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CHAPTER 1

>
5

SEMAERE IR Z 52 3-4 /Do ARn] PABY AR R HTML o PDF fiiAc, u{#7E Sage Notebook H1 i il Help,
G riily Tutorial PARCH I TE Sage HPoE AR -

IR Sage HYRER @M1 Python SCHLRY, [H I BEAEARIF A HE 4 Python . IREARSTERAS I miA or
>J Python (—[TAEWAINIET!), ARZIMFHMRIFTIEATATIEI/R: Python ¥]2# ¥ 15 [PyB] 51 T
ZfE. WARAR 2RI Sage, RAAFRERMFAIE M B4

sage: 2 + 2

4

sage: factor (-2007)
=1 = 372 ¥ 223

sage: A = matrix (4,4, range(l6)); A
[0 1 2 3]

[ 4 5 6 7]

[ 8 9 10 11]

[

12 13 14 15]

sage: factor (A.charpoly())
x"2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range (4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]1);

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field

sage: E.anlist (10)

o, 12, 1, 0, -1, -3, 0, -1, -3, -3, -3]

sage: E.rank()

(B
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(% E50)

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sgrt (73) + 36*I*sqgrt (3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*1
sage: N (k, 30) # 30 "bits"

0.16549568 - 0.052149208*I
sage: latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqgrt{3} + 27}

>>> from sage.all import *
>>> Integer (2) + Integer(2)
4

>>> factor (-Integer (2007))
-1 * 372 * 223

>>> A = matrix(Integer (4),Integer(4), range(Integer(16))); A

[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

>>> factor (A.charpoly())
X"2 * (x"2 - 30*x - 80)

>>> m = matrix (ZZ, Integer (2), range (Integer (4)))

>>> m[Integer (0),Integer (0)] = m[Integer(0), Integer(0)] - Integer(3)
>>> m

[-3 1]

2 3

>>> E = EllipticCurve ([Integer (1), Integer(2), Integer(3), Integer(4),Integer(5)]);
>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x72 + 4*x + 5

over Rational Field

>>> E.anlist (Integer (10))

o, 12, 1, 0, -1, -3, o0, -1, -3, -3, -3]

>>> E.rank ()

1

>>> k = Integer(l)/(sqgrt (Integer(3))*I + Integer(3)/Integer(4) + sqrt(Integer(73))*Integer(5)/
—Integer(9)); k
36/ (20*sgrt (73) + 36*I*sqgrt (3) + 27)

>>> N (k)
0.165495678130644 - 0.0521492082074256*T
>>> N (k, Integer (30)) # 30 "bits"

0.16549568 — 0.052149208*1I
>>> latex (k)
\frac{36}{20 \, \sqgrt{73} + 36 i \, \sqgrt{3} + 27}
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11
ASRARAT HL VA 4225 Sage, JURAH S —28 4, W] DATE http:/sagecell sagemath.org _FFELRAH
125 Sage F U1 [SA] SURYH et/ , T REUNIE/R I LR b 45% Sage. DAF @ —LEfRjZEUiiH .

1. Sage FE UM IEE BT diet. Bem)ibih, 4R Sage fififf] Python. IPython, PARI. GAP. Singular.

Maxima, NTL. GMP %, {RAFGEBEMZAEN], FVENCEESTE Sage KA. H2, ZAEH]
He28 Sage ThfE, B4 Macaulay B¢ KASH, ARUAAIAH PR HLUNC 28223 T AH RAET «

2. Sage HYTiGIF —HEMICA (FTLATE Sage B W_E4RF]) AIRE LIS IUA SR By RS et . R R E

SEHHETT sage.

WARAREEE ] SageTeX 4, (AVFRHF Sage THELE R A S LaTeX SCH), ARFFELL TeX AT 5
SageTeX. 527 Sage L4581 R “ik TeX H 5] SageTeX” =5 (3X4£$#: . /installation/index.html
SN L3660 ) o HSL AR ot AR N TR ZR B — AR B i A il — A O3 TeX 8 & H %
s

n fa] i B SageTeX ) 3¢ #Y4 {/ T $SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/, Ik
7 $SAGE_ROOT” FHAY /& Sage HIZ3E H 3%, Bl /opt/sage-9.6.

1.2 {#£F Sage K HE
Sage 7] DA T Z R =06 H -

» Notebook E|JER i : 121T sage -n jupyter; 155 Jupyter 15 2E LAY,
o 1 Shell: 52 5 2 X Shell,

© GWTRYE: 1E Sage MRSMRABIENET (WHH 050l o Sage I FIAIE HiF K D)
© ST S Sage PRI Python A (B TIK = Python/Sage 1 4.

1.3 Sage HJixHiB#x

« S2: Sage () HARSZ AR EFE: I BA2EE (ORI AR ) . BUTFIBFREA K . B AERR LT DA
TERERMERAE. U, ot B BUEIT RS HEAA 4K Sage BEMSHS B A o 7 (4t
bl e EOOE R R M o

o FAK: Sage dBRPH. BT EEMRAIBEAG M, W GMP. PARI. GAP I NTL, [K 7R S8
AR P

o BIFIR: TR gt BT, H T A TR R GRS bria e, H R B it T . 1k
N Z AT 40 5 R s e T PSR IR A B FE L, P N IZ RS 8 1 R T A SCRY A R AR ok
PRAR TR AR . WRAE L RS SO BT Sage BEATITHR, BB RAUGZE T AT B 1771 Sage K H T JiAt
i, AREE 2] DR AN E 87 40 A& VR (8 H 19 Sage iAo

o YT 4aik: Sage Wizg TMIEACI 2w, &M T Linux, OS X F1 Windows ] 7, X {15 B RS
MR

o P AL RZHHAMIT RV RS W AT, 155 PARI, GAP. Singular. Maxima, KASH,
Magma. Maple il Mathematica. Sage S7ESt— I RINA FrF 4 .

o CPYSFA: RMEERR. mARIERE. SE TSR, B KRERGIAE SEAHE.

o WP GBS E UHTR B R AL S N ERANRA:, RS Z R RAEIE S RS R,

o WPhf: Dite TR, SCRYRIERAL S T&F, I BRSO H P30k

1.1.


http://sagecell.sagemath.org
http://doc.sagemath.org/html/en/
../installation/index.html
https://jupyter-notebook.readthedocs.io/en/latest/notebook.html
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CHAPTER 2

4m
&

ARATRAFAR T Sage i — 2Lk, WERBIES S “Sage Mis”, %k BAERE “HAMTHIE... 77 Xk
HH LML, AN, AR nl AP (Sage ZHFHY, KW EHT ARGl R, IRTPAEE i selp
tE4%, 7r Sage Notebook FAz H. A HIHEATIL T

(1 SBARAE Sage Notebook T A FE HHAE, 1514 shift-enter HiBfTHI ABICH, . FEFE T shift-enter 27 Fi, 1R
HET AR A . TEHEE Mac [, RATREFS Z4% shift-return MAN/E shift-enter.,)

2.1 IH{E. FAFWER

Sage JLAS Ef# ] Python it s, PR HL Python AT I-BAEARRENS MR~ Sage.
Sage {fiffl = PEATIRIE . B ==, <=, >=, <}l > AT AL

sage: a = 5

sage: a

5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

>>> from sage.all import *
>>> a = Integer(5)

>>> a

5

>>> Integer (2) == Integer(2)
True

>>> Integer (2) == Integer (3)
False

&)
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(2 E70)
>>> Integer (2) < Integer(3)
True
>>> g == Integer (5)
True

Sage $R LA HA A 3

sage: 2**3 # ** means exponent

8

sage: 273 # ~ 1is a synonym for ** (unlike in Python)

8

sage: 10 % 3 # for integer arguments, % means mod, i.e., remainder
1

sage: 10/4

5/2

sage: 10//4 # for integer arguments, // returns the integer quotient
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372*4 + 2%

38

>>> from sage.all import *

>>> Integer (2) **Integer (3) # ** means exponent

8

>>> Integer (2) **Integer (3) # ~ is a synonym for ** (unlike in Python)

8

>>> Integer (10) % Integer (3) # for integer arguments, % means mod, i.e., remainder
1

>>> Integer (10)/Integer (4)

5/2

>>> Integer (10)//Integer (4) # for integer arguments, // returns the integer quotient
2

>>> Integer (4) * (Integer(10) // Integer(4)) + Integer(10) % Integer (4) == Integer (10)
True

>>> Integer (3) **Integer (2) *Integer (4) + Integer(2)sInteger(5)
38

8 3724 + 255 FAFEMFRANMTTRE PR TIZRERIT ;. A =TE FApay R iy eI’
4 TR LE -

Sage iR T VP2 W WHEAREG AR L8017

sage: sqrt (3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqgrt (3)

>>> from sage.all import *
>>> sqgrt (RealNumber ('3.4"))
1.84390889145858

>>> sin(RealNumber ('5.135"))
-0.912021158525540

>>> sin(pi/Integer (3))

8 Chapter 2. &%
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(B LE10)
{1/2*sqrt(3)

W g — TR, —SeReERab R E R E, MASEOME. EIRAEELTL, PTRAM % v
W0 (CHEE - ANERKNA numerical_approx, PREIN 5 n M), iXLEpREHEZ TS prec,
R SR ARG BEOI A, PAK digits, BPWERAG-TIEHEEEME: BRAKEEE N 53 fi7.

sage: exp(2)

en2

sage: n(exp(2))

7.38905609893065

sage: sqrt (pi) .numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

>>> from sage.all import *

>>> exp (Integer(2))

en2

>>> n(exp (Integer(2)))

7.38905609893065

>>> sqgrt (pi) .numerical_approx()
1.77245385090552

>>> sin(Integer (10)) .n(digits=Integer (5))
-0.54402

>>> N(sin(Integer (10)),digits=Integer (10))
-0.5440211109

>>> numerical_approx(pi, prec=Integer (200))
3.1415926535897932384626433832795028841971693993751058209749

>
o
e

Python ZaIASIAIET, ARG REAA —RR G2 KK, (BAEREENEN, — 14
"] ABRAFAT L Python JEA (i -

E

E

sage: a = 5 # a is an integer

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # now a is a rational number
sage: type(a)

<class 'sage.rings.rational.Rational'>
sage: a = 'hello' # now a is a string
sage: type(a)

€o00 "SER"Z

>>> from sage.all import *

>>> a = Integer(5) # a is an integer

>>> type (a)

<class 'sage.rings.integer.Integer'>

>>> a = Integer(5)/Integer (3) # now a i1s a rational number
>>> type(a)

<class 'sage.rings.rational.Rational'>

>>> a = 'hello' # now a is a string

>>> type (a)

€oo00 'BER'Z

21. BE. FXHEKR 9
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CIFENESEE S AR AR — A7 int 28828 e HAR Ak HBEORAT int.

2.2 RENEEB)
Sage A RN ESCR, AT PAE I 5 A RR Bl F LA B, SR TSN B ISR 1 -

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:
sage: tan (pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068

sage: 1 = (1-1log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)

0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log2)

log(2)

sage: maxima (log2) .float ()

.6931471805599453

sage: gp(log2)

0.6931471805599453094172321215 # 32-bit

0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py

&)
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<... 'function'>

sudoku (A)

Type:
Definition:

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:

matrix (27,9, [5,0,0, 5

14 115701
0,0,4,

OISIOI
0,0,0,
11570’

OI4I9I OIOIOI IOIOI
OVOIOI OIOIOV 21078I OIOIOI
0,3,0, 0,0,2,

22,9,
0,0,1
v 10,0,
0,0,31)

O O O O O O J o o
O O O N O w u o
O O O O O O O

O O Ul P O O O W b

w O O 0 © O Bk O v

o
€]

sudoku (A)

(o]
AN D> U0 W Wk, JCc ONDMO MO O O O
<N 0 Pk B> W W U P OO OO0 OO O O

W W 00 N 3 0 o b -
= o N oYy B 00 0w W
@0 P W J N D> W

U d W O P o DN
N O O oy 1 00 W b
W s o 0 U N - J 0

(% E50)

>>> from sage.all import *
>>> tan?
Type:
Definition:

<class 'sage.calculus.calculus.Function_tan'>

tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:

tan (pi)
0

tan (RealNumber ('3.1415"))
-0.0000926535900581913

tan (RealNumber ('3.1415") /Integer (4))
0.999953674278156

tan (pi/Integer (4))
1

tan (Integer (1) /Integer (2))
tan(1/2)

RR (tan (Integer (1) /Integer (2)))
0.546302489843790

>>> log2?

>>>

>>>

>>>

>>>

>>>

>>>

Type:
Definition:

<class
log2 (

'sage.functions.constants.Log2'>
[noargspec] )

(BT ID)

2.2. FRERERED

11
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(% 50

Docstring:
The natural logarithm of the real number 2.

EXAMPLES:
>>> log2
log2
>>> float (log2)
0.69314718055994529
>>> RR(log2)
0.693147180559945
>>> R = RealField(Integer (200)); R
Real Field with 200 bits of precision
>>> R(log2)
0.69314718055994530941723212145817656807550013436025525412068
>>> 1 = (Integer(l)-log2)/(Integer(l)+log2); 1
(1 - 1og(2))/(log(2) + 1)
>>> R(1)
0.18123221829928249948761381864650311423330609774776013488056
>>> maxima (log2)
log (2)
>>> maxima (log2) .float ()
.6931471805599453
>>> gp (log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
>>> sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku (A)
Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :
>>> A = matrix(ZZ,Integer(9), [Integer(5), Integer (0), Integer (0), Integer (0),Integer(8),
—Integer(0), Integer(0),Integer(4),Integer(9), Integer(0),Integer(0),Integer(0), Integer(5),
—Integer (0), Integer(0),

Ol3rol Or6l7l 3roror ’ 115701 0,0,0, Orolol OlOlOr 210787 Olorol

o,0,0, 0,0,0, 0,1,8 , 0,0,4, 1,5,0, ,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,31)
>>> A
[5 0008004 9]
[00O05000 3 0]
[0 6730000 1]
[1 5000000 0]
[000 20800 0]
[0000O0O0O0T1 8]
[7 0000415 0]
[03 000200 0]
[4 9005000 3]
>>> sudoku (A)
[51 3638724 9]
[84 95216 3 7]
[2 67 3 49581]
[1 584639 7 2]
[97 42183 6 5]

&)
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(% 50

[
[
[
[

N © 0 -
w D o ©

]
]
]
]

By 9 W
O W o N
= oo N o
0 = O
U Jd w O
o N B U
~ O =

Sage iRt T “Tab #b4x" TORE: A RKBHIRLAF i INEHET Tab B AN, WERAREA ca RIGHT
Tab, Sage £x{/R tachyon, tan, tanh, taylor. iX;2fr#k Sage k¥R AN LS X FRIGLTF 1

2.3 FEy. GEEF0THE
75 Sage PUE L MHIREL, T cer @94, HAEERASIRIEIEES . it

sage: def is_even(n):
50008 return n%2 == 0
sage: is_even(2)

True

sage: is_even(3)

False

>>> from sage.all import *
>>> def is_even(n):
return n%Integer (2) == Integer (0)
>>> is_even (Integer (2))
True
>>> is_even (Integer (3))
False

W WIRERWBIENA, WAl ESEARBIE _ATEIN=ZAA .0 WYWAEN, BIRENT
Eﬁﬁ:ﬁ%ﬂ’]?ﬁl&o TEXFPIEOL R, IHFEH AR B #7 [Return/Enter] M%ﬁ/\ SATIF S R R e o
AT EIREMASEIREL, R DAEEZ N, BN AER ] DAE — e BOAE . B, Wnifk
TH;E,divisor, muq:ﬁﬂﬂﬁéﬁiﬁ%kikﬂaj@ divisor=2,

sage: def is_divisible_by (number, divisor=2):
50008 return number$divisor ==

sage: is_divisible_by(6,2)

sage: is_divisible_by (6)

sage: is_divisible_by (6, 5)

>>> from sage.all import *

>>> def is_divisible_ by (number, divisor=Integer(2)):
.. return number$divisor == Integer (0)

>>> is_divisible_by (Integer (6), Integer(2))

True

>>> is_divisible_by (Integer (6))

True

>>> is_divisible_by (Integer(6), Integer(5))

False

P R, ARIE W] AR A E — e A SRR R E R A, ATARMERIF 45t EA]:

23. EH. ZEEHF0ite 13
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sage: is_divisible_by (6, divisor=5)

False

sage: is_divisible_by (divisor=2, number=6)
True

>>> from sage.all import *

>>> is_divisible_by (Integer(6), divisor=Integer(5))

False

>>> is_divisible_by (divisor=Integer (2), number=Integer (6)
True

f£ Python 1, ACRSHRA & R AE-5 BCHANTE = H IR MZE AR IR Fn . MR, AU R gl 2R,
it sE A, BN, PARRR—EER, BN return IR SEIES B HA T A2

sage: def even(n):

50008 v = []

IR for i in range(3,n):
et if 1 & 2 ==
e v.append (1)
58008 return v

Syntax Error:

return v

>>> from sage.all import *
>>> def even (n) :
v = []
for i in range(Integer(3),n):
if i % Integer(2) == Integer(0):
v.append (i)
return v
Syntax Error:
return v

UERARAE S T it sRAORE T DATE T AR

sage: def even(n):

e v = []

00 0S for i in range(3,n):
50008 if 1 & 2 ==
e v.append (i)
et return v

sage: even(10)

[4, 6, 8]

>>> from sage.all import *
>>> def even(n):

v = []

for i in range(Integer(3),n):

if i % Integer(2) == Integer(0):
v.append (1)

return v
>>> even (Integer (10))
[4, 6, 8]

FIRNTFES T FERZEUGI T, FTAATAFE R . (B2, R AE—AT BalcE 2B, -5 k-

14 Chapter 2. &%
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sage: a = 5; b=a + 3; ¢c = b"2; c

>>> from sage.all import *
>>> a = Integer(5); b = a + Integer(3); c = b**Integer(2); c
64

R AR AT AU B AT, T RAGE ) SCRHT -

>>> from sage.all import *
>>> Integer (2) + Integer (3)
5

1E Sage v, VRA] DAL PR AL X (AR T4, B, RIS —175 C++ 8¢ Java H1l for (i=0; 1<3;
i++) B

sage: for i in range(3):
et print (i)

>>> from sage.all import *
>>> for i in range (Integer(3)):
print (i)

TS 175 for (i=2;1<5; i++) &,

sage: for i in range(2,5):
e print (i)

>>> from sage.all import *
>>> for i in range (Integer(2),Integer(5)):
print (i)

BEASEEERIE K, BRI for (i=1;1<6;i+=2) &Y.

sage: for i in range(1,6,2):
50008 print (1)

23. EH. ZEEHF0ite 15
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>>> from sage.all import *
>>> for i in range (Integer (1), Integer(6),Integer(2)):
print (i)

EH AR A RO RS RS R R R Sage THRAECY . — M AT SR B UL A . T
T, FATRE =ATELIEL 6 1951, FHlAE—A-FIr ML 2k -

sage: for i in range(5):

25005 print ('%6s %6s %6s' % (i, i”*2, i~3))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

>>> from sage.all import *
>>> for i in range (Integer (5

)):
print ('%6s %65 26s' % (i, i**Integer(2), i**Integer(3)))

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

ﬁﬁgejgﬁgﬁﬂﬁiﬁlﬁ@*@%ﬂ%, Jiig B, e MEEXN R YIER. B, AT a2 R range f#H—
(IIE=S

sage: list (range(2,10))
[2, 3, 4, 5, 6, 7, 8, 91

>>> from sage.all import *
>>> list (range (Integer (2), Integer (10)))
(2, 3, 4, 5, 6, 7, 8, 9]

N AN IR S R

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x"3)]

>>> from sage.all import *

>>> v = [Integer(l), "hello", Integer(2)/Integer(3), sin(x**Integer(3))]
>>> v

[1, 'hello', 2/3, sin(x"3)]

W2 ARG S —HF, FIRIIRGEM 0 JF A,

sage: v[O0]
1
sage: v[3]

sin (x"3)

16 Chapter 2. &%




Sage #¥, R1THEZA 10.8

>>> from sage.all import *
>>> v[Integer (0) ]

1

>>> v[Integer (3)]

sin (x"3)

i 1en(v) KRB v KE, [ v.append (obd) REFXIGEEME] v KR, A del viil MER v 2
T0i -

sage: len(v)

4

sage: v.append(1l.5)

sage: Vv

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v([1]

sage: Vv

[1, 2/3, sin(x"3), 1.50000000000000]

>>> from sage.all import *
>>> len (v)

>>> v.append(RealNumber ('1.5"))

>>> v

[1, 'hello', 2/3, sin(x"3), 1.50000000000000]
>>> del v[Integer(1l)]

>>> v

[1, 2/3, sin(x"3), 1.50000000000000]

AN EEPEAREH 2 T (BRI . P T sUR T AR, (HEW A LR SRR
51 (RGIDAUEARAAR) :

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

=2

sage: dfe]

>>> from sage.all import *

>>> d = {'hi':-Integer(2), Integer(3)/Integer(8):pi, e:pi}
>>> d['hi']

=2

>>> dfe]

pi

ARIE T VABE 25 SRR A . il SR EPEBA N R e — s R BA , AT LATE BRI AN 41 ZRAR A Sage
FEFF. N, FATE L —DFon A n IE LIRS ENNEZEM 1ist JRAETR,

sage: class Evens(list):

et def _ init_ (self, n):

et self.n = n

et list.__init__ (self, range(2, n+l, 2))
e def _ repr_ (self):

et return "Even positive numbers up to n."

>>> from sage.all import *
>>> class Evens (list):

&)

23. EH. ZEEHF0ite 17
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(#z E70)
def _ init_ (self, n):
self.n = n
list.__init__ (self, range(Integer(2), nt+Integer(l), Integer(2)))
def _ repr_ (self):
return "Even positive numbers up to n."

__init_ JRAEQUE G AR LA R __repr JyAFTEIR G, ATHE _inic_ J5{ARYSE AT
M FEAAE R T HFA1E Bvens ARG

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

>>> from sage.all import *
>>> e = Evens (Integer (10))
>>> e

Even positive numbers up to n.

R, e BUNFANTE S _repr_ JIAITH. WERIRZEHTFIIE, W 1ist KA

sage: list (e)
[2, 4, 6, 8, 10]

>>> from sage.all import *
>>> list (e)
[2, 4, 6, 8, 101

FATE AT AT R IE n Q5 R —FEHAE e

sage: e.n
10
sage: e[2]
6

>>> from sage.all import *
>>> e.n

10

>>> e[Integer(2)]

6

2.4 BENHFRIRS
Sage HENSIEFT 20 5 BA R BOR BRI CIOT L, BUISRAEITRL. BT, BUMR RIS . 2 RH,

12 A Sage Constructions

TEFTA X B/ G, R A RS B var (.0 E X Bl

sage: u = var('u')
sage: diff(sin(u), u)
cos (u)

>>> from sage.all import *

>>> u = var('u')
GETH)
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Sage #¥, R1THEZA 10.8

(B LE10)
>>> diff (sin(u), u)

cos (u)

WERIEBE] NameError IR, RS HHEMHIR, 2H

241 RRHE
BRRELE

solve BT TRMTEL. MM, Hobm VB RIEHTR (7)) MR EkMIOERIEY solve
K28

Pt
o
Clt
&l
&
=
&

&
<
o
il

sage: x = var('x'")
sage: solve(x"2 + 3*x + 2, X)
[x == -2, x == -1]

>>> from sage.all import *

>>> x = var('x")

>>> solve (x**Integer(2) + Integer (3)*x + Integer(2), x)
[x == -2, x == —-1]

VRATPASR A —oC i, HMbAZ A A 24

sage: X, b, ¢ = var('x b c¢')
sage: solve([x"2 + b*x + ¢ == 0],x)
[x == -1/2*b - 1/2*sqgrt (b"2 — 4*c), x == -1/2*b + 1/2*sqrt (b"2 - 4*c)]

>>> from sage.all import *

>>> x, b, ¢ =var('x b c'")
>>> solve ([x**Integer (2) + b*x + ¢ == Integer(0)],x)
[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == -1/2*b + 1/2*sqrt (b"2 - 4*c)]

YRULAT ASK 2 o7 A :

sage: x, y = var('x, y')
sage: solve ([xt+ty==6, x-y==4], x, V)
[[x == 5, y == 1]]

>>> from sage.all import *

>>> x, y = var('x, y')

>>> solve ([xty==Integer (6), x-y==Integer(4)], x, y)
[[x == 5, v == 1]]

PATR 2 Jason Grout ${Itr\ (1 /1] Sage SRAFARLM T ARANRBI: HIE, FANFSAHRAFIZTTHRAL:

sage: var('x y p g')

(2, v, Pr Q)

sage: eql = p+g==9

sage: eg2 = g*yt+tp*x==-6

sage: eq3 = g*y"2+p*x"2==24

sage: solve(leql,eq2,eq3,p==11,p,d,%X,V)

[[p == 1, g == 8, x == —-4/3*sqrt (10) - 2/3, y == 1/6*sqgrt(10) - 2/3], [p == 1, g == 8, x == 4/
—3*sgrt (10) - 2/3, y == -1/6*sqgrt (10) - 2/31]

24. BEFRARBARRS 19
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>>> from sage.all import *

>>> var('x y p q')

(x, v, P, 9)

>>> egl = ptg==Integer (9)

>>> eq2 = g*ytp*x==-Integer (6)

>>> eqg3 = g*y**Integer (2)+p*x**Integer (2)==Integer (24)

>>> solve([eql,eq2,eq3,p==Integer(1)]1,p,d,%X,V)

[[p == 1, g == 8, x == —-4/3*sqrt (10) - 2/3, y == 1/6*sqgrt(10) - 2/3]1, [p == 1, g == 8, x == 4/
—3*sqrt (10) - 2/3, y == -1/6*sqrt (10) - 2/3]]

XEHFRAEE LR, AT DABEA -

sage: solns = solve([eql,eq2,eq3,p==1]1,p,d,%X,y, solution_dict=True)
sage: [[s[p].n(30), s[g]l.n(30), s[x].n(30), s[yl.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

>>> from sage.all import *
>>> solns = solve([eql,eq2,eq3,p==Integer(1l)],p,q,%,y, solution_dict=True)
>>> [[s[p].n(Integer(30)), s[g]l.n(Integer(30)), s[x].n(Integer(30)), s[y]l.n(Integer(30))] for s.
—in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],
[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(% 0 HITFATENEUMEIE DL, SECSREM L)

WEKRBRE

MW, solve ik EHRE AL PR HORGHAME . BEMIATAGEN] £ind_root $RENBEME. BIAN, solve
X PATR D5 REAT 1R [T A 5 SR 2R

sage: theta = var('theta')
sage: solve(cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

>>> from sage.all import *

>>> theta = var('theta')

>>> solve (cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

F3—J5T, ATPAGE £ind_root FEX[H] 0 < ¢ < /2 WHE] LA FRHIfF:

sage: phi = var('phi')
sage: find_root (cos(phi)==sin(phi),0,pi/2)
0.785398163397448...

>>> from sage.all import *

>>> phi = var('phi')

>>> find_root (cos (phi)==sin(phi), Integer (0),pi/Integer (2))
0.785398163397448...
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24.2 5. R kEA
Sage AT DAXIVFZ BREGHATIO M FIAR G« BlA0, X sin(w) FHXST w ARG, AT RAIXARAE:

sage: u = var('u')
sage: diff (sin(u), u)
cos (u)

>>> from sage.all import *
>>> u = var('u')

>>> diff (sin(u), u)

cos (u)

T sin(2?) PB4

sage: diff (sin(x"2), x, 4)
16*x"4*sin (x72) — 48*x"2*cos (x"2) — 12*sin (x"2)

>>> from sage.all import *
>>> diff (sin(x**Integer(2)), x, Integer(4))
16*x"4*sin (x"2) — 48*x"2*cos (x"2) — 12*sin(x"2)

A RRTE 2% + 17y HRET 2 1y e S5

sage: x, y = var('x,y")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

2*%x

sage: f.diff (y)

34*y

>>> from sage.all import *

>>> x, y = var('x,y")

>>> f = x**Integer(2) + Integer(1l7)*y**Integer(2)
>>> f.diff (x)

255

>>> f.diff (y)

34*y

R ARGHERYY, ERERARERY. W [osin@?) de fl [ £ de

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1log(2)

>>> from sage.all import *

>>> integral (x*sin(x**Integer(2)), x)

-1/2*cos (x"2)

>>> integral (x/ (x**Integer (2)+Integer (1)), x, Integer(0), Integer (1)
1/2*1og(2)

T g W o

sage: £ = 1/ ((1+x)*(x-1))
sage: f.partial_fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

24. EXERMABERS 2




Sage #i#2, Z1ThR# 10.8

>>> from sage.all import *

>>> f = Integer(l)/((Integer (l)+x)* (x-Integer(l)))
>>> f.partial_fraction(x)

-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 RBWMHHE
YRATPAM Sage SRBFSEH B IR KIETHE 2" + 2 —1=0:

sage: t = var('t'") # define a variable t

sage: x = function('x"') (t) # define x to be a function of that variable
sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e”t)*e” (-t)

>>> from sage.all import *

>>> t = var('t") # define a variable t

>>> x = function('x'") (t) # define x to be a function of that variable
>>> DE = diff(x, t) + x - Integer(l)

>>> desolve (DE, [x,t])

(_C + e™t)*e” (-t)

X HLE ] Sage 15 Maxima [Max] (4% 111, PRICHC i G AT RELS oAt Sage %y A BTR I ETEZRBI, f6h #0R
M IR — R 2(t) = e '(e' + ).

PRI AV SR R As e s T 2’ — sin(t) AR HniAs e n -

sage: s = var("s")
sage: t = var("t")
sage: f = t"2%exp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s”2 + 1) + 2/(s - 1)"3

>>> from sage.all import *

>>> s = var("s")
>>> t = var("t")
>>> f = t**Integer(2)*exp(t) — sin(t)

>>> f.laplace (t,s)
-1/(s%2 + 1) + 2/(s - 1)"3

DX HUR— AN R Bl o 2o O FESE B 55 b BORE A s sl i P15 (275

[ == \/\N/\/\/\===Imassl|-——-\/\/\/\/\/-——-|mass2|
springl spring?2

1 ) A 2 A
mlx’{ + (l{?l + k‘g)l’l — koxo =0
mowy + ka(xg — 1) =0,
Sk m AN RO, o SRR P AIES, b IS | AL,

Bl B Sage SRR SR IURE, Jobtmy = 2, ma = 1, by = 4, ks = 2, 21(0) = 3, 24(0) = 0, 22(0) = 3,
(0) = 0.

fif: WH AT REBATRE R (55 2 = 21,y = 22):
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sage: t,s = SR.var('t,s")

sage: x = function('x")

sage: y = function('y')

sage: f = 2*x(t).diff(t,2) + 6*x(t) — 2*y(t)

sage: f.laplace(t,s)

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) —-

—2*D[0] (x) (0)

>>> from sage.all import *

>>> t,s = SR.var('t,s')

>>> x = function('x'")

>>> y = function('y'")

>>> f = Integer(2)*x(t).diff (t,Integer(2)) + Integer(6)*x(t) - Integer(2)*y(t)

>>> f.laplace (t,s)
2*s”2*laplace(x(t), t, s) — 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) —-
—2*D[0] (x) (0)

i th EORMEDABY 2, (HHER
—227(0) 4 252 - X (s) — 252(0) — 2Y(s) + 6X (s) = 0

(CHer/NE RREN @ (t) MRS RO R S R X () o A3 AN e T s f s it

sage: de2 = maxima("diff(y(t),t, 2) + 2*y(t) — 2*x(t)")
sage: lde2 = de2.laplace("t","s"); lde2.sage()
s*2*laplace(y(t), t, s) - s*y(0) - 2*laplace(x(t), t, s) + 2*laplace(y(t), t, s) — DI[O0] (y) (0)

>>> from sage.all import *

>>> de2 = maxima ("diff(y(t),t, 2) + 2*y(t) - 2*x(t)")

>>> lde2 = de2.laplace("t","s"); lde2.sage()

s*2*laplace(y(t), t, s) - s*y(0) - 2*laplace(x(t), t, s) + 2*laplace(y(t), t, s) - DI[0] (y) (0)
XN

~Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

ARG AT 2(0), 27(0), y(0), H y'(0), FHRMHFAHIATrE:

sage: var('s X Y'")

(s, X, Y)
sage: egns = [(2*s"2+6)*X-2*Y == 6*s, -2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s"4 + 5*s*2 + 4),
Y == 3*(s”3 + 5*s)/(s"4 + 5*s"2 + 4)]1]

>>> from sage.all import *
>>> var('s X Y'")

(s, X, Y)
>>> eqns = [ (Integer (2)*s**Integer (2)+Integer (6))*X-Integer (2)*Y == Integer(6)*s, —-Integer (2)*X_
—+ (s**Integer (2) +tInteger (2))*Y == Integer(3) *s]
>>> solve (egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s"4 + 5*s*2 + 4),
Y == 3*(s"3 + 5*s)/(s"4 + 5*s7°2 + 4)]]

SR P 1A 300 7t o S0 A B T A5 ) 5 5
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sage: var('s t')
(s, t)
sage:
cos(2*t) + 2*cos (t)
sage:

—cos (2*t) + 4*cos (t)

inverse_laplace((3*s"3 + 9*s)/(s"4 + 5%s”2 + 4),s,t)

inverse_laplace ((3*s"3 + 15*%*s)/(s"4 + 5*s”2 + 4),s,t)

>>> from sage.all import *

>>> var('s t')
(s, t)

>>> inverse_laplace ((Integer (3) *s**Integer (3)
—Integer (5) *s**Integer (2) + Integer(4)),s,t)
cos (2*t) + 2*cos(t)

>>> inverse_laplace ((Integer (3) *s**Integer (3)
—Integer (5) *s**Integer (2) + Integer(4)),s,t)

—-cos (2*t) + 4*cos(t)

+ Integer(9) *s)/ (s**Integer (4) +_

+ Integer(15)*s)/(s**Integer (4) +_

L,

x1(t) = cos(2t) + 2 cos(t),

] A 2807 22 i ek B 1R

x2(t) = 4 cos(t) — cos(2t).

sage: t = var('t'")

sage: P = parametric_plot ((cos(2*t) + 2*cos(t),
..... (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show (P)

4*cos (t) - cos(2*t) ),

>>> from sage.all import *

>>> t = var('t")
>>> P = parametric_plot ((cos (Integer (2)*t)
—cos (Integer (2)*t) ),

(tl

>>> show (P)

Integer (0), Integer(2)*pi),

+ Integer (2) *cos(t),

Integer (4) *cos (t) —o

rgbcolor=hue (RealNumber ('0.9")))

AT AT T2 P R 4 PR

sage: t = var('t'")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

>>> from sage.all import *
>>> t = var('t"')

plot (cos (Integer (2) *t)
—rgbcolor=hue (RealNumber ('0.3")))
plot (Integer (4) *cos (t)
—rgbcolor=hue (RealNumber ('0.6")))

>>> pl =

>>> p2 =

>>> show (pl + p2)

+ Integer (2) *cos(t),

- cos (Integer(2)*t),

(t, Integer (0), Integer(2)*pi),.-

(t, Integer (0), Integer(2)*pi),_

AREEEZEL,

B WRE . AR TRNEZER,

% W, [NagleEtA12004] %5 5.5 %5
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2.4.4 BRELEKRMENM S HEA

TE F— RO, BATRRER WA R — A B e . e mlii— T —M R A . 45E
HE PR TE R

y = f(z,y), yla)=c,

FMTEARBIAE © = b ALRIERME, HA b > a.
e JBSL S 2 S

oy y@+h) —y(z)
Yy(@)m =,

ol h > 02— A48 BBUINOEL. S5 G BT AR E] [ (e, y(o)) ~ L@ gk y(o + h):
y(@+h) = y(z) + h- f(2,y(@)).

WERFAE b - f(2,y(2) Ry “ROEI” (RUABCAEGFRIAHR) 18 y(2) B850 “y BIRME", 2 y(x + h) FR
H Sy BEHE” . IRAXAART AR N

Ynew =~ Yold + h- f(ma yold)-

WERFATIEM @ B b KR n 2B, {73 h = 220 AR AFRAT AT ATER PL SR R L o

a c h- f(a,c)
a+h c+h- f(a,c)
a+ 2h

b=a+nh 277

M AR R TRBR A= H, JEIRA?? &ZH, KR HLERT y(b) BIITUE.

SRIG s I RE AR SEAE 5 22 20l

Bl B 2(8) 1 t = 1 AROME, SERIRRGIARY 4 2008, Hdp 2" +12' +2=10,2(0) = 1,2(0) = 0,
FATLAR I S R — B E S R (B 2 = 2,y = 2') IFMHEGEA:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens()

sage: £f =y; g=-x -y *t
sage: eulers_method_2x2(f,qg, 0O, 1, 0, 1/4, 1)
t X h*f(t,x,vy) y h*g(t, x,vy)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

>>> from sage.all import *
>>> t,x,y = PolynomialRing(RealField (Integer(10)),Integer(3),"txy") .gens ()
>> f =y; g=-x -y *t
>>> eulers_method_2x2 (f,g, Integer(0), Integer(l), Integer(0), Integer(l)/Integer (4),.
—Integer (1))
t x h*f(t,x,vy) y h*g(t, x,vy)

&)
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(% L350
0 1 0.00 0 =025
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 =0,42 -0.48 =047
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

L, 2(1) ~ 0.65.

FATE T AL 5 (2, y) PATRAT IR IR A AT . %K eulers_method_2x2_plot FFATILERAE: T (]
B, BAOTHEESCRE f g, BN — DA = MRS @ 2y,

sage: f = lambda z: z[2] #t £(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y) = —sin(x)
sage: P eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

>>> from sage.all import *

>>> f = lambda z: z[Integer(2)] # f(t,x,y) =y

>>> g = lambda z: -sin(z[Integer(1)1]) # g(t,x,y) = —sin(x)

>>> P = eulers_method_2x2_plot (f,g, RealNumber ('0.0'), RealNumber ('0.75'), RealNumber ('0.0"),._
—RealNumber ('0.1'"), RealNumber ('1.0"))

UL, B A7 T PIANE S pro), o AT ¢ B, PAR P r1Y, y M T ¢ B FRAT AT ATE 1 40T AU X
-E

[sage: show (P[0] + P[1])

>>> from sage.all import *
>>> show (P[Integer (0)] + P[Integer(l)])

(AXZHWEZER, WEeE.)

2.4.5 HREE

Sage 71| Ji] PARI [GAP] Hl Maxima [Max] , SCHL T 2 FPIE 22 WA FIRFIR R AL X LERRETE Sage 275 F A
RERsy (“IEAZZ T A RRIRERE”) A TR SRS

sage: x = polygen (QQ, 'x')

sage: chebyshev_U (2, x)

4*x72 — 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel _TI(1,1).n()

0.565159103992485

sage: bessel _I(2,1.1).n()

0.167089499251049

>>> from sage.all import *

>>> x = polygen(QQ, 'x'")

>>> chebyshev_U(Integer (2),x)

4*x"2 - 1

>>> bessel_I(Integer(l),Integer(l)) .n(Integer (250))
0.56515910399248502720769602760986330732889962162109200948029448947925564096
>>> bessel_TI(Integer(l),Integer(1l)) .n()

0.565159103992485

>>> bessel_I(Integer(2),RealNumber('1.1")) .n()

0.167089499251049
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LI, Sage {UCRFX L s BRI T RUE G o« XTAFS R, 5 B Maxima 10, WIPARR B

sage: maxima.eval ("f:bessel_y (v, w)")

'bessel_y (v, w) "'
sage: maxima.eval ("diff (f,w)")
' (bessel_y (v-1,w)-bessel_y (v+l,w))/2"'

>>> from sage.all import *
>>> maxima.eval ("f:bessel_y (v, w)")
'bessel_y (v, w)'

>>> maxima.eval ("diff (f,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

2.4.6 MERNMRY

Z: I, Vector Calculus Tutorial.

2.5 £HF
Sage T DA J— 4 A1 = 2 B .

251 “4EH

TE Y, Sage n[DALHIR . LM ZihIE; FEEH AR P LT R ; B0 DAL TR AR Fe R
FUCHIAI. ASCRER T3 FRISEERI T 0] Sage BN HL BT, 5 WA it 7 12
FMaxima, VAR Sage Constructions SCHY .

A — M T RS 1 s R -

sage: circle((0,0), 1, rgbcolor=(1,1,0))

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),Integer(0)))
Graphics object consisting of 1 graphics primitive

PRI AT A B — AN EFE Y [ -

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),Integer(0)),_
—fill=True)

Graphics object consisting of 1 graphics primitive

AR T VAT K7 (R 25 2 R B B 5 TCREMUAN S 15 22 1 1 oF -

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0)) ]

>>> from sage.all import *
>>> ¢ = circle((Integer (0),Integer (0)), Integer(l), rgbcolor=(Integer (l),Integer(l),Integer(0)))

BARLHIE, WA c.show () B show(c), WIFHI/R:
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[sage: c.show ()

>>> from sage.all import *
>>> c.show ()

Ee fffﬁ c.save ('filename.png') L ERFERN4 E A
AR, X 7 BRI, BOAARPREE BN R . AR AT DA A XA ) A -

[sage: c.show (aspect_ratio=1)

>>> from sage.all import *

>>> c.show (aspect_ratio=Integer (1)

iy 4 show(c, aspect_ratio=1) AJ PASE KA AL F1E, K& IR0l A c.save('filename.png',
aspect_ratio=1)€%f?5”#o

L BEA R A S -

sage: plot (cos, (-5,5))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (cos, (—-Integer(5),Integer(5)))

Graphics object consisting of 1 graphics primitive

— BARIRE TAERAFR, ARIEN] AR S B IEE |

sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> x = var('x"'")

>>> parametric_plot ((cos(x),sin(x)**Integer(3)), (x,Integer (0), Integer (2) *pi),
—rgbcolor=hue (RealNumber ('0.6")))

Graphics object consisting of 1 graphics primitive

:ﬁf&gm FA 24 5 A TR RO P R AL, B R A A5, F BT AR H ORI B RT RE 2 66 Y

sage: plot (x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (x**Integer(2), (x,Integer (300), Integer (500)))
Graphics object consisting of 1 graphics primitive

PRAT AR 24~ R AT IR R I AL 7 — e -

sage: x = var('x")
sage: pl = parametric_plot ((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot ((cos(x),sin(x)"2), (x,0,2*pi), rgbcolor=hue(0.4))

sage: p3 = parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue(0.6))
sage: show(pl+p2+p3, axes=false)
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>>> from sage.all import *

>>> x = var('x")

>>> pl = parametric_plot ((cos(x),sin(x)), (x, Integer (0), Integer(2) *pi), rgbcolor=hue (RealNumber (
—'0.2")))

>>> p2 = parametric_plot ((cos(x),sin(x)**Integer(2)), (x,Integer(0),Integer(2)*pi),
—rgbcolor=hue (RealNumber ('0.4")))

>>> p3 = parametric_plot ((cos(x),sin(x)**Integer(3)), (x,Integer(0),Integer(2)*pi),
—rgbcolor=hue (RealNumber ('0.6")))

>>> show (pl+p2+p3, axes=false)

A IR TR — A B LR USSR ORBI L), SRS polygon fiv422 il i ix 26 s b a2 S )
AR fn, R = A

sage: L = [[-1l+cos(pi*1/100)* (1+cos(pi*i/100)),

PR 2*sin(pi*1/100) * (1-cos (pi*i/100))] for i in range (200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> L = [[-Integer(l)+cos(pi*i/Integer(100))* (Integer (1) +cos(pi*i/Integer(100))),

. Integer (2) *sin(pi*i/Integer (100)) * (Integer (1) —cos (pi*i/Integer (100)))] for i in..

—range (Integer (200)) ]

>>> p = polygon (L, rgbcolor=(Integer(l)/Integer (8),Integer (3)/Integer (4),Integer(l)/Integer(2)))
>>> p

Graphics object consisting of 1 graphics primitive

i\ show (p, axes=false) RArH BA LA ALFREHVETE
AR] DA i) P FE HR i SCA

sage: L = [[6*cos(pi*i/100)+5*cos((6/2)*pi*i/100),

e 6*sin(pi*1i/100)-5*sin((6/2)*pi*1/100)] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

>>> from sage.all import *

>>> L = [[Integer (6)*cos(pi*i/Integer (100))+Integer (5)*cos((Integer (6)/Integer(2)) *pi*i/
—Integer(100)),

. Integer (6) *sin(pi*i/Integer (100)) -Integer (5) *sin((Integer (6) /Integer (2)) *pi*i/

—Integer (100))] for i in range (Integer (200))]

>>> p = polygon (L, rgbcolor=(Integer(l)/Integer(8),Integer(l)/Integer (4),Integer(l)/Integer(2)))
>>> t = text ("hypotrochoid", (Integer(5),Integer(4)), rgbcolor=(Integer(l),Integer(0),

—Integer (0)))

>>> show (ptt)

RV A T AE TR 22 HILAR B+ arcsin fZNJEI0: Bl y = sin(z) X o 78 —2m 0 2m IXTR] AR,
FlZE 45 FEELBIHE . AT Sage fir T BLIETE |

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> v = [(sin(x),x) for x in srange (-Integer(2)*float (pi), Integer (2)*float (pi),RealNumber ('0.1
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(#z E70)
—'))1
>>> line (v)

Graphics object consisting of 1 graphics primitive

EET;EI;? BRI IR X R OS2, A SRR AR (R 52 5 22 Tl S VIR RS, RV 12 5 3 x i) e K
B/ MEFR:

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float(pi), 0.01)]
sage: show(line(v), xmin=-20, xmax=20)

>>> from sage.all import *

>>> v = [(tan(x),x) for x in srange (-Integer(2)*float (pi),Integer (2)*float (pi),RealNumber ('0.01
—'))1]
>>> show(line(v), xmin=-Integer (20), xmax=Integer (20))

Sage I RETHEARAR KR . REERIEAN G EIA M (AR AL R ) o X LR — MR ) 1

sage: f = lambda x,y: cos(x*y)
sage: contour_plot (f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> f = lambda x,y: cos(x*y)

>>> contour_plot (£, (-Integer(4), Integer(4)), (-Integer(4), Integer(4)))
Graphics object consisting of 1 graphics primitive

2.5.2 =4ER

Sage i T DA TR =4EEJE . 7 notebook I REPL Hr | 33X £8 B JERE BRI I FF IR AR 44 [Three) ST 7R, %
AR SR B ) B 5 L A i T B E

] plot3d Z2HIEM f(z,y) = = KR EAIR

sage: x, y = var('x,y")
sage: plot3d(x"2 + y*2, (x,-2,2), (y,-2,2))
Graphics3d Object

>>> from sage.all import *

>>> x, y = var('x,y")

>>> plot3d(x**Integer (2) + y**Integer(2), (x,-Integer(2),Integer(2)), (y, Integer(2),
—Integer(2)))

Graphics3d Object

s, WRATPAMEH parametric_plot3d £HlS M, HPHA 2y, 2 H— PP EE GEEZ uflv)
B RR B R - BT RTE AT LS B3R R

sage: u, v = var('u, v')

sage: f_x(u, v) = u
sage: f_y(u, v) = v
sage: f_z(u, v) = u"2 + v"2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object
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>>> from sage.all import *

>>> u, v = var('u, v')

>>> _ tmp_ _=var("u,v"); f_x = symbolic_expression (u).function (u,v)

>>> _ tmp__=var("u,v"); f_y = symbolic_expression(v).function (u,v)

>>> _ tmp_ =var("u,v"); f_z = symbolic_expression(u**Integer(2) + v**Integer(2)).function(u,v)

>>> parametric_plot3d([f_x, f_y, f_z], (u, -Integer(2), Integer(2)), (v, —-Integer(2),.
—Integer(2)))
Graphics3d Object

1t Sage F22x 1| 3D I 1955 =Rk implicitylot3d, "ELHIEAN f(z,y, 2) = 0 WeRELAYRRER (X E LT
—H) o FAVE Z I A KL — A Bhfh

sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x"2 + y"2 + z"2 - 4, (x,-2, 2), (v,~2, 2), (z,-2, 2))
Graphics3d Object

>>> from sage.all import *

>>> x, y, z =var('x, y, z')
>>> implicit_plot3d(x**Integer (2) + y**Integer(2) + z**Integer(2) - Integer(4), (x,-Integer(2),.
—Integer(2)), (y,-Integer(2), Integer(2)), (z,-Integer(2), Integer(2)))

Graphics3d Object

T E 2 BT
Yellow Whitney’s umbrella:

sage: u, v = var('u,v')

sage: fx = u*v

sage: fy = u

sage: fz = v"2

sage: parametric_plot3d([fx, fy, fzl, (u, -1, 1), (v, -1, 1),
5000 8 frame=False, color="yellow")

Graphics3d Object

>>> from sage.all import *
>>> u, v = var('u,v'")

>>> fx = u*v

>>> fy = u

>>> fz

v**Integer (2)

>>> parametric_plot3d([fx, fy, fzl, (u, —-Integer(l), Integer(l)), (v, —-Integer(l), Integer(l)),
frame=False, color="yellow")

Graphics3d Object

Cross cap:

sage: u, v = var('u,v')

sage: fx = (l+cos(v)) *cos (u)

sage: fy = (l+cos(v)) *sin(u)

sage: fz = -tanh((2/3)* (u-pi)) *sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

e frame=False, color="red")
Graphics3d Object

>>> from sage.all import *
>>> u, v = var('u,v')
>>> fx = (Integer(l)-+cos(v)) *cos (u)

(& F )
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(#z E70)

>>> fy = (Integer(l)-+cos(v)) *sin (u)
>>> fz = -tanh((Integer (2)/Integer (3))* (u-pi)) *sin(v)
>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),.
—Integer (2) *pi),

frame=False, color="red")
Graphics3d Object
FRER -
sage: u, v = var('u,v"')
sage: fx = (3+sin(v)+cos(u)) *cos(2*v)
sage: fy = (3+sin(v)+cos(u))*sin(2*v)
sage: fz = sin(u)+2*cos(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
e frame=False, color="red")
Graphics3d Object
>>> from sage.all import *
>>> u, v = var('u,v'")
>>> fx = (Integer (3)+sin(v)+cos(u)) *cos (Integer (2)*v)
>>> fy = (Integer (3)+sin(v)+cos(u)) *sin(Integer (2) *v)
>>> fz = sin(u)+Integer (2) *cos (v)
>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),._
—Integer (2) *pi),

frame=False, color="red")
Graphics3d Object
R -
sage: x, y, z = var('x,y,z")
sage: f(x, y, z) = 4*x"2 * (x"2 + y"2 + 272 + z) + y2 * (y'2 + z72 — 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object
>>> from sage.all import *
>>> x, y, z = var('x,y,z")
>>> _ tmp_ =var("x,y,z"); f = symbolic_expression(Integer (4)*x**Integer (2) * (x**Integer(2) +._

—y**Integer (2) + z**Integer(2) + z) + y**Integer(2) * (y**Integer(2) + z**Integer(2) -
—Integer(1))) .function(x,y,z)

>>> implicit_plot3d(f, (x, —-RealNumber('0.5"), RealNumber('0.5')), (y, —-Integer(l), Integer(l)),
— (z, —-Integer(l), Integer(l)))

Graphics3d Object

2.6 #= 0 FE$0) =

EXRE LT E (B, AT Mo sLer) vJieaedS AR, A1 7E AR i — Lol ¢ ).,
PAR 2 JLFR ] AREFR N “BREL BYE ik

1. E X —~ Python pR#L, W40, 48t Foit i PR, XL BT AR, (EAREHE i Bl

sage: def f(z): return z"2
sage: type (f)

<... 'function'>

sage: f (3)

&)
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(# E30)
9
sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> def f(z): return z**Integer (2)
>>> type (f)
<... 'function'>

>>> f (Integer (3))

9

>>> plot (f, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

BEIG—ITEE. i plot (F(z), 0, 2) £k NameError, FN z & £ EXHFH—NELAEE, 7
E L ZHMRIE Lo N T REREAE plot x>l £(2), T2 =z (BOLMETFRNE) & A8 &, FRATATPA
RIS, BCE SRR s Rk

sage: var('z") # define z to be a variable

zZ

sage: f(z)

z"2

sage: plot (f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> var('z") # define z to be a variable

zZ

>>> f(z)

z"2

>>> plot (f(z), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

B, £ (2) BTN, RIFATEE T REN LR ITIE.
2. XA AT AR S RIBAT . X RRX T A RS

sage: g(x) = x"2

sage: g # g sends x to x"2
X |—-—> x"2

sage: g (3)

9

sage: Dg = g.derivative(); Dg

R [==> 2%x

sage: Dg(3)

6

sage: type(qg)

<class 'sage.symbolic.expression.Expression'>
sage: plot (g, 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> _ tmp_ _=var("x"); g = symbolic_expression (x**Integer (2)) .function (x)
>>> g # g sends x to x"2
X |=-=> x"2

>>> g (Integer (3))
9
(25 N30
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(#z E70)
>>> Dg = g.derivative(); Dg
RO|==> 2%x%
>>> Dg (Integer(3))
6
>>> type (g)
<class 'sage.symbolic.expression.Expression'>
>>> plot (g, Integer(0), Integer(2))
Graphics object consisting of 1 graphics primitive

HE, B o BT ERAN, Hoe) 2 MHREAFRZEMNR, REAE— L, (1
EWMATARERE] . HoraE WS IR SORRIES S A

sage: g(x)

x"2

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative ()

2758

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> g (x)

x"2

>>> type (g (x))

<class 'sage.symbolic.expression.Expression'>

>>> g(x) .derivative ()

255

>>> plot (g(x), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

3. FETIE X Sage” WA BB X LEpR BT AR, EURS I Bl ] CAREA T R 2

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot (sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> type (sin)

<class 'sage.functions.trig.Function_sin'>

>>> plot (sin, Integer (0), Integer (2))

Graphics object consisting of 1 graphics primitive
>>> type (sin(x))

<class 'sage.symbolic.expression.Expression'>

>>> plot(sin(x), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

B sin NRERRY, EDARERE cos.

sage: f = sin
sage: f.derivative()
(ZEF )
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(% 50

Traceback (most recent call last):

AttributeError:

>>> from sage.all import *

>>> f = sin

>>> f.derivative()

Traceback (most recent call last):

AttributeError:

M £ = sin(x) B sin WAIAT, EHEEFRIFEAEER BN £ (x) = sin(x) HE L—AHHR A5

sage: S(x) = sin(x)
sage: S.derivative ()
X |-—> cos (x)

>>> from sage.all import *

>>> _ tmp__=var("x"); S = symbolic_expression(sin(x)) .function (x)
>>> S.derivative()

X |——> cos (x)

PATR S AL v R LR -
4. AU T

sage: def h(x):

et if x<2:

et return 0
et else:

00008 return x-2

>>> from sage.all import *
>>> def h(x):
if x<Integer(2):
return Integer (0)
else:
return x-Integer (2)

@l plot (h(x), 0, 4) Z2HIMEHL y=12—2, MAZH hE LB R JRHE, fEfm4 plot (h(x),
0, 4) 1, HRPIITh(x), XEEEFITFEAE < HBARE . HIL, A% x < 2 BRMITEE False,
I h(x) &80T x - 2. ATDAEE DA R T EE RIS R

sage: bool(x < 2)
False

sage: h (x)

X - 2

>>> from sage.all import *
>>> bool (x < Integer(2))
False

>>> h(x)

x = 2
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R, AR < T ESCR%Ch (1 Python A8 s (TEHE LA 2 JRHY) Al Sage J5 gl Jil i)

e 1 PR L
’/ﬁr—?‘gg Xo

RS AREEH] plot (h(x), 0, 4); Il

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (h, Integer(0), Integer (4))
Graphics object consisting of 1 graphics primitive

5. FAN AR AR R AL

sage: f = x

sage: g = f.derivative()
sage: g

1

>>> from sage.all import *
>>> f = x

>>> g = f.derivative()

>>> g

M DA g 3) NP, &iREl—AN5E%, #2787 ValueError: the number of arguments must be less than or equal to
0.” o

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type (q)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *

>>> type (f)

<class 'sage.symbolic.expression.Expression'>
>>> type (g)

<class 'sage.symbolic.expression.Expression'>

g AERREL, TR, BriAVE SR R R, ARERHET AR .
fRORIT S A LIPS
o B £ ESCNATSFRIA

sage: f(x) = x # instead of 'f = x'
sage: g = f.derivative()

sage: g

X |=-—> 1

sage: g (3)

1

sage: type(qg)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *
>>> _ tmp_ =var("x"); f = symbolic_expression (x ) .function (x) # instead of 'f = x
>>> g = f.derivative()

(HEF5D)
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(2 E70)

>>> g
X |=-—> 1
>>> g (Integer (3))
1
>>> type (g)
<class 'sage.symbolic.expression.Expression'>

o RHEWE £ WIRIAE X, o 8 UHIFSRB.
sage: f = x
sage: g(x) = f.derivative() # instead of 'g = f.derivative()'
sage: g
x |I=——> 1
sage: g (3)
1
sage: type (g)
<class 'sage.symbolic.expression.Expression'>
>>> from sage.all import *
>>> f = x
>>> _ tmp_ =var("x"); g = symbolic_expression (f.derivative () ) . function (x) # instead of 'g = f.
—derivative()'
>>> g
x |——> 1
>>> g (Integer (3))
1
>>> type (g)
<class 'sage.symbolic.expression.Expression'>

o MELRE £ F g WIRLGE L, HEE TR AR .
sage: f = x
sage: = f.derivative()
sage: g
1
sage: g(x=3) # instead of 'g(3)'
1
>>> from sage.all import *
>>> f = x
>>> g = f.derivative()
>>> g
1
>>> g (x=Integer(3)) # instead of 'g(3)'
1
B, WAAB—MIEARSG £ = < fl £(x) = x 54
sage: f(x) = x
sage: g = f.derivative()
sage: g.variables() # the variables present in g
()
sage: g.arguments() # the arguments which can be plugged into g
(x,)
sage: f = x
sage: = f.derivative ()

(B R )
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sage: h.variables ()
()
sage: h.arguments()

0

>>> from sage.all import *

>>> _ tmp_ =var("x"); f = symbolic_expression (x).function (x)
>>> g = f.derivative()

>>> g.variables() # the variables present in g

()

>>> g.arguments () # the arguments which can be plugged into g

(x,)
>>> f = x
>>> h

f.derivative ()
>>> h.variables ()

>>> h.arguments ()

I BB B RIEE, n AEZAEM S, X N4 n(3) KRB R,

2.7 EXIH
FEE SR R B TR, R e IE W R JEEA R, AU . TR,
HA RIFIIEMIERES . AR ARART AR VT B BT, RATRE L T2 T MDA T DURRE 34 -

o #A{..,—1,0,1,2,...}, ¥E Sage H# N 2z,

o HHEL - RIS LR -~ 7 Sage IR 00,

* S, TE Sage HFRN RR.

o S8, AE Sage HHRA cc.

TSR, A [E — A2 I ] RE SR & B e IR B Blan, 20 o — 2 F 73
AR, V20 BN G AL, ITRAGR R B B B R B 20, A2 2 T L
oM. BGEHSERE, BT AR MR, i, VRATEER IR E R AR BRI BUNAYE R . AR A&
Il T A A BARRON S R 2 A . SR G4 9 ratpoly” Al realpoly”, {HiX HLUIAELZL; ST,
THERE A .<” fI7.<z>” 4p il g T PR OL TR £,

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

>>> from sage.all import *
>>> ratpoly = PolynomialRing(QQ, names=('t',)); (t,) = ratpoly._first_ngens (1)
>>> realpoly = PolynomialRing(RR, names=('z',)); (z,) = realpoly._first_ngens (1)

PAERAIABOR * — 2 1 A5

sage: factor (t"2-2)

th2 - 2

sage: factor(z"2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)
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>>> from sage.all import *

>>> factor (t**Integer (2) -Integer(2))

tr2 - 2

>>> factor (z**Integer (2)-Integer(2))

(z - 1.41421356237310) * (z + 1.41421356237310)

RAARYIFFOLARE T AR AR TR T A nT BE TR B 3R, DA E MR ARHE f & A K
WEZHAWEZER, SN2 AN, AREHENESER, SR RK

F9 1 Fon —1EPFr G 102 1 iRDGHE . B8, EAR— M EE

sage: i # square root of -1
I

sage: i in QQ

False

>>> from sage.all import *
>>> i # square root of -1
I

>>> i in QQ

False

,uu WARAR R L OO T AR, a0, WERERIEIRR &, W EIA AR W] BE TR Ul AR . R
ﬁrﬁﬁa TH%J)\-

[sage: reset ('1i")

>>> from sage.all import *

>>> reset ('i'")

PABRTS 1 B IR A R0

TSR BN AN FEE R bk, f-?%li‘%/? —1PFEAR, (R ER -1 * B * PR,
—/‘4@5@5{0 PWH cc(i) = cc. ojzcc gen (0) R[] —1 fY * HL * oM. Sl Frig s dild 4, nrPA
1T RAFIRBB B ARIZE, ES WL sH. ik 5 amb ik,

sage: i = CC(1i) # floating point complex number
sage: i1 == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*I

sage: z.imag () # imaginary part
0.666666666666667

sage: z.real() == a # automatic coercion before comparison
True

sage: a + b

2

sage: 2*b == a

True

sage: parent (2/3)

Rational Field

sage: parent (4/2)

Rational Field

sage: 2/3 + 0.1 # automatic coercion before addition
0.766666666666667

&)
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(# E30)
sage: 0.1 + 2/3 # coercion rules are symmetric in Sage
0.766666666666667

>>> from sage.all import *

>>> i = CC(1) # floating point complex number
>>> 1 == CC.gen(0)
True

>>> a, b = Integer(4)/Integer(3), Integer(2)/Integer(3)
>>> z = a + b*i

>>> 7z

1.33333333333333 + 0.666666666666667*1

>>> z.imag () # imaginary part

0.666666666666667

>>> z.real () == a # automatic coercion before comparison
True

>>> a + b

2

>>> Integer (2)*b == a

True

>>> parent (Integer (2) /Integer (3))

Rational Field

>>> parent (Integer (4) /Integer (2))

Rational Field

>>> Integer (2) /Integer(3) + RealNumber ('0.1") # automatic coercion before addition
0.766666666666667
>>> RealNumber ('0.1'") + Integer (2)/Integer (3) # coercion rules are symmetric in Sage

0.766666666666667

PAR 2 Sage H—SERLARIRE LR Bl W1 LRk, AIEEAAT DA 00 B Rationalrield () RG] (3%
SR TEAARI BN, HAR N ER ORI P — R A B e, (RO )

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

>>> from sage.all import *

>>> RationalField()

Rational Field

>>> QQ

Rational Field

>>> Integer (1) /Integer(2) in QQ
True

T IEHEL 1.2 BEANE QQ R WA PA “SRflAR T B FLARY bR B A B (2L
M. B G RAIHE). BT T V2 ARG B

sage: 1.2 in QQ

True

sage: pi in QQ

False

sage: pi in RR

True

sage: sqgrt(2) in QQ

(ZEF )
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False
sage: sqgrt(2) in CC
True

>>> from sage.all import *
>>> RealNumber ('1.2') in QQ
True

>>> pi in QQ

False

>>> pi in RR

True

>>> sqrt (Integer(2)) in QQ
False

>>> sqgrt (Integer(2)) in CC
True

N TAER RN, Sage B A HAWIR, BIUTA IR, p-adic BAL, REHER, ZUEFAMAER. LA
TR

sage: GF (3)

Finite Field of size 3

sage: GF (27, 'a') # need to name the generator if not a prime field
Finite Field in a of size 373

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # algebraic closure of QQ

True

>>> from sage.all import *

>>> GF (Integer(3))

Finite Field of size 3

>>> GF (Integer (27), 'a'") # need to name the generator if not a prime field
Finite Field in a of size 373

>>> 7Zp (Integer(5))

5-adic Ring with capped relative precision 20

>>> sqgrt (Integer (3)) in QQbar # algebraic closure of QQ

True

2.8 MR

Sage $ it AL AARIER S, BIAEERRMEZ 0. REE . . i,
OB PR TR R AR i B AR

sage: A = Matrix([[1,2,31,13,2,1],([1,1,111)

sage: w = vector([1,1,-4])

sage: W*A

(0, 0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]
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>>> from sage.all import *

>>> A = Matrix([[Integer(l), Integer(2),Integer(3)], [Integer(3),Integer(2),Integer (1)1,
— [Integer (1), Integer (1), Integer(1)]])

>>> w = vector ([Integer(l),Integer (1), -Integer(4)])
>>> W*A

(0, 0, 0)

>>> A*w

(-9, 1, -2)

>>> kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

THER, TE Sage W, FHFE AR AR, HIERE wA = 0 B R w,

KARARE AR AR i BA, 1A solve_right HIEHIT, 1817 A.solve_right (Y) RFiR[E—PHiIE (saHE)
X, g AX =Y

sage: Y = vector ([0, -4, -11)

sage: X = A.solve_right (Y)

sage: X

(=2, L, 0)

sage: A * X # checking our answer...
(0, -4, -1)

>>> from sage.all import *
>>> Y = vector([Integer (0), —-Integer(4), -Integer(l)])
>>> X = A.solve_right (Y)

>>> X

(-2, 1, 0)

>>> A * X # checking our answer..
(0, -4, -1)

45 JCff, Sage 2R Bl IR:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

>>> from sage.all import *
>>> A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

[FFE, AJPABER A.solve_left (V) RKMHFEXA =Y HH) X,
Sage i 0] PATTHBERFAE AR AN RFAE ] 5

sage: A = matrix([[0, 41, [-1, 011)
sage: A.eigenvalues ()

[=2%T, 2%I]

sage: B = matrix([[1, 31, [3, 111)

sage: B.eigenvectors_left ()
(4, (1, 11, 1), (=2, (1, -1, 1)]
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>>> from sage.all import *

>>> A = matrix([[Integer (0), Integer(4)], [-Integer(l), Integer(0)]11])
>>> A.eigenvalues ()

[-2*I, 2*I]

>>> B = matrix([[Integer(l), Integer(3)], [Integer(3), Integer(l)1])
>>> B.eigenvectors_left ()

[e4, ¢, 11, 1), =2, (1, =11, 1)]

(eigenvectors_left kg — M = (FHMEME. FHEME. TE) MoE.) FHEEREE
fi1] B A] DA 3 Maxima 7645 FEAO 00 B4 Rr BT (LR U Maxima)

WA AR FriR, HFEE A H R . fE PR GIT, matrix @y I8 —S5045)F Sage
FEREOUA B BOERE (22) . ARIEUERE (00) BSLHUERE (RR)

sage: AZ = matrix(Zz, [[2,0], [0,11])
sage: AQ = matrix(QQ, [[2,01, [0,111)
sage: AR = matrix(RR, [[2,0], [0,111)
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

>>> from sage.all import *

>>> AZ = matrix(ZZ, [[Integer(2),Integer(0)], [Integer(0),Integer(1l)]11])
>>> AQ = matrix(QQ, [[Integer(2),Integer(0)], [Integer(0),Integer(1l)]])
>>> AR = matrix(RR, [[Integer(2),Integer(0)], [Integer(0),Integer(1)]1])
>>> AZ.echelon_form()

[2 0]

[0 1]

>>> AQ.echelon_form()

[1 0]

[0 1]

>>> AR.echelon_form()

[ 1.00000000000000 0.000000000000000]

[0.000000000000000 1.00000000000000]

USRS 5 SRR MO PR R (E AR o B, R 70 31 UAE RoE (SERURS RS ) o cor (S
REESR) o QSRBCA FE PR LA P2 R SRl A, BRIATE D0 RE SAE RR B o I b, IXSEIROR
SCRFITA T DL X 2T

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 3]1)

sage: ARDF.eigenvalues () # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 311)

sage: ACDF.eigenvectors_right () # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589 + 0.
—2387941530333261*1) 1, 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.3756690858502104*1, O.
<—9152458258662108)1, 1)1

>>> from sage.all import *
>>> ARDF = matrix (RDF, [[RealNumber('1.2'), Integer(2)], [Integer(2), Integer(3)]1])
(ZEF )
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>>> ARDF.eigenvalues () # rel tol 8e-16
[-0.09317121994613098, 4.293171219946131]
>>> ACDF = matrix (CDF, [[RealNumber('1.2'), I], [Integer(2), Integer(3)]1])
>>> ACDF.eigenvectors_right () # rel tol 3e-15
[(0.8818456983293743 — 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589 + 0.
—2387941530333261*1) 1, 1),
(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.3756690858502104*1, O.
<—9152458258662108)1, 1)1

2.8.1 5EREZS(A]
FAaNE T A EA UK Q LAY 3 x 3 HEFEZE ] Mats,3(Q):

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (3))
>>> M

Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(TR —A 3 x 4 HiFEZS|A], W PAME ] MatrixSpace (00, 3,4) . IR BESHNEL, MBI MFTEL, Wit
MatrixSpace (QQ,3) 5 MatrixSpace (QQ, 3, 3) it XAHIAl.) HiFEZS[R)A HAIEH:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

>>> from sage.all import *
>>> B = M.basis ()

>>> len (B)

9

>>> B[Integer (0), Integer (1) ]
[0 1 0]

[0 0 0]

[0 0 0]

FATE R v IR

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

>>> from sage.all import *

>>> A = M(range (Integer(9))); A
[0 1 2]

[3 4 5]

[6 7 8]
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FERBA TR AT O EA .

sage: A.echelon_form()

[ 1 0 -1]
[ 0O 1 2]
[ O 0 0]

sage: A.kernel ()

Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix:

[ 1 -2 1]

>>> from sage.all import *
>>> A.echelon_form/()

[ 1 0 -1]
[ O 1 2]
[ O 0 0]

>>> A.kernel ()

Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix:

[ 1 -2 1]

B BAVRURTEA IR SRR

sage: M = MatrixSpace (GF (2),4,8)

sage: A = M([%,1,0,0, 1,2,1,1, 0O,1,0,0, 1,0,1,1,
et 0,0,1,0, 21,1,0,1, 0,0,2,1, 1,1,1,01)
sage: A

[11001111]

[01 0010 11]

[001 0110 1]

[00111110]

sage: rows = A.rows ()

sage: A.columns ()
e, o6, o, o, (1, 1, 0, 0), (0, 0, 1, 1), (0, O, O, 1),
(v 1,1, 0, &, 0, 1, 1), (1, 1, 0, 1), (1, 1, 1, 0)]

>>> from sage.all import *

>>> M = MatrixSpace (GF (Integer (2)), Integer (4), Integer (8))

>>> A = M([Integer(l),Integer(l),Integer(0), Integer(0), Integer(l),Integer(l),Integer(l),
—Integer (1), Integer(0),Integer(l),Integer(0),Integer(0), Integer(l),Integer(0),Integer(l),
—Integer (1),

ce Integer (0), Integer (0), Integer (1), Integer (0), Integer(l),Integer(l),Integer (0),
—Integer (1), Integer(0),Integer(0),Integer(l),Integer(l), Integer(l),Integer(l),Integer(l),
—~Integer(0)])

>>> A
[11001111]
[01 0010 11]
[0O0 10110 1]
[0O0 1 1111 0]
>>> rows = A.rows ()

>>> A.columns ()

r¢, o, o, o), (¢, 2, o, 0), (0, 0, 2, 1), (0, 0, 0, 1),
(1, 4, i, 4y, 1, 0, i1, 4y, (1, i1, 0, 4), (1, 4, 4, @)

>>> rows
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(% L350
r¢, 1, 0, 0, 1, 2, 2, 1, (0, 1, 0, 0, 1, 0, 1, 1),
«, o6, 1, 0, 2, 1, 0, 1), (0, 0, 1, 1, 1, 1, 1, 0)]

FeMaEd— A IR Fo b iy B 7 A i 12308

sage: V = VectorSpace (GF (2),8)

sage: S = V.subspace (rows)

sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[T 000010 0]
[01 0010 11]
[001 0110 1]
[0001 001 1]
sage: A.echelon_form()
[1 0 010 0]

[0 01 1]
[0 10 1]
[0 01 1]

o o »
o = O O
~ o o o
[STISNS

>>> from sage.all import *

>>> V = VectorSpace (GF (Integer (2)), Integer (8))

>>> S = V.subspace (rows)

>>> S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[T 00001
[01 0010
[001 011 1]
[000100 1]
>>> A.echelon_form()
[1 001 0]

[0 Ay

[0 1]

[0 1]

0]
1]

= O B O

o o P o
o B O O
B o~ o

010
011
100

Sage (Y S AL Il i AR R A R T B B IR O AR AT AT o

2.8.2 Wil HERE
Sage SCRFYE T HEASE (PIDs) bRt UAL

sage: M = MatrixSpace (QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()

>>> from sage.all import *

>>> M = MatrixSpace (QQ, Integer (100), sparse=True)
>>> A = M.random_element (density = RealNumber ('0.05"))
>>> E = A.echelon_form()

Sage I ZBIRIE T EE (EARE T 1E) -

sage: M = MatrixSpace (QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)

&)
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sage: E = A.echelon_form()
sage: M = MatrixSpace(GF (2), 20, 40, sparse=True)
sage: A = M.random_element ()
sage: E = A.echelon_form()

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (50), Integer(100), sparse=True)

>>> A = M.random_element (density = RealNumber ('0.05"))

>>> E = A.echelon_form()

>>> M = MatrixSpace (GF (Integer(2)), Integer (20), Integer(40), sparse=True)
>>> A = M.random_element ()

>>> E = A.echelon_form/()

WL, Python J2 X7 K/NEHY:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__ () got an unexpected keyword argument 'Sparse'...

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (10),Integer(10), Sparse=True)
Traceback (most recent call last):

TypeError: ...__init_ () got an unexpected keyword argument 'Sparse'...

29 ZINs
TEATH, A LMTTE Sage s ATRIEH 2L

29.1 —TBIWN
B2 I =M A

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

>>> from sage.all import *
>>> R = PolynomialRing (QQ, 't'")
>>> R

Univariate Polynomial Ring in t over Rational Field

XA IR, H5F Sage fEW/RI I FAFERC fEOAAE G, R, IR E XS ©, Bk
IRARRE EARMART R 2T (Fln 2 +1).

SR IR

sage: S = QQ['t'"]
sage: S == R

True
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>>> from sage.all import *
>>> S = QQ['t"]
>>> S == R

True

RO T € UAFTE R RE R 1)
AR DT 1A 2

[sage: R.<t> = PolynomialRing (QQ)

>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('t',)); (t,) = R._first_ngens (1)

B9

[sage: R.<t> = QQ['t']

>>> from sage.all import *
>>> R = QQ['t"']; (t,) = R._first_ngens (1)

B

[sage: R.<t> = QQI[]

>>> from sage.all import *
>>> R = QQ['t"'"]; (t,) = R._first_ngens (1)

A — MO EAL, BIEE LT A8 « fENZ IR E T, FILIR AT DARRAA IR R 9T E,
WFAR. (BHERE, F=MAES Magma RIS S AEFMMEL, BT DMRAE Magma H—FEH T2
Xt 4. )

sage: poly = (t+1) * (t+2); poly
EA2 4+ I¥E F 2

sage: poly in R

True

>>> from sage.all import *

>>> poly = (t+Integer(l)) * (t+Integer(2)); poly
th2 + 3%t + 2

>>> poly in R

True

TV ARG AP 7 58 X Z TSR, ARERAT DAL 0" A IR AR s e

sage: R = PolynomialRing(QQ, 't")
sage: t = R.0

sage: t in R

True

>>> from sage.all import *

>>> R = PolynomialRing (QQ, 't"')
>>> t = R.gen(0)

>>> t in R

True
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TR, RORMEIRE N TR BT AR AT L FESB EA Y, IERATTA AR A

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # Oth generator of CC
1.00000000000000*T

>>> from sage.all import *

>>> CC

Complex Field with 53 bits of precision
>>> CC.gen(0) # Oth generator of CC
1.00000000000000*I

XFFZTER, ARATVATE B PRI ] RS S AR s, B8 DR, R B :

sage: R, t = QQ['t'].objgen ()
sage: t = QQ['t"].gen()
sage: R, t = objgen(QQ['t"'])
sage: t = gen(QQ['t'])

>>> from sage.all import *
>>> R, t = QQ['t"'].objgen()

>>> t = QQ['t"'"].gen()
>>> R, t = objgen(QQ['t'])
>>> t = gen(QQ['t"'])

RIGHEAE Q[t] HilbfT— LR AZR.

sage: R, t = QQ['t'].objgen()

sage: f = 2*t"7 + 3*t"2 - 15/19

sage: f"2

4*£~14 + 12*%t"9 - 60/19*t~7 + 9*t"4 - 90/19*t"2 + 225/361

sage: cyclo = R.cyclotomic_polynomial (7); cyclo

t"6 + t°5 + t% + €73 + "2 +t + 1

sage: g = 7 * cyclo * €75 * (t75 + 10*t + 2)

sage: g

T*£N16 + T*EN15 + T*tN14 + T*EN13 + 77*EN12 4+ 91*t~11 + 91*t~10 + 84*t”9
+ 84*t”8 + 84*t"7 + 84*t"6 + 14*t"5

sage: F = factor(g); F

(7) * £7°5 * ("5 + 10*t + 2) * (t"6 + t"5 + t%4 + t£"3 + t"2 + t + 1)

sage: F.unit ()

7

sage: list (F)

[(t, 5), (£°5 + 10*t + 2, 1), (t"6 + t"5 + t™4 + t£°3 + t72 + t + 1, 1)]

>>> from sage.all import *
>>> R, t = QQ['t'].objgen()
>>> f = Integer(2)*t**Integer(7) + Integer(3)*t**Integer(2) - Integer(15)/Integer (19)
>>> f**Integer (2)
4*x£~14 + 12*%t"~9 - 60/19*t~7 + 9*t~4 — 90/19*t"2 + 225/361
>>> cyclo = R.cyclotomic_polynomial (Integer(7)); cyclo
t*6 + "5 4+t + 73 + th2 + 6t + 1
>>> g = Integer(7) * cyclo * t**Integer(5) * (t**Integer(5) + Integer (10)*t + Integer(2))
>>> g
TEtN16 4+ 7TFENLS + T7FEN14 4+ 7rENL3 + 77reN12 4+ 91+t 11 4+ 91*Ft~N10 + 84*tn9

+ 84*t”"8 + 84*t"7 + 84*t"6 + 14*t"5
>>> F = factor(g); F

SR
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(7) * €75 * (t*5 + 10*t + 2) * ("6 + t"5 + t™4 + t*3 + t"2 + t + 1)
>>> F.unit ()
7
>>> 1list (F)
[(t, 5), (£*5 + 10*t + 2, 1), (t"6 + t°5 + t™4 + t73 + t"2 + t + 1, 1)]

R, WASMRIERE EHF IR TR

A IRARTE A B 58 50 H A oK & AN e %k, Bl R.cyclotomic_polynomial, & T 5] Sage Z4h,
PR8N % 22 1 R Sage MIMRAS HAFAE L PR T B R Z A0 5 HE. FEXFEL T, R A R
cyclotomic_polynomial?? BHIEAM, RIEHWRESES —FT £ = pari.poleyclo(n), XEMHHE PARI ¥
MTIHES 2. ARV H 725 PARL,

BRPAT A 22 T A i 0 BOs e R (Sage & HEh A1)

sage: x = QQ['x'].0

x"3 + 1; g = x"2 - 17
sage: h = £/g; h

(x*3 + 1)/ (x*2 - 17)

sage: h.parent ()

sage: f

Fraction Field of Univariate Polynomial Ring in x over Rational Field

>>> from sage.all import *

>>> x = Q0['x"].gen(0)

>>> f = x**Integer(3) + Integer(l); g = x**Integer(2) - Integer(1l7)
>>> h = f/g; h

(x*3 + 1)/ (x*2 - 17)

>>> h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

] Laurent Z04, RTPATE 00 [x] B0 B T SR AR TT -

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + O(x"10)

1 + x 4+ x"2 + x*"3 + x4 + x*5 + x"6 + x*7 + x°8 + x*9 + 0(x"10)

>>> from sage.all import *

>>> R = LaurentSeriesRing(QQ, names=('x',)); (x,) = R._first_ngens(l); R
Laurent Series Ring in x over Rational Field

>>> Integer (1) / (Integer(l)-x) + O(x**Integer (10))

1 4+ x + x"2 + x"3 4+ x™ + x*5 + x*6 + x*7 + x°8 + x*9 + 0(x"10)

WEREMAERAR NG, RANSBEAFEY—IC2TAIE.

sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)

sage: x ==y
False

sage: R == S
False

sage: R(y)

X

sage: R(y"2 — 17)
x"2 - 17
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>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('x',)); (x,) = R._first_ngens (1)
>>> S = PolynomialRing (QQ, names=('y',)); (y,) = S._first_ngens (1)
>>> x ==

False

>>> R ==

False

>>> R(y)

X

>>> R(y**Integer(2) - Integer(17))

x"2 = 17

A g . R, B4R « B B8 S — DA SRR R R R

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing (QQ, "x")
sage: R == T

True

sage: R is T
True
sage: R.0 == T.0

True

>>> from sage.all import *

>>> R = PolynomialRing (QQ, "x")
>>> T = PolynomialRing (QQ, "x")
>>> R == T

True

>>> R is T

True

>>> R.gen(0) == T.gen(0)

True

Sage W SCRHT RS FHYR PN Laurent 430, 8 FHERGIH, JA10E T F([T] 9400, Il
ARG Fr (7)) B— o0 E .

sage: R.<T> = PowerSeriesRing(GF(7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T"2 + T"3 + O(T"4)

sage: f"3
T"3 + 2*T"4 + 2*T"5 + O(T"6)
sage: 1/f

T*=1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

>>> from sage.all import *

>>> R = PowerSeriesRing (GF (Integer (7)), names=('T',)); (T,) = R._first_ngens(l); R
Power Series Ring in T over Finite Field of size 7

>>> f = T + Integer(3)*T**Integer(2) + T**Integer(3) + O(T**Integer (4))

>>> f**Integer (3)

T*"3 + 2*T"4 + 2*T"5 + O(T"6)

>>> Integer(l)/f

TA-1 + 4 + T + O(T*2)

>>> parent (Integer (1) /f)

Laurent Series Ring in T over Finite Field of size 7
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ARt T DA AU 5 5 A ] A 2 A -

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

>>> from sage.all import *
>>> GF (Integer (7)) [['T']]
Power Series Ring in T over Finite Field of size 7

29.2 ZBIWA
TP Z AR Z K, FATE e 2 AL

sage: R = PolynomialRing(GF (5),3,"z") # here, 3 = number of variables
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

>>> from sage.all import *
>>> R = PolynomialRing (GF (Integer (5)), Integer (3),"z") # here, 3 = number of variables
>>> R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

5E X —IuZ M, HEZ Mk

sage: GF(5)['z0, zl1l, z2']

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

>>> from sage.all import *

>>> GF (Integer(5)) ['z0, z1, z2']

Multivariate Polynomial Ring in z0, zl1l, z2 over Finite Field of size 5

>>> R = GF (Integer(5))['z0, z1, z2'1; (z0, z1, z2,) = R._first_ngens(3); R
Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

BEAL, ARARAEEAS RO AT RE, ARAT AR ATR (5 -

sage: PolynomialRing(GF (5), 3, 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

>>> from sage.all import *
>>> PolynomialRing (GF (Integer (5)), Integer(3), 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

RN T 2 ARIE S

sage: z = GF(5)['z0, z1, z2'].gens/()

sage: z

(z0, zl, z2)

sage: (z[0]+z[1]1+z[2])"2

z0%2 + 2*z0*zl + z172 + 2*z0*z2 + 2*zl1*z2 + z2"2

>>> from sage.all import *
>>> z = GF (Integer(5))['z0, z1, z2'].gens()
>>> zZ
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(z0, zl, z2)
>>> (z[Integer(0)]+z[Integer(l)]+z[Integer(2)])**Integer (2)
z0%2 + 2*z0*zl1 + 2172 + 2*z0*z2 + 2*z1*z2 + z2"2

PRI AT LA B 2 B A5 R i i 22 T AR

sage: R = GF(5) ['x,y,z2"']

sage: x,Y,z = R.gens ()

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y'].gens ()

(x, ¥)

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x%,))

>>> from sage.all import *

>>> R = GF (Integer(5))I['x,v,z"]

>>> x,y,z = R.gens()

>>> 00['x"]

Univariate Polynomial Ring in x over Rational Field

>>> QQ['x,v'].gens ()

(%, y)

>>> QQ['x'"].objgens ()

(Univariate Polynomial Ring in x over Rational Field, (x,))

Z It Wi\ #E Sage Tf1{fi ] Python “FHLAIZ W “IrBlRR” LM, Sage ffi i} 74L& Singular [Si] , fi4n,
FAT VA BRAR ) 2 29 %00R Grobner £

sage: R, (x, y) = PolynomialRing(RationalField(), 2, 'xy').objgens()
sage: f = (x"3 + 2*y"2*x) "2

sage: g = x"2*y"2

sage: f.gcd(g)

X" 2

>>> from sage.all import *
>>> R, (x, y) = PolynomialRing(RationalField(), Integer(2), 'xy').objgens()
>>> (x**Integer (3) + Integer(2)*y**Integer (2) *x)**Integer (2)

f
>>> g = x**Integer (2) *y**Integer (2)
>>> f.gcd(g)

X" 2

BN RBATHLL (7] AT (£, 9) FRVA RRAEM f A1 g MBI (f, 9), (BATPAGML ideal (1£,9])

ideal (f,9) ).

sage: I = (f, g)*R; I

Ideal (x"6 + 4*x"4*y"2 + 4*x"2*y"~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x76, x"2*y"2]

sage: x"2 in I

False

>>> from sage.all import *
>>> I = (f, g)*R; I
Ideal (x76 + 4*x"4*y"2 + 4*x"2*y"~4, x"2*y”2) of Multivariate Polynomial
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Ring in x, y over Rational Field
>>> B = I.groebner_basis(); B
[x"6, x"2*y"2]
>>> x**Integer(2) in I
False

WOUEE ), LIy Grobner HAE B, ffije A AFA. XEREEAEE, LG, IFHA
AR (RO, PO SR Grobner BEAGHALBIRE) .

sage: B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *

>>> B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
>>> B[Integer(l)] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Sage A —2E (WARMUERIR2Z) HAEFT, i@ Singular SCH. BIAN, FATATLATIE I H99)%¢
THETIAN KRR

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

>>> from sage.all import *
>>> T.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x"76) of Multivariate Polynomial Ring in x, y over Rational Field]
>>> T.associated_primes ()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

210 44, iR 55EHIFEiTR

XA RE AT — T AR, EO T R H R RO T Sage HrRERAAB RS Y, BRARSC S5 44 A5 il
e SRR B

R, FAVER SRS, AR RS, I SR BAE AT PAS L Sage thematic tutorial ,

2.10.1 t&E
WRAEAE Python LB —AN3F, H— R A — N IORITR XM ICE x, H R HELHEZ AU R L7
i, Bl _add_, __sub_, _mul__, [FIWFHHERERABGE
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i T Python @ —FhaiZRA ((HESRA) BT, WTRESEE NENIALH—4> Python 25, 53%, Python 7
ﬁfﬂ\zi@@ <int> FISCERA <float> 5%, HXMGERPLS KM FIEEZICRN, JoESLHICE
21K,

A, ATPARNEE— A2 IR GRS IR W ARt TR, BIAnEE. PR, BHE. Ziar. . %%,
{HIX B R E AN R FR TR W] AEA R A 23,

sage: P.<x,y> = GF(3) []
sage: Q.<a,b> = GF(4,"'z")[]
sage: type (x)==type (a)

True

>>> from sage.all import *

>>> P = GF (Integer(3))['x, v']l; (x, y,) = P._first_ngens(2)

>>> Q = GF (Integer(4),'z"'")['a, b']l; (a, b,) = Q._first_ngens(2)
>>> type (x)==type (a)

True

73—, WA A A Python ok SR R B EA 4540 (19 AN 2 40 1 5 7 A )

sage: P.<a> = PolynomialRing(ZZ)

sage: Q.<b> = PolynomialRing(ZZ, sparse=True)

sage: R.<c> = PolynomialRing(ZZ, implementation='NTL')

sage: type(a); type(b); type(c)

<class 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_integer_dense_flint'>
<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_integral_domain_with_category.
—element_class'>

<class 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_ntl'>

>>> from sage.all import *

>>> P = PolynomialRing(ZZ, names=('a',)); (a,) = P._first_ngens (1)
>>> Q = PolynomialRing(ZZ, sparse=True, names=('b',)); (b,) = Q._first_ngens (1)
>>> R = PolynomialRing (ZZ, implementation='NTL', names=('c',)); (c,) = R._first_ngens (1)

>>> type(a); type(b); type(c)

<class 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_ integer_dense_flint'>
<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_integral_domain_with_category.
—element_class'>

<class 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_ntl'>

RO TR : — 57, AR ICR R ZER LB, ATABH BT __add__ JrikRemg A (E4n
RIXBETCRIET AT AFMIR, WAREI. 5—J5h, WRWAICRET F AL, 2w,
AR EAJE T AF R Python 2, SOF AL S 5 -

PR LE R T IARR O R AR, RELETT T RRE
IR, A ITCRIMAIE EJE TG . XAl I parent () J7A3RAS:

sage: a.parent(); b.parent(); c.parent ()

Univariate Polynomial Ring in a over Integer Ring

Sparse Univariate Polynomial Ring in b over Integer Ring
Univariate Polynomial Ring in ¢ over Integer Ring (using NTL)

>>> from sage.all import *

>>> a.parent (); b.parent(); c.parent ()

Univariate Polynomial Ring in a over Integer Ring

Sparse Univariate Polynomial Ring in b over Integer Ring
Univariate Polynomial Ring in ¢ over Integer Ring (using NTL)
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2.10.2 &4 576

SRELEH TR Python JEZIREHI LM, Sage PRI & XSO UREE M. FE Sage AL EILHR

ERHIFR QB I A, KR SHeE

IR

SHERG 2, AFRIK, Hlindks. 3F.

sage: isinstance (QQ,Field)
True
sage: isinstance (QQ, Ring)
True
sage: isinstance(ZZ,Field)
False
sage: isinstance(ZZ, Ring)
True

>>> from sage.all import *
>>> isinstance (QQ,Field)
True

>>> isinstance (QQ, Ring)
True

>>> isinstance(ZZ,Field)
False

>>> isinstance (ZZ, Ring)
True

FERECT, A R ST X RGOSR FriE “Jung” . [Nk, Sage W82 RG-S TuIE = 45

ZIA— RIS SR, ANEYad iR Python 2R 5TEREHIZEIL. S5, %L

Wit AE Sage st :

sage: Rings ()
Category of rings
sage: ZZ.category ()
Join of Category of Dedekind domains
and Category of euclidean domains
and Category of noetherian rings
and Category of infinite enumerated sets
and Category of metric spaces
sage: ZZ.category () .is_subcategory (Rings())
True
sage: ZZ in Rings()
True
sage: ZZ in Fields()
False
sage: QQ in Fields ()
True

>>> from sage.all import *

>>> Rings ()

Category of rings

>>> 77 .category ()

Join of Category of Dedekind domains
and Category of euclidean domains
and Category of noetherian rings
and Category of infinite enumerated sets
and Category of metric spaces

>>> Z77.category () .is_subcategory (Rings () )

True

>>> 77 in Rings ()

(BT 30
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True
>>> 77 in Fields ()
False
>>> QQ in Fields ()
True

IR Sage ZRJR KGR PHESCEIANYT b, {H Sage MYTEWEHEZR AR PAERA 454 o ] DAEVEWE TS B
MR RAAR S B B4 288 7 3R A

Sage W1 AL HY Y 1% e ME— 1 Python Xf 4. BIAN, —H AT — > HAT KR E R IAFIRR E AL At 51 2R 2 1
KR, LR AT

sage: RR['x','y'] is RR['x','y"']
True

>>> from sage.all import *
>>> RR['x','y'] is RR['x"','v"]
True

2.10.3 HE5EH
KM rRingElement H R FE AR W T RS PRI LK. Blan, BB HEET A, HEMNAZ

RingElement.Hﬁ§Eﬁmi

sage: M = Matrix(ZZ,2,2); M

[0 0]

[0 0]

sage: isinstance (M, RingElement)
False

>>> from sage.all import *

>>> M = Matrix(ZZ,Integer(2),Integer(2)); M
[0 0]

[0 0]

>>> isinstance (M, RingElement)

False

HIRTE Sage S AR ME—1Y, HAE— DS IS TR A—E R MFIR . X5 Python XfHELt (A&
ARRATR) BERIAT LA :

sage: int (1) is int (1) # Python int
True

sage: int (-15) is int (-15)

False

sage: 1 is 1 # Sage Integer
False

>>> from sage.all import *

>>> int (Integer (1)) is int (Integer(l)) # Python int
True

>>> int (-Integer(15)) is int (-Integer(15))

False

>>> Integer (1) is Integer (1) # Sage Integer
False
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AR TR F AR BTