

sage: A.eigenvalues ()

[10,4],[3,1]]

sage: A.eigenvectors () .sage ()

rrro, 41, I3, 111, 1012, O, O, -41, [O, 1, O, -2], [0, O, 1, -4/3]] [(r1, 2, 3, 41111
>>> from sage.all import *

>>> f = maxima.eval ('ij_entry[i,]] := i/3")

>>> A = maxima ('genmatrix (ij_entry,4,4)"'); A
matrix([1,1/2,1/3,1/41,12,1,2/3,1/21,13,3/2,1,3/41,1[4,2,4/3,11)

>>> A.determinant ()

0

>>> A.echelon ()

matrix((1,1/2,1/3,1/41,1(0,0,0,01,(0,0,0,01,[0,0,0,01)

>>> A.eigenvalues ()

[10,4],[3,1]]

>>> A.eigenvectors () .sage ()

rrro, 41, I3, 111, 1012, O, O, —-41, [O, 1, O, -2], [0, O, 1, -4/3]] [(r1, 2, 3, 41111
Bor npyroii mpumep:

sage: A = maxima("matrix ([12, O, O], [1, -1, O1, [1, 3, -21)")

sage: eigA = A.eigenvectors()

sage: V = VectorSpace (QQ, 3)

sage: eigA

(rf-2,-1,11,14,1,211,10¢000,0,211,000,1,311,1[[1,1/2,5/6]111]1

sage: vl = V(sage_eval (repr(eigA[1]1[0]1[0]))); lambdal = eigA[0][0][O0]
sage: v2 = V(sage_eval (repr(eigA[1][1][0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval (repr(eigA[1]1[2][0]))); lambda3 = eigA[0][0][2]
sage: M = MatrixSpace (QQ, 3, 3)

sage: AA = M([[1,0,0],[2, - 21,0]1,([1,3, - 211)

sage: bl = vl.base_ring/()

sage: AA*vl == bl (lambdal) *vl

True

sage: b2 = v2.base_ring()

sage: AA*v2 == b2 (lambda2) *v2

True

sage: b3 = v3.base_ring()

sage: AA*v3 == b3 (lambda3) *v3

True

>>> from sage.all import *

>>> A = maxima ("matrix ([1, O, O], [1, -1, 0], [1, 3, =2]1)")

>>> eigA = A.eigenvectors()

>>> V = VectorSpace (QQ, Integer (3))

>>> eigA

(re-2,-1,11,12,,111,10000,0,211,1000,1,311,1001,1/2,5/6]1111

(poJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)

4.4. Maxima
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

>>> vl = V(sage_eval (repr (eigA[Integer (1) ] [Integer(0)] [Integer(0)]))); lambdal =_
—elgA[Integer (0)] [Integer (0)] [Integer (0)]
>>> v2 = V(sage_eval (repr (eigA[Integer (1) ] [Integer(l) ] [Integer(0)]))); lambda2 =_
—~elgA[Integer (0)] [Integer (0)] [Integer (1) ]
>>> v3 = V(sage_eval (repr (eigA[Integer(l)] [Integer(2)] [Integer(0)]))); lambda3 =._
—eigA[Integer (0)] [Integer(0)] [Integer(2)]

>>> M = MatrixSpace (QQ, Integer (3), Integer (3))
>>> AA = M([[Integer(l),Integer(0),Integer(0)], [Integer(l), - Integer(l),Integer(0)],
— [Integer (1), Integer(3), — Integer(2)]11])

>>> bl = vl.base_ring()

>>> AA*v1l == bl (lambdal) *vl
True

>>> b2 = v2.base_ring/()

>>> AA*v2 == b2 (lambda2) *v2
True

>>> b3 = v3.base_ring()
>>> AA*v3 == b3 (lambda3) *v3
True

Hakomert, MbI OKaxeM, Kak CTpOUTb IpapUKu CpecTBaMU openmath. MHOTHE IpHUMepHl ABISIOTCA MOIU(DUIIMPOBAH-
HBIMU IIPUMEpaMU U3 PyKOBOJCTBa K Maxima.

2-MepHble rpahUKU HECKOJIBKUX (DYHKLIUI (HE BBOJUTE . . . . :):

sage: maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]1"',"'[x,0,1]1"', # not tested
e '[plot_format, openmath] ')

>>> from sage.all import *
>>> maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]"',"'[x,0,1]1', # not tested
'[plot_format, openmath] ")

«KuBoii» TpexmepHbIil rpauK, KOTOPbI Bbl MOKETE BpalllaTh MBIIIKON (HE BBOJUTE . . . . :):

sage: maxima.plot3d ("2"(-u”2 + v~2)", "[u, -3, 31", "[v, -2, 21", # not tested
50008 '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 4]", "[y, -4, 41", # not tested
28005 "[grid, 50, 50]", '[plot_format, openmath]')

>>> from sage.all import *

>>> maxima.plot3d ("2 (-u”2 + v*2)", "[u, -3, 31", "[v, -2, 2]", # not tested
'[plot_format, openmath]')

>>> maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
"[grid, 50, 501", '[plot_format, openmath]"')

Crnenyomuii rpaduk — 310 3HaMeHuTast Jlenta MEbuyca (He BBOAUTE . . . . :):

sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1",
—# not tested

hoook [x, -4, 41", "ly, -4, 41",
86048 '[plot_format, openmath]')
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>>> from sage.all import *
>>> maxima.plot3d (" [cos (x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1", #_
—not tested

"[x, -4, 41", "ly, -4, 41",

'[plot_format, openmath]')

Crenyromuii rpaduk — 3T0 3HaMeHuTast byTeuika Kieitna (He BBogHTE . . . . :):

sage: _ = maxima ("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")

sage: _ = maxima ("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

sage: maxima.plot3d ("[expr_1, expr_2, expr_31", "[x, —-%pi, %pil", # not tested

et "ly, —-%pi, %pil", "I['grid, 40, 401",

e '[plot_format, openmath]')

>>> from sage.all import *

>>> = maxima ("expr_1: 5*cos(x)* (cos (x/2) *cos (y) + sin(x/2)*sin(2*y)+ 3.0) — 10.0")
>>> _ = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
>>> _ = maxima ("expr_3: 5* (-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")
>>> maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, —-%pi, %pil", # not tested
"ly, -%pi, $pi]", "['grid, 40, 40]",

'[plot_format, openmath]')
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[MporpammmpoBaHue

5.1 3arpy3ka v npukpenneHue channos Sage

CJIC,I[yIOH.ICe MOKa3bIBaeT, KaK MOJArpyXaTh MPOTrpaMMBI B Sage, 3aIlMCaHHbIE B OTHEJILHBIA (banI. Co3spgaitte (baﬁn
example.sage CO CICAYIOLIMM COACPKAHUCM:

print ("Hello World")
print (273)

Br1 moxxeTe IIPOYMTATh U BBIIIOJIHUTh example . sage C IIOMOIIbIO KOMaHIbl 1oad.

sage: load("example.sage")
Hello World
8

>>> from sage.all import *
>>> load("example.sage")
Hello World

8

BrI Takke MokeTe IPUKPenuTs (haila Sage K 3ayIIeHHO CECCUU B IOMOIIbIO KOMaH/bI attach:

sage: attach("example.sage")
Hello World
8

>>> from sage.all import *
>>> attach ("example.sage")
Hello World

8

Teneps ecin Bbl n3MeHNTE (hailsl example . sage U BBEAETE MYCTYIO CTPOKY B Sage (T.e. HAKMHTE return), TO COOEp-
KUMOe example . sage OyAeT aBTOMAaTHYECKH MIeperpyxeHo B Sage.
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B yactHOCTH, attach aBTOMaTHUYeCKH Ieperpyxkaer (paill, Kak TOJbKO OH M3MEHEH, YTO OYeHb YHOOHO NP MOMCKE
otMOOK B KOJIe, TOra Kak load 3arpyxkaet (haii JIUIIb eJUHOXK/IBI.

Korna example . sage 3arpyxaetcs B Sage, oH nepeBoautcs B Python, a 3aTem BBINOIHSETCS C TOMOILBIO MHTEpIIpeTa-
topa Python. 3arpats! Ha JaHHYIO OTIEpAIVI0 MUHIMAJIBHBI; B OCHOBHOM, 9TO BKJTIOUAET B ceOsI IepeBO/I IeJIbIX KOHCTAHT
B Integer (), APOOHBIX KOHCTAHT B RealNumber (), 3aMEHY " Ha ** U, HAPUMED, R. 2 HA R. gen (2) . [lepeBeaeHHas
BepCUs example.sage 6yneT COCpKATbCS B TOH X€E JUPEKTOPUH, UYTO example.sage, O] HA3BaHUEM example.
sage.py. JlaHHbli (paiis OyaeT coaepKaTh CICAYIONIUIA KOJ:

print ("Hello World")
print (Integer (2) **Integer (3))

Lenble KOHTCTaHTHI MepeBe/ieHbl U ~ 3aMeHeHo Ha **. (B Python ~ o3Havaer «uckmoyatomee MJIM» u ** o3Hayaer
«BO3BEJIEHNE B CTEMEHD.)

JlaHHBIE OTlepalliy BHIIOIHSIOTCS B sage/misc/interpreter.py.)

Bbl MeeTe BOBMOXHOCTb BCTABJISITh MHOTOCTPOUHBIHA KOJI C OTCTYIaMH B Sage [0 TeX IOp, MOKa eCTh HOBbIE CTPOKU
JUTsI HOBBIX OJIOKOB (3TO Heo0s13aTe bHO I (haiyioB). OfHAKO, JTyUIIIMM CIIOCOOOM [Tt BCTABKU TAKOTO KOJIa SIBJISETCS
coxpaHeHHe B (paiiJT U UCIOJIb30BaHKe attach, KaK OIMKACAHO BHIIIE.

5.2 Co3paHne KOMNUNMPOBAHHOIO Koaa

CKOpOCTb — BakKHAasl COCTABJISIONIAs B MATEMAaTUUECKUX BHIUMCIIEHUsAX. XOTs Python siBisieTcst BRICOKOYPOBHEBBIM $I13bI-
KOM IIPOrpaMMHPOBAHUSI, HEKOTOPHIE BRIYUCIICHIS MOTYT OBITh BHITIOJIHEHBI HA HECKOJIBKO TIOPSITKOB ObicTpee B Python
MIPY KCTIOJIb30BAHUM CTATHYECKUX TUIIOB JAHHBIX MTPU KOMIWIMPOBaHUH. HeKoTophie KOMIOHEHTHI Sage ObLK Obl CITHIII-
KOM MeJJIeHHbIMH, Oy/b OH HanucaH LeaukoM Ha Python. [{ist atoro Sage nojiepxiuBaeT KOMIMJIMPOBAHHYIO «BEPCHIO»
Python, kotopas HazpiBaeTcst Cython ([Cyt] u [Pyr]). Cython omHOBpemeHHO noxox u Ha Python, u Ha C. Bonbius-
CTBO KOHCTpyKIM# Python, BKITIoYasi npejicTaBieHue CITUCKOB, YCIOBHBIE BBIPAKEHUs, KOJI HAMOJOOUE +=, pa3pellieHbl;
BBl TaK)Xe MOKeTe UMIIOPTUPOBATH KOJ, HAMMMCAHHBIN B Apyrux Moxyisx Python. Kpome Toro, BeI MOxkeTe OOBSBIATH
Mpou3BoJibHbIE TiepeMeHHbie C 1 HaIpsiMyIo oOpaiathes K Oudauorekam C. Koneunslit ko OyeT CKOHBEPTHPOBAH B
C u o6padoran kommusitopom C.

JlJ1s1 TOro, YToObl CO3AaTh KOMITHIIMPYEMBbI KO B Sage, 00bsaBHTe (haiiyi C paciiupeHreM . spyx (BMeCTo . sage). Eciu
BbI paboTaete ¢ MHTEepdEicoM KOMMaHIHOM CTPOKH, Bbl MOXKETE PUKPEIUIATh U 3aTPyKaTh KOMIMIIMPYEMBIi KOl TOUHO
TaK ke, KaK 1 MHTepIpeTUpyeMblil (Ha JaHHBIA MOMEHT, TPUKPEIUIeHNe 1 3arpy3ka koja Ha Cython He nogiepxuBaeTcst
B uHTep(deiice Notebook). Camo KOMIMIMPOBAHKE ITPOUCKOUT «3a KYJIHCAMU», He TpeOysl KaKUX-TUOO JICUCTBUI C
Balliell cTopoHsl. KoMmmnuimpoBaHHasi OubimoTeka o0Imux 0ObeKTOB COIEPKUTCS B SHOME/ . sage/temp/hostname/
pid/spyx. Drtu daiinbl OyayT yaajaeHsl Ipy Bbxoje u3 Sage.

IIpe-napcupoBka He mpuMeHseTcs K spyx daiitam. Hanpumep 1/ 3 npesparutca B 0 B spyx (paiiie BMECTO pallMOHaJIb-
Horo uncia 1/3. Jomycrum, foo - 310 yHKIMA B Oubmoteke Sage. [Ijist TOro, 4To0bl KCIIOJIb30BATh €€ U3 spyx-(aiia,
UMIIOPTHPYHTE sage.all ¥ MPUMEHUTE sage.all. foo.

import sage.all
def foo (n) :
return sage.all.factorial (n)

5.2.1 Ooctyn K pyHKuusiMm C n3 BHewHUX cpannos

Hoctyn k ¢yHkiusm C U3 BHEIIHUX *.c (pallyIoB OCyIIeCTBIsIeTCsl JOBOJBHO mpocto. Cosnmaiite daitnbl test.c U
test.spyx B OHOH AUPEKTOPHH CO CIIEAYIOIIUM COfIepKaHUEM:

Kon Ha sa3pike C: test .c
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int add_one (int n) {
return n + 1;

Kon Ha s3pike Cython: test . spyx:

cdef extern from "test.c":
int add_one (int n)

def test (n):
return add_one (n)

Buimosnure:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test (10)

11

>>> from sage.all import *
>>> attach("test.spyx")

Compiling (...)/test.spyx...
>>> test (Integer (10))
11

B ToM ciyuae, eciii OHaA00UTCs IOTIOIHUTE IbHAsE OUOIMOTEKa foo Ui TOTO, YTOOBI CKOMIMIMPOBaTh Koj Ha C, 1mo-
sydyeHHbid u3 (aiina Cython, 1o6aBbte clib foo B uctounuk Cython koma. AHaJIOrMYHO, HoHoHUTEbHBIA C (haiin
bar MOXET ObITh J0OABJIEH B KOMITMIALMIO C OObsBJIEHUEM cfile bar.

5.3 CamocrtositenbHblie ckpuntbl Python/Sage

,HaHHbIﬁ CaMOCTOSITEIbHBIA CKpHUIIT Sage pacKjiaibIBa€T Ha MHOKHUTEJIM LEJIbIC YUCiia, IOJITMHOMBI U T.[.:

#!/usr/bin/env sage

import sys

if len(sys.argv) != 2:
print ("Usage: %s <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1l])))

7151 TOTO, YTOOBI KCMOJIB30BATh STOT CKPUNT, SAGE_ROOT jioJkeH ObiTh B PATH. Ecii BbIIIIEONMCAHHBII CKPHIIT HA3bI-
BaeTcs factor, Clieylollee MOKa3bIBAET, KaK ero BBIMIOJIHUTD:

bash $ ./factor 2006
2 % 47 =* 59
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5.4 Twvnbl paHHbIX

Kax bt 00beKT B Sage uMmeeT onpejiesicHHbIN Turl. Python BkilouaeT B ceOst GONBINON CIEKTP BCTPOSHHBIX THIIOB TO-
I71a, Kak OmommoTeku Sage 100aBIsIoT ere OobIne. BcrpoeHHsIe THITH TaHHBIX Python BKIIOUAOT B ce0s1 CHMBOJIbHBIC
CTPOKH, CITHCKH, KOPTEXKH, LeJIble U JPOOHBIE YHCIA:

sage: s = "sage"; type(s)

€oo0o "SEE'>

sage: s = 'sage'; type(s) # Bel MOXeTe HCHOJNb30BATH MBOHHBEIE HIH OINHHAPHBEIE KAaBBIUKH
€ooo BEEYZ

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

sage: s = int (2006); type(s)

<... 'int'>

sage: s = float (2006); type(s)
<... '"float'>

>>> from sage.all import *

>>> s = "sage"; type(s)

€oo0o "SEE">

>>> s = 'sage'; type(s) # Bel MOXEeTe HCHOJIb30BATH [OBOHHBEIE HIH OILHHAPHBIE KAaBBIYKH
€ooo "BEE'Z

>>> s = [Integer(l),Integer(2),Integer(3),Integer(4)]; type(s)
<... 'list'>

>>> s = (Integer(l),Integer(2),Integer(3),Integer(4)); type(s)
<... 'tuple'>

>>> s = int (Integer (2006)); type(s)

<... 'int'>

>>> s = float (Integer (2006)); type(s)

<... '"float'>

B cBoio ouepenp Sage 106aBisieT MHOTO IPYTHX TUIIOB JaHHBIX, HAIIPUMEP, BEKTOPHOE M0JIe:

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

>>> from sage.all import *

>>> V = VectorSpace (QQ, Integer (1000000)); V

Vector space of dimension 1000000 over Rational Field

>>> type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field with_category'>

Tounbko onpeseneHHble (bYHKIMH MOTYT OBITh IPUMEHEHBI K V. B Ipyrux MareMaTH4eckux nporpaMmax (pyHKIUH BbI-
3bIBAJIUCH Obl B «(hyHKIIMOHAJIBHOM» BUJie: foo (V, . . .). B Sage onpeneseHHsle (hyHKIUU NPUKPEIUIEHB K TUILY (WU
KJIaCCy) V M BBI3BIBAIOTCS C TIOMOIIBIO OOBbEKTHO-OPUEHTHPOBAHHOTO CHHTAKCHCA, Kak B Java mimm C++, Hanpumep, V.
foo (. ..).DT0 crocoOCTBYET TOMY, UTO UMEHHAs1 00J1aCTh BUIMMOCTH HE 3aXJIAMJISIETCS JeCSTKAMK THICSY (DYHKIIMIA,
Y O3HAYaeT, YTO MHOTHe (DYHKIMH C Pa3HBIM COAEPKaHUEM MOTYT OBITh Ha3BaHb! «f00» 6e3 MPOBEPKU THIIOB apryMeH-
ToB. Takxke, ec Bel ncronp3yere uMs (pyHKIMU MOBTOPHO, 3Ta (DYHKIMS BCE PaBHO AOCTYIHA (Hampumep, eciau Bel
BBI3BIBAETE UTO-TO HAIOJ00ME zet a, @ 3aTEM XOTUTE BHIYUCIUTD 3HaUeHne pyHKmK Riemann-Zeta ipu 0.5, Bel MoxeTe
HaIleyararb s=.5; s.zeta()).
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sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

>>> from sage.all import *

>>> zeta = —Integer (1)

>>> s=RealNumber ('.5"'"); s.zetal()
-1.46035450880959

B HEKOTOpBIX YAaCTO BCTPEYAIOIIMXCS CiydasiX, OObIYHOE (PYyHKIMOHAIbHOE OOO3HAYCHHE TaKKe CIIOCOOCTBY-
er ymoOCTBYy M3-3a2 TOrO, YTO MAaTeMAaTHYECKHE BBIPAKCHHMs MOTYT BBIIVIAACTh 3allyTaHHO IIPU HCAOJIb30BAHUU
00BEKTHO-OPUEHTUPOBAHHOTO 0003HaueHUs. Hanpumep:

sage: n = 2; n.sqgrt ()
sqrt (2)
sage: sqgrt (2)
sqrt (2)
sage: V = VectorSpace (QQ, 2)
sage: V.basis ()
(1, 0), (0, 1)1
sage: basis (V)
[((1, 0), (0, 1)1
sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,41); A
[1 2]
[3 4]
sage: A.charpoly('x")
X2 + 2*x + 5
sage: charpoly (A, 'x')
X"2 + 2*x + 5

>>> from sage.all import *
>>> n = Integer(2); n.sqgrt ()
sqrt (2)
>>> sqgrt (Integer (2))
sqrt (2)
>>> V = VectorSpace (QQ, Integer (2))
>>> V.basis ()
(1, 0), (0, 1)1
>>> basis (V)
[((1, 0), (0, 1)1
>>> M = MatrixSpace (GF (Integer (7)), Integer(2)); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
>>> A = M([Integer(l),Integer(2),Integer(3),Integer(4)]); A
[1 2]
[3 4]
>>> A.charpoly('x")
X2 + 2*x + 5
>>> charpoly (A, 'x'")
x"2 + 2*x + 5

L7151 TOrO, YTOOBI IEPEUUCIUTD BCe WieHbI-(DYHKIMK 151 A, Harleyaraiite A . , a 3aTeM HAKMUTE KHOIKY [tab] Ha Barueii
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KJIaBHAType, KaK OMUCAHO B pazzeiie OOpamibiii NOUCK U A8nOOONONHEHUE

5.5 Cnuckw, KOPTeXun n nocsnienoBaresibHOCTU

Tun JaHHBIX CIMCOK MOXKET XpaHUTh B ceOe 3JIeMeHThl pa3HbIX TUNOB NaHHbIX. Kak B C, C++ U T.1., HO B OT/IMYUE OT
JPYruX aireOpandecKux CUCTEM, JIEMEHThI CIIMCKA HAYMHAIOTCS ¢ uHeKca 0:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; Vv
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type (v)

<... 'list'>
sage: v[0]

2

sage: v[2]

5

>>> from sage.all import *

>>> v = [Integer(2), Integer(3), Integer(5), 'x', SymmetricGroup (Integer(3))]; v
[2, 3, 5, '"x', Symmetric group of order 3! as a permutation group]

>>> type (v)

<... 'list'>

>>> v[Integer (0) ]

>>> v[Integer (2)]

HpI/I HWHJICKCUPOBAHUU CITMCKA, MPUMEHEHNE UH/ICKCOB, HE ABJIAIOIINXCS HEJIBIM YMCIOM PythOIl, cpa60TaeT HOPMAJIbHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # pemoe umcio Sage

sage: v[n] # paboraer NpPaBHIBLHO

3

sage: v[int(n)] # Toxe paboraeTr MNpaBHIbBHO
3

>>> from sage.all import *

>>> v = [Integer(l),Integer(2), Integer (3)]
>>> v[Integer (2)]

3

>>> n = Integer (2) # nemoe umcmno Sage
>>> v[n] # paboraeT NPaBHIBHO

3

>>> v[int (n) ] # ToXe paboTaeTr HNpPAaBHILHO

3

DyHKIMSA range CO3[AET CIUCOK IIEJIBIX YKCe, UCTIob3yeMbIx Python(He Sage):

sage: list (range(l, 15))
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]
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>>> from sage.all import *
>>> list (range (Integer (1), Integer(15)))
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

310 y)]O6HO, Koraa IJjid CO3JaHus CITUCKOB UCHIOJIb3YETCA B/ CIIMCKA:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

1, 2, 3, 222, 5, 2 * 3, U, 23, 3?2, 2 * 5, 1, 222 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

[+, 3, 5, 7, 32, 11, 13]

>>> from sage.all import *

>>> L = [factor(n) for n in range(Integer(l), Integer(15))]

>>> L

i, 2, 3, 222, 5, 2 * 3, U, 223, 32, 2 * 5, 1, 222 * 3, 13, 2 # 7]
>>> L[Integer (12)]

13

>>> type (L[Integer(12)1])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
>>> [factor(n) for n in range (Integer(l), Integer(15)) if is_odd(n)]
(1, 3, 5, 7, 32, 11, 13]

Jlnist GOJIBIIIEero MOHMMAHMS CIIMCKOB cM. [PyT].

Paciuerienue CrmcKoB - 3TO OUeHb yHO6HLIfI HUHCTPYMEHT. HOHyCTI/IM L - 3TO CIHMCOK, Torga L [m: n] BEPHET IOJI-CITMCOK
L, IIOIIy‘ICHH];IfI, HayuHaA C 3JICMECHTA Ha ITIO3ULUU 1 Y 3aKaHYMBaA 3JICMCHTOM Ha ITIO3MLIUN (TL — 1), KaK IOKa3aHO HUIKE.

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

5, 2 * 3, 7, 23, 3*2]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 5, 274, 17, 2 * 372, 19]

>>> from sage.all import *

>>> L = [factor(n) for n in range(Integer(l), Integer (20))]
>>> L[Integer (4) :Integer(9) ]

15, 2 = 3, 7, 2%3, 3*2]

>>> L[:Integer (4)]

i, 2, 3, 2221

>>> L[Integer (14) :Integer (4)]

[]

>>> L[Integer (14) :]

[3 5, 274, 17, 2 * 372, 19]

KOpTe)KI/I HUMEIOT CXOACTBO CO CITMCKaMH, OJHAKO OHU HEU3MECHACMbI C MOMECHTA CO3JaHU .
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sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type (V)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

>>> from sage.all import *

>>> v = (Integer(l),Integer(2),Integer(3),Integer(4)); v
(1, 2, 3, 4)

>>> type (v)

<... 'tuple'>

>>> v[Integer(l)] = Integer (5)

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

ITocnemoBaTeILHOCTH - 3TO TUII JaHHBIX, CXOXKHIA II0 CBOMCTBAM CO CIUCKOM. ITocieoBaTeIbHOCTH KAaK THII JAaHHBIX HE
BCTpoeHH! B Python B oTmiume ot ciickoB U KopTteskeid. [1o yMordaHuio, MociefoBaTeIbHOCTD SIBIISICTCS U3MEHSIEMOH,
OJJHAKO MCIIONB3YsI METOJ] set_immutable U3 KJlacca Sequence, OHa MOXKET ObITh C/IeJIaHa HEU3MEHSIEMOH, KaK ToKa-
3aHO B CJICYIOIIEM prMepe. Bee 371eMeHTHI MOCIeI0BaTeIbHOCTH UMEIOT OOIIEro POAUTENIS, MIMEHYEMOro YHUBEPCYMOM
TMOCJIEI0BATENILOCTH.

sage: v = Sequence([1,2,3,4/5])
sage: Vv
[1, 2, 3, 4/5]

sage: type (V)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1l])

<class 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is_immutable ()

False

sage: v.set_immutable ()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *

>>> v = Sequence ([Integer (1), Integer (2), Integer (3),Integer (4)/Integer(5)])
>>> v

[1, 2, 3, 4/5]

>>> type (v)

<class 'sage.structure.sequence.Sequence_generic'>

>>> type (v[Integer(1)])

<class 'sage.rings.rational.Rational'>

>>> v.universe ()

Rational Field

(IpoJOJIKACTCS Ha CJIEAYIOIeN CTPaHULE)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
>>> v.is_immutable ()
False
>>> v.set_immutable ()
>>> v[Integer(0)] = Integer (3)
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

HOCHGI[OBEITGJII)HOCTI/I MOTyT OBITH HUCITOJIb30BAHBI BE€3E, II€ MOTYT OBITH KCIIOJIb30BAHBI CITUCKU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list (v))

<... 'list'>

>>> from sage.all import *

>>> v = Sequence ([Integer (1), Integer (2), Integer (3),Integer (4)/Integer(5)])
>>> isinstance (v, list)

True

>>> list (v)

[1, 2, 3, 4/5]

>>> type (list (v))

<... 'list'>

Basuc 11 BEKTOPHOTO OIS SIBJISIETCS HEM3MEHIEMOH TOC/IeJOBaTe/IbHOCThIO, TaK KaK OYeHb BaKHO HE U3MEHSTh HX.
IT0 NOKA3aHO B CJEAYIOIIEM [IpHMepe:

sage: V = Q0"3;
[¢(, o, 0), (o,
sage: type (B)

B = V.basis(); B

1, 0), (0, 0, 1)1

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

>>> from sage.all import *

>>> V = QQ**Integer(3); B = V.basis(); B

[¢(, 0, 0), (0, 2, 0), (0, 0, 1)1

>>> type (B)

<class 'sage.structure.sequence.Sequence_generic'>
>>> B[Integer(0)] = B[Integer (1) ]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
>>> B.universe ()
Vector space of dimension 3 over Rational Field
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5.6 Cnosapwu

CrnoBaps (Takke IMEHYEMBIN aCCOIIMATUBHBIM MACCUBOM) - 9TO COIMOCTABJICHUE ,,X3IIUPYEMBIX  00BEKTOB (KaK CTPOKH,
yyca U KOPTEXKH U3 HUX; cM. JOoKyMeHTauuio Python: http://docs.python.org/tut/node7.html u http://docs.python.org/
lib/typesmapping.html) mpou3BOIEHBIM OOBEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

>>> from sage.all import *
>>> d = {Integer(l) :Integer(5), 'sage':Integer(l7), ZZ:GF (Integer (7))}
>>> type (d)

<... 'dict'>

>>> list (d.keys())

[1, 'sage', Integer Ring]
>>> d['sage']

17

>>> d[ZZ]

Finite Field of size 7

>>> d[Integer(1l)]

5

TpeTI/IIL/'I KJIIOY TTOKa3bIBAET, YTO MHAECKCHI CJIOBApA MOT'y OBITh CJIOKHBIMH, KaK, HAITPUMEDP, KOJIBILO HEIbIX YHUCEII.

MoxHO MpeBpaTUTh BBIIIEONMCAHHBIA CJIOBAphb B CITUCOK C TEM KE COACPKUMbBIM:

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

>>> from sage.all import *
>>> list (d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

Yacrto I/ICHOJ'[I)3yeM0ﬁ HpaKTHKOﬁ ABJIACTCA IIPOU3BEACHUEC I/ITepaHI/Iﬁ IO apam B CJIOBape:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

>>> from sage.all import *

>>> d = {Integer(2) :Integer(4), Integer(3):Integer(9), Integer(4):Integer(l6)}
>>> [a*b for a, b in d.items ()]

[8, 27, 64]

Kak nokassIBaeT nociaeaHui mpuMep, cJIoBaphb He yOpsI0YeH.
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5.7 MHoXecTBa

B Python €CThb BCTpOGHHLIﬁ TUII MHOX€ECTBO. | TaBHBIM IMMPENMMyYHIECTBOM 3TOI'O TUIIA ABJIACTCA 6bICTpLIﬁ IpoOCMOTp, IPO-
BEPKa TOro, MNpUuHAJICKUT JIU DJIEMEHT MHOKECTBY, a TAKIKE OOBIUHBIE orepanvu u3 T€COpur MHOKECTB.

sage: X = set([1,19,'a']l); Y = set([1,1,1, 2/3])

sage: X # random sort order
{1, 19, 'a'}

sage: == get (['a', 1, 1, 191)
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection (Y)
{1}

>>> from sage.all import *
>>> X = set([Integer(l),Integer(19),'a'l); Y = set([Integer (1), Integer (1),
—Integer (1), Integer (2)/Integer(3)])

>>> X # random sort order

{1, 19, 'a'}

>>> X == set(['a', Integer(l), Integer(l), Integer(19)])
True

>>> Y

{2/3, 1}

>>> 'a' in X

True

>>> 'a' in Y

False

>>> X.intersection (Y)

{1}

B Sage Taxske MMeeTcsi CBOW TUII JAHHBIX MHOXECTBO, KOTODBII (B HEKOTOPBIX CITy4asix) OCYIIECTBJIEH C MCIIOIb30Ba-
HHMEM BCTPOEHHOIO TUIa MHOecTBO Python, HO BkiodaeT B ce0s1 (PyHKIIMOHAIBHOCTD, CBs3aHHYIO ¢ Sage. Co3jaiite
MHOXKECTBO Sage ¢ IOMOIIbIo Set (. . . ). Hampumep,

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/31)

sage: X # random sort order
{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3%}

sage: X.intersection (Y)

{1}

sage: print (latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set (z2Z)

Set of elements of Integer Ring
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>>> from sage.all import *
>>> X = Set([Integer(l),Integer(19),'a'l); Y = Set([Integer(l),Integer(l),
—Integer (1), Integer(2)/Integer(3)])

>>> X # random sort order

{'a', 1, 19}

>>> X == Set(['a', Integer(l), Integer(l), Integer(19)])
True

>>> Y

{1, 2/3}

>>> X.intersection(Y)

{1}

>>> print (latex(Y))

\left\{1, \frac{2}{3}\right\}
>>> Set (Z7)

Set of elements of Integer Ring

5.8 Utepatophbl

Htepatopsl - 9T0 cpaBHUTETFHO HelaBHee noOaBiieHre B Python, koTopoe sIBIsieTcsl OUeHb MOJIe3HIM B MaTeMaTHde-
CKUX MPUJIOKeHUsIX. HeckoJIbKO MpUMepoB MCHOIB30BAHIS UTEPATOPOB MIPUBEICHBI HIKe; moapoouee cM. [PyT]. 3nech
CO3/1aeTCs UTepaTop AJIsl KBapaToB HeoTpuLaTeabHbX yrcen go 10000000.

sage: v = (n”2 for n in range (10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

>>> from sage.all import *

>>> v = (n**Integer(2) for n in range (Integer (10000000)))
>>> next (v)

0

>>> next (v)

1

>>> next (v)

4

Crienytommii mpuMep - CO30aHUe MTEPAaTOPOB U3 MPOCTHIX YKceT BUa 4p + 1 ¢ MpOCTHIM p U MPOCMOTP HECKOJIBKUX
MIePBBIX 3HAYCHUIL:

sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # random output Ha cuegpyimer crpoke 0xb0853d6c mMoxeT OBITE OPYIHM_
—MeCTHaOIa THPHYHBIM YHCIIOM

<generator object at 0xb0853d6c>

sage: next (w)

13
sage: next (w)
29
sage: next (w)
53
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>>> from sage.all import *

>>> w = (Integer(4)*p + Integer(l) for p in Primes() if is_
—prime (Integer (4) *p+Integer (1)))

>>> W # random output Ha cuaenyomer crpoke 0xb0853d6c MoxeT ObITb OPYIHM_
—mMeCTHaLHa THPHYHBIM YHCIIOM

<generator object at 0xb0853d6c>

>>> next (w)

13

>>> next (w)

29

>>> next (w)

53

OHpC}lCJ’[CHHbIe KOJIblla, KaK ¥ KOHEYHBIC TOJIA U LEJIbIC YUCTIa, UMCIOT UTEPATOPHI:

sage: [x for x in GF (7)]
o, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in Z2Z)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

>>> from sage.all import *

>>> [x for x in GF (Integer (7))]

[o, 1, 2, 3, 4, 5, 6]

>>> W = ((x,y) for x in ZZ for y in ZZ)
>>> next (W)

(0, 0)

>>> next (W)

(0, 1)

>>> next (W)

(0, -1)

5.9 Uuknbl, pyHKUUN, yNpaBnsoLwWwne KOHCTPYKLUUN U CpaBHEHUSA

MeI yxke BUAEIN HECKOJIBKO IIPUMEPOB C MCIOJIb30BaHMEM IIMKJIOB for. B Python mukn for umeer TabyimpoBaHHYIO
CTPYKTYpY:

>>> for i1 in range(5):
print (1)

S w N O

3amMeTbTe ABOETOYME Ha KOHIIE BhIpaxkeHHs(«do» nmm «od», kak GAP i Maple, He MCIIONB3YIOTCS), @ OTCTYIIBI IIEpest
«TeJIOM» LIUKJA, B YaCTHOCTH, Mepel print (i). DTH OTCTYIHI BakHBL. B Sage oTCTymBI CTaBATCSA aBTOMaTUYECKU TIPU
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HaXXaTHUU enter MOCJEC «:», KAK IIOKA3aHO HUXKE.

sage: for i in range(5):
e print (1) # maxmurTe Enter nBaxnel

>>> from sage.all import *
>>> for i in range (Integer(5)):
print (i) # maxmuTe Enter nBaxnel

CumBoJ = HCTIOJIb3YETCA IJId IpUCBABAHWA. CuMBoOJI == HMCIIOJIb3YETCA JId MTPOBEPKU PABEHCTBA:

sage: for i in range(15):

e if gcd(i,15) == 1:
et print (i)

1

2

4

7

8

11

13

14

>>> from sage.all import *
>>> for i in range (Integer(15)):

if gcd (i, Integer (15)) == Integer(l):

Ce . print (i)

1

2

4

7

8

11

13

14

NwmeiiTe B BUALY, KaK TaOyJISLES ONPEeNsieT CTPYKTYPY OJIOKOB JUIS OIepaTtopoB if, for U while:

sage: def legendre(a,p):
5000 & is_sqgr_modp=-1
e for i in range (p):

(poJoJKaeTcs Ha CeyIoliel CTpaHuLe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
560008 if a $ p == 172 % p:
ceeat is_sqgr_modp=1

e return is_sqgr_modp

sage: legendre(2,7)

sage: legendre(3,7)

>>> from sage.all import *
>>> def legendre(a,p):
is_sqgr_modp=-Integer (1)
for i in range (p):
if a % p == i**Integer(2) % p:
is_sqgr_modp=Integer (1)
return is_sqgr_modp

>>> legendre (Integer (2), Integer (7))
1
>>> legendre (Integer (3), Integer (7))
=i

KoneuHo, 310 He a¢dexTrBHAs peannsanus cuMmBoda Jlexanapa! JJaHHBIA IpUMep CITyXKUT JIMIIb WLTIOCTpALUei pas-
HBIX acneKToB mporpammupoBanus B Python/Sage. ®ynkmus {kronecker}, BcrpoeHHast B Sage, MOACYUTHIBAET CHIMBOJI
Jlesxanapa a3¢dekTuBHO ¢ ucnob3oBanueM o6ubdmortek C, B YaCTHOCTH, ¢ Ucnonb3oBanueMm PARI.

CpaBHeHus ==, ! =, <=, >=, >, < MEXK/y YNCJIaMH aBTOMAaTHUYECKU TIePEBOIAT 00a WieHa B OJJMHAKOBBIN THIL:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

>>> from sage.all import *

>>> Integer (2) < RealNumber ('3.1'"'); RealNumber ('3.1') <= Integer (1)

True

False

>>> Integer (2) /Integer (3) < Integer (3)/Integer(2); Integer (3) /Integer (2) <.
—Integer (3) /Integer (1)

True

True

Hcnone3yiite nepemeHHbIe bool 111 CHMBOJIbHBIX HEPABEHCTB!

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True
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>>> from sage.all import *
>>> x < x + Integer (1)

x < x + 1

>>> bool (x < x + Integer (1))
True

I[pu cpaBHEeHNH OOBEKTOB Pa3HOTO TUIA B OOJBIIMHCTBE ClIydaeB Sage MOMbITAeTCs HANTH KAaHOHHYECKOe MTPUBE/ICHIE
o6oux Kk obiemy poauteno. IIpu ycriexe, cpaBHEHUE BHIIOJIHSIETCS MEXKAY NMPUBEIEHHBIMU 0OBEKTAMH; €CIIH HET, TO
0OBEKTHI Oy/IyT pacLieHeHbl Kak HepaBHble. [[jsi IpOBEpKM paBEeHCTBA JIBYX NIEPEMEHHbIX UCToNb3yiiTe is. Hanpumep:

sage: 1 is 2/2
False

sage: 1 is 1
False

sage: 1 == 2/2
True

>>> from sage.all import *

>>> Integer (1) is Integer (2)/Integer (2)
False

>>> Integer(l) is Integer (1)

False

>>> Integer (1) == Integer (2)/Integer (2)
True

B crrenyonumx AByX cTpoKax MepBoe HepaBeHCTBO JaeT False, Tak KaK HeT KaHOHWYeckoro Moppusma Q — F, moato-
MY He CyIecTByeT KaHoHHuecKkoro cpaBHeHus Mexay 1 B Fs n 1 € Q. OnHako, cymecTByeT KaHOHUYIECKOE PUBEICHIE
Z — F5, nosToMy BTOpOE BbIpakeHHe JaeT True. 3aMeThTe, OPSJIOK He UMeeT 3HAYCHUSI.

sage: GF (5) (1) == QQ(1); QQ (1) == GF(5) (1)
False

False

sage: GF (5) (1) == ZZ(1); ZZ(l) == GF(5) (1)
True

True

sage: ZZ(1l) == QQ(1)

True

>>> from sage.all import *

>>> GF (Integer (5)) (Integer (1)) == Q0 (Integer(l)); QQ(Integer(l)) ==_
—GF (Integer (5)) (Integer (1))

False

False

>>> GF (Integer (5)) (Integer (1)) == ZZ(Integer(l)); ZZ(Integer(l)) ==_
—GF (Integer (5)) (Integer(l))

True

True
>>> 7ZZ (Integer (1)) == QQ(Integer (1))
True

BHUMAHUE: CpaBHenue B Sage npoBoautcst Oosee kECTKo, yeM B Magma, kotopast o0bsiBisier 1 € Fs paBHbBIM

1e€Q.
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sage: magma ('GF (5)!1 eqg Rationals()!1"') # optional - magma
true

>>> from sage.all import *
>>> magma ('GF (5) !1 eg Rationals()!1'") # optional - magma
true

5.10 NMpodcpunuposaHue

ABTOp pasgena: Martin Albrecht (malb@informatik.uni-bremen.de)
«[IpexeBpeMeHHas ONTUMU3ALMSA - 3TO KOPEHb BCero 371a.» - JloHansa Kuyt

Yacto oveHb TOJIE3HO MPOBEPATh KOJ Ha cjadble MecTa, MMOHMMAaTh, KaKMe YacTW OTHUMAIOT HauOoJblllee BpeMs Ha
BBIYHCIICHHUST; TAKAM 00pa30M MOXHO Y3HaTb, KaKHe YacTH Kojia Hajio onTuMHu3upoBath. Python un Sage npenocrasiser
HECKOJIbKO BO3MOXKHOCTEN 1151 MPOhMIIMPOBAHUS (TaK HAa3bIBAETCS STOT MPOLIECC).

Camblii JIETKUIA ITyTb - 9TO UCHOIB30BaHME KOMaHAbl prun. OHa BO3BpaIllaeT KpaTKylo HH(pOPMAIIMIO O TOM, KaKoe Bpems
OTHUMaeT Kaxaas pyHkius. Janee cienyeTr npuMep yMHOXEHHUS MaTPULL U3 KOHEUHBIX MOJEH:

sage: k,a = GF (2**8, 'a') .objgen()
sage: A = Matrix(k,10,10, [k.random_element () for _ in range (10*10)1])

>>> from sage.all import *

>>> k,a = GF (Integer (2)**Integer(8), 'a').objgen()

>>> A = Matrix(k, Integer(10), Integer(10), [k.random_element () for _ in..
—range (Integer (10) *Integer (10))])

sage: Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul_ )
1903 0.120 0.000 0.200 0.000 finite_field element.py:47(__init_ )

1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add_ )

1 0.070 0.070 1.100 1.100 matrix.py:864(_mul_ )
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

>>> from sage.all import *
>>> Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time
ncalls tottime percall cumtime percall filename:lineno (function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)
1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul__ )
1903 0.120 0.000 0.200 0.000 finite_field element.py:47(__init_ )
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add_ )
1 0.070 0.070 1.100 1.100 matrix.py:864(_mul_ )
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

B manHOM mpumepe ncalls - 9TO KOJIMYECTBO BBI30BOB, tottime - 3TO ofliee BpeMs, 3aTpauyeHHOE Ha OINpeJiesIeH-
HyI0 (PyHKIMIO (32 MCKJIIOUYEHHEM BPEMEHU BHI30OBOB CyO-(YHKIIMI), percall - 3TO OTHOLIEHUE tottime K ncalls.
cumt ime - 3TO OOlIee BpeMsl, IOTPAUYEHHOE B 3TOH U BceX CyO-(pyHKIMSX, percall - 3TO OTHOIIEHHE cumt ime K YHC-
JIy IPUMUTHUBHBIX BBI30BOB, filename:lineno (function) NpefocTaBIseT MHMOPMALMIO O KaxI0i pyHKIMH. Yem
BbIIIE (DYHKIMS HAXOJUTCS B 9TOM CITHCKE, TeM OOJIbIIIe BpEMEHH OHa OTHUMAET.

prun? NOKAXET AETAJIA O TOM, KaK UCII0JIb30BaTh KOMAaHY HpOd)PIJ'[PIpOBaHI/IH 1 IIOHMUMATh PE3YJIbTAT €€ UCIIOJIb30BaHUA.

Ipodumupyromias uabopMaIrs MOXKET ObITh BIIMCAHA B O0BEKT JUIsl O0Jiee MOAPOOHOTO U3YYCHHUS:

sage: Sprun -r A*A
sage: stats = _
sage: stats?

>>> from sage.all import *
>>> Sprun -r A*A

>>> stats = _

>>> stats?

3aMeTKka: BBOJ stats = prun —r A\*A OTOOPA3UT CHHTAKCUYECKYIO OIIMOKY, TaK KaK prun - 9T0 KOMaHa 000JI0UKH
IPython, a He 0ObIYHAsT PYHKLIUSI.

s rpaduyeckoro orodpaxkenus: npodumpyiomeid nagopmanum, Bel Moxere ucnons3oBars hotshot - HeGObIION
CKpHIT, Ha3BaHHBII hotshot2cachetree u nporpammy kcachegrind (Toabko B Unix). ToT ke mpumep ¢ MCHOJIB30-
BaHueM hotshot:

sage: k,a = GF (2**8, 'a') .objgen()

sage: A = Matrix(k,10,10, [k.random_element () for _ in range(10*10)1])
sage: import hotshot

sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

>>> from sage.all import *

>>> k,a = GF (Integer(2)**Integer(8), 'a').objgen()

>>> A = Matrix(k, Integer (10),Integer (10), [k.random_element () for _ in.
—range (Integer (10) *Integer (10))])

>>> import hotshot

>>> filename = "pythongrind.prof"

>>> prof

hotshot.Profile(filename, lineevents=Integer (1))

sage: prof.run ("A*A")
<hotshot.Profile instance at 0x4l4cllec>
sage: prof.close()
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>>> from sage.all import *

>>> prof.run ("A*A")

<hotshot.Profile instance at Ox4l4cllec>
>>> prof.close()

PesynbraT Oyner noMernieH B (ailll pythongrind.prof B TeKywed pabouei tupektopun. st BU3yanu3aluy 3Ta UH-
(opmartis Mmoxer ObITh NiepeBesieHa B (popmart cachegrind.

B cucreMHOM 000JI0YKE BBEIUTE

[hotshothalltree -0 cachegrind.out.42 pythongrind.prof ]

BbixoiHoi1 haiin cachegrind. out . 42 Tenepb MOXKET ObITh POAHAIM3UPOBAH C MIOMOIIBIO kcachegrind. 3amersbTe,
YT0 0003HAYEHHE cachegrind. out . XX JOJIKHO OBITH COOJIIOAEHO.
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cnonb3osaHne SageTeX

Bcerpoennsiii B Sage naket SageTeX no3BossieT BHEAPATh pe3yIbTaThl BBIUUCIEHUH B JokyMeHT Tuna LaTeX. [Ins Toro,
YTOOBI MCIIOJIb30BATh JJAHHBIA MAKET, MOHAJ0OUTCS «YCTAaHOBHUTb» €ro B JIOKAIbHYIO cicteMy TeX (1o «ycTaHOBKOI»
noapa3yMeBaeTcs KOmMpoBaHue ogHoro daitna). Cm. Yemarnoska, a Takxke pasgen «Make SageTeX known to TeX»
PykoBojcTBa 10 yctaHOBKe Sage (JlaHHas CChUIKA BEJET K JIOKAJIbHOMY Pa3MELIEHUI0 KOITUY PYKOBOJCTBA 110 YCTAaHOBKE).

B atom ypoke mokaszan HeGousblIoOH mpuMep ucrnonb3oBaHus SageTeX. IlonHas NOKyMeHTaumsi HaxoguTcs B
SAGE_ROOT/venv/share/texmf/tex/latex/sagetex, rIe SAGE_ROOT - 3TO AUPEKTOPHS, B KOTOPOH YCTaHOB-
JieH Sage. DTa Marka COiepKHUT JOKYMEHTANuIo, (paiisl ¢ mpuMepoM U noJjie3Hble cKkpunTsl Python.

st Hauana pa6oTsl ¢ SageTeX cneayiiTe yka3aHUsIM 110 YCTAaHOBKeE (B Ycrmaroeka) N BCTaBbTE CIIEYIOIIUS TEKCT B (haii
Ha3BaHHBIA, CKaXeM, st_example.tex:

A Tpeaynpesxnenne

Huxecnemyomumil TEKCT MOKET COepkKaTh HECKOJIBKO COOOIIEHHH 00 OIIMOKaX, CBS3aHHBIX C HEM3BECTHBIMH YIIPaB-
JIAIOIUMU TIOC/IE/IOBATENIbHOCTSIMMU, €ci Bbl MCIOIb3yeTe MHTEPAaKTUBHYIO MOMOIIb. OTKPONTE CTaTUUECKYIO BEp-
CHIO, YTOOBI YBUIETh MPABUIIbHBINA TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
S\sage{number_of_partitions(1269)}$ integer partitions of $1269$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

(IpoJOJIKASTCS Ha CJIEYIOIel CTpaHULEe)
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\begin{sageblock}
f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

\ [
\frac{\mathrm{d}"{2}}{\mathrm{d}x"*{2}} \sage{f(x)} =
\sage{diff (f, x, 2) (x)}.

\]

Here's a plot of $f$ from $-1$ to $1S:

\sageplot{plot (f, -1, 1)}

\end{document }

3amyctute LaTeX mis st_example.tex. 3amersre, uto LaTeX Oymer skanoBaThcsl HA HEKOTOPHIE BEIH, KaK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist.
Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on st_example.sage,
and then run LaTeX on st_example.tex again.

Cpemu (aiiioB, creHeprpoBaHHBIX Tociie 3amycka LaTeX, ects dailn st_example.sage, SBISIONMNACS CKPUIITOM
Sage. Coo0iieHue, oKa3aHHOE BbIIIIE, TPEJLIArasio 3ayCTUTh st_example . sage, I09TOMY CTOMT TaK U ClIeIaTh. 3aTeM
Oynet npemioxkeHo 3amyctuTh LaTeX 11 st_example. tex elle pa3; nepel 3TUM OyaeT co3maH (pailsl st_example.
sout. DTOT (palii cCoIepKUT pe3ysibTaThl BEIYMCICHUI B Sage B (popmate, ynooHom mis LaTeX. Hoas mamka, co-
nepxamast EPS-aiin ¢ rpadukom, Takxke Oyner cospana apromartndecku. 3anmycture LaTeX eme pa3: Bce, 4TO OBLTO
BBIUHCIICHO B Sage, Ternepb BKJIIOYEHO B Balr ToKymMeHT.

Iepeuncaum maru:
» zanyctute LaTeX g .tex ¢aiina;
* 3amycruTe Sage 1JIsl CTeHepUPOBAHHOTIO .sage (aiina;
 zanycrure LaTeX eme pa3.

TTyHKT C 3amycKom Sage MOXHO MPOIYCTUTh, €CJIM HUKAKKe U3MEHEHUS He ObUTH IPUMEHEHBI K KOMaHaaM Sage B IOKY-
MEHTE.

SageTeX npenyiaraeT MHOro BO3MOXKHOCTEH, U Tak Kak Sage u LaTeX ABIAI0TCA MOLHBIMU UHCTPYMEHTAMHU, TO CTOUT
M3Y4YUTh SAGE_ROOT/venv/share/texmf/tex/latex/sagetex.
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[Mocnecnosue

7.1

NMouyemy Python?

7.1.1 NMpeumywiectea Python

OCHOBHOI1 s13bIK peaymzaimu Sage — 310 Python (cm. [Py]), onmHako Kop, KOTOpPHIH JI0keH 00padaThBaThCst OBICTPO,
HaITicaH Ha KOMITHJIMpYyeMoM s3bike. Y Python ecTs psg npenmymects:

CoxpaHeHHe 00BEKTOB IIMPOKO Hcronb3yeTcs B Python. B Python npucyTcTByeT moaaep:xka coxpanenus (1o-
4TH) JIOOBIX OOBEKTOB Ha JIUCK WM B 0a3y JaHHBIX.

3ameuaresbHas MOAAEPXKKA JOKYMEHTAMH (PYHKIMI 1 TTAKETOB B MCXOAHOM KOJIe, BKJIIOYasi aBTOMAaTUYECKHUI
JOCTYII K JIOKyMEHTAIIM! ¥ aBTOMAaTUYECKOE TECTUPOBAHME BCEX MPUMepOB. IIprMepsl MpoBepsIIOTCsl aBTOMATH-
YeCKHU Ha peryJisipHOI OCHOBE M MX MpaBMIbHAs paboTOCIIOCOOHOCTh rapaHTUPOBAHA.

VnpaBiaenne namsiteio: Python viMeer mpogyMaHHBIH M CTAOWIBHBIN MEHEKep NamsITh U cOOPIIMK Mycopa,
KOTOPBIE UCIIPABHO PadOTAIOT C IMKJIMYECKMMH CChIIKAMU U TIO3BOJISIOT MCIOJIb30BATh JIOKAJIbHbIE IEPEMEHHbIE
B (pailnax.

Python nmMeer MHO2K€eCTBO AKETOB, JOCTYIHBIX yXKe ceiiyac, KOTOpbIe MOT'YT ObITh MHTEPECHBI ITOJIb30BATEIISIM
Sage: uncieHHbII aHaM3 U JIMHelHas anreOpa, 2D u 3D Busyanuzanusi, ceTh (17151 pacripe/ie/IeHHbIX BEIYUCIEHUI
Y CepBEepOB, HAITPUMeEp C oMolIpIo twisted), moaaepkka 6a3 JaHHBIX U T.J.

ITopTupyemocTtb: Python ¢ erkocTbio KOMMuIpyercst Ha OOJIBIIMHCTBE IUIAaT(OPM B CUUTAHHBIE MUHYTHI.

Padora ¢ uckiaodyennsimu: Python conepkut cI0XKHBIH 1 IPOyMaHHBI MEXaHU3M paOOTHI C HCKITIOYEHUSIMH,
6J1arozaps yemy IporpamMMBl IIPOAOIDKAIOT paboTaTh Aaske ITPU BOSHUKHOBEHHUH OLIMOOK B BBI3BIBAEMOM MMM KOJIE.

Ornagunk: Python BiIoyaeT B ce0s OT/IAIUMK, TaK YTO KOTJA IporpamMmMa He padoTaeT Mo KaKoi-TO NPUYKHE,
TI0JIL30BaTeJb MOKET HOJIyYUTh JOCTYII K UICTOPUH CTEKa, IPOBEPUTH COCTOSTHUE HEOOXOAMMBIX IT€PEMEHHBIX, Tie-
peMelarthes Mo CTeKy.

IIpodummpoBmuK: cymectByer mpodmmpoBIrK Python, KOTOpbIH 3aTycKaeT KO M CO3/1aeT OTYET MO KOJIH-
YeCTBY BBI30BOB M BPEMEHH PaOOThI Kaxka0W (hYHKIIUH.

A3wIk: BMecTo TOro, 4TOOHI MKMCaTh HOBBIH SI3BIK [IsI MATEMATHKH, KaK TO ObLIO ciienaHo st Magma, Maple,
Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, 1 T.11., Mbl KcrIOJIb3yeM s13bIk Python, koTopblil siBisi-
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€TCS1 OIMYJISIPHBIM SI3bIKOM ITPOTrPAMMHUPOBAHMST; OH aKTUBHO PA3BUBAETCS M ONTUMU3UPYETCS] COTHSIMU OIBITHBIX
CIIEIMAIMCTOB TI0 MpOorpaMMHoMy obecrieueHuio (cm. [PyDev]).

7.1.2 Mpe-napcep: Pasnuuna mexay Sage n Python

B HekoTOphIX MaTeMaTH4yecKHX acrekrax Python Moxer BBecTH B 3a0iyxjeHue, 09ToMy Sage BeneT ceOs HEeMHOro
JIpyrum o0pa3oMm.

¢ O603HaYeHNEe BO3BEAEHHUSI B CTENEHb: * * BMecTO . B Python, ~ 03HauaeT «MCKIIIOUUTENIHLHO WK (XOr)», a He
BO3BEJIEHUE B CTeleHb, Tak B Python:

-
>>> 278

10
>>> 372
1
>>> 3*%*2
9

Hcnone3oBaHue ~ MOKET MOKA3aThCs CTPAHHBIM; 9TO HE TaK BAXHO ISl MATEMATHUECKUX UCCIIEJOBAHUMN, TTOTOMY
KaK «MCKJIIOUUTEIbHO WIM» HUCIOJB3YeTcs JOBOJIBHO penko. [ ynoOcTBa, Sage MCHONb3yeT Mpe-napcep st
MIPOBEPKU Kojia Mepeji TeM, Kak oH nepefaercs B Python, u cumBos ~ (ecu OH He HAXOJUTCS B CTPOKE) 3aMEHSIET

Ha **:

p

sage: 2”8
256

sage: 372

9

sage: "3"2"
|3A2V

L

>>> from sage.all import *
>>> Integer (2) **Integer (8)

256

>>> Integer (3) **Integer (2)
9

>>> "3AoM

|3/\2V

e Jlenenue menbix unces: Breipaxenue 2/3 B Python o3Havaer He To, yero oxumaer marematuk. B Python 2,
€CId m U n - IeJIble YhCia, TO m/n TaKXke IeJoe YKCIIO, eCIM ObITh TOUHEE, TO IeNlasg YacTh OT JeJIEHUS m Ha
n. CnenoBatesibHO 2 /3=0. B coobmmectBe Python o0cyxkmaercss BAprHaHT U3MEHEHHS orlepaTopa Tak, YToOsI 2/ 3
BO3BPAIIAJIO YHCIIO C TUIABAIOIIEH TOUYKOM 0. 6666. . ., a 2//3 BO3BpaIIaio 0.

B unTepnperaTope Sage Mbl KCMOIb3yeM 0003HaYeHHe Integer ( ) W JieJIeHUE UCHOJb3yeM KaK KOHCTPYKTOD
JUIS palloHAJIbHBIX uucen. Hanpumep:

-

sage: 2/3

2/3

sage: (2/3) .parent ()
Rational Field

sage: 2//3

0
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>>> from sage.all import *

>>> TInteger (2) /Integer (3)

2/3

>>> (Integer (2)/Integer (3)) .parent ()
Rational Field

>>> Integer (2)//Integer (3)

0

L

e boabmue nesaple yncaa: Python nMeer BCTpOSHHYIO MOAAEPKKY HEJIbIX YUCEN MPOU3BOJIbHOW TOYHOCTH B JIO-
nosHenue K C-int'aMm. OHU HAMHOTO MeJlJIeHHee, YeM To, uTo npenoctapisier GMP, a Takxke MMeIOT CBOMCTBO:
CHMBOJI L B KOHIIE, YTOOBI OTIIMYATh VX OT NIepEeMEHHBIX THIIA int (M 3TO He U3MEHUTCS B OKaiiieM Oy ayIem).
Sage ucrnonb3yeT 1esble Yhca Mpou3BOIbHOIN TOYHOCTH ¢ OoMOIIbi0 GMP C-OuGIMOTeKH, U OHU BBIBOASITCS HA
9KpaH 6e3 L.

Bmecto usmeHeHus uHTepnperaTopa Python (kak mocTynmuiad HEKOTOpbIE JIOAM [l BHYTPEHHUX NMPOEKTOB), Mbl UC-
nosb3yeM Python kak ects, v mpuMensieM tipe-napeep a1 [Python tak 4toObl moBeeHre KOMaHIHOM cTpoku [Python
COOTBETCTBOBAJIO OKMJAHHSM MATEMAaTHKOB. DTO O3HAYAeT, YTO JI0OOW CYIIEeCTBYIOIIMIA Ko Ha Python Moxer OBITh
UCToJb30BaH B Sage. OJHAKO, HY)XHO IPHAEPKHUBAThCS cTaHaapTa Python npu HammcaHWM MakeToB, KOTOPbIE OyIyT
UMIIOPTHPOBAHHI B Sage.

(Urobsl ycraHoBUTH MakeT Python, KOTOpHI, CKakeM, Bbl HALIIM B MHTEPHETE, Cle/lyiTe MHCTPYKIMHU, HO 3aIlyCKanTe
sage —python BMeCTO python. O4eHb 4YaCTO 3TO O3HAYAET, UTO HY)KHO BBECTH sage —python setup.py install.)

7.2 Kak npuHSATb yyacTue B pa3pabotke Sage?
Ecau BB XOTUTE IOMOYD B pa3pa60TKe Sage, 9TO 6y,HeT OLEHEHO I10 JIOCTOI/IHCTBy! HOMOHH) MOKET BAPbUPOBATLCA OT
BHECEHUS U3MEHEHNN B KO 10 OOINIOJIHEHU A CHpaBO‘IHOfI I/IHq)OpMaLlI/II/I 1 HAXOXIECHUA 6aFOB.

[MowumuTe HAGOPMALIHIO 1715 Pa3padOTYMKOB HA [TIABHOW CTpaHMIIEe Sage; KpoMe BCEro IPOYEro, Bbl MOXKETe HANTH CITH-
COK INPOEKTOB, CBSI3aHHBIX C Sage, OTCOPTUPOBAHHBIX 10 MPUOPUTETY U KaTeropuu. PykoBojicTBO paspoborunka Sage
COJIEPKUT T0JIe3HYI0 MH(OPMAIINIO; BB TAKXKE MOXKETe y3HaTh Oosibie B Google-rpymnie sage—devel.

7.3 Kak npaBunbHO ccbinartbcqa Ha Sage?

Ecnmu BH ucnose3dyere Sage ISl HATIMCAHUS PaOOTHI, TIOXAIYHCTA, YKaXUTE, YTO BHIUUCIICHUS ObUIA MPOU3BEACHHI C
nomMolielo Sage. Bxiouute

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B paznen oubnmorpadun (3ameHss 8.7 Bepcuelt Sage, KOTopylo BB UCToNb3yeTe). Kpome Toro, moxkainyiicra, mocrapaii-
TeCh OTCJIE/IUTh, KAKME KOMITOHEHTHI Sage ObLIM UCIOJIb30BaHBI [Uisl Bhiuucienuii, Hanpumep PARI?, GAP?, Singular?
Maxima?, u yKaxuTe 3TU cuctembl. EcJii Bol COMHEBaeTeCh 0 TOM, KaKoe IporpaMMHoe obecriedeHre UCTIOoNb3yeTCsl s
BBIYMCIIEHUH, 3agaiite Bonpoc B Google-rpynmne sage-devel. CM. [loaunomel 00Holl nepementoli Aas JalbHENIEro
00CyXAeHUsI ITON TEMBI.

Ecu BbI IPOYMTAIIN 9TO PYKOBOJICTBO OT HAYaJsa 10 KOHIIA, U Y BaC €CTh COOOPaXEHUsI 10 TIOBO/ly BpEMEHH, 3aTPaueHHOTO
Ha Hero, MoKaJIyHCTa, BHICKAXUTE cBoe MHeHUe B Google-rpymme sage—-devel.

Hacnaxpaiitecy Sage!

7.2. Kak npuHsATb yyacTue B pa3pabotke Sage? 133
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JlononHeHwe

8.1 Mpuopurtet GMHapHbIX apuchmeTMHECKUX ONnepaTopos

Yro Takoe 3°2*4 + 2%57? 3Hauenue (38) onpesesieHO MO ITON «TadJIHIe PUOPUTETA OIlepaTopoB». Tabnuia Huxe
ocHoBaHa Ha Tabmuue u3 § 5.14 kuuru Python Language Reference Manual, G. Rossum and F. Drake. Onepatopsi
pacrosiokeHbl B OPSIKE BO3PACTAHUS CTApIIMHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=,>,>= === comparison

+, - addition, subtraction

* /1, % multiplication, division, remainder
B A exponentiation

CrnenoBateslbHO, YTOOBI IOCYUTATh 3”2*4 + 2%5, Sage paccTaBisieT CKOOKM Tak: ( (372) *4) + (2%5). CHavana
CUHATAETCA 372, TO €CTh 9, 3aTEM CUHATAIOTCA (372) *4 U 2%5, U HAKOHEL] OHA CKJIAJbIBAIOTCA.
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Intepatypa

[SJ]

[ThreelS]

Cython, http://www.cython.org

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, https://www.
gap-system.org

GAP Packages, https://www.gap-system.org/Packages/packages.html
PARI/GP, https://pari.math.u-bordeaux.fr/
Magma, http://magma.maths.usyd.edu.au/magma/

Maxima, http://maxima.sf.net/

NagleEtAl2004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-Wesley, 2004.

The Python language, http://www.python.org/

The Python Beginner’s Guide, https://wiki.python.org/moin/BeginnersGuide
Python Developer’s Guide, https://docs.python.org/devguide/

Python Library Reference, https://docs.python.org/3/library/index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial/

Sage web site, https://www.sagemath.org/

G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A Computer Algebra System for Polynomial
Computations. Center for Computer Algebra, University of Kaiserslautern (2005). https://www.singular.
uni-kl.de

William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm. Computer
Algebra {39} (2005) 61-64.

three.js, http://threejs.org
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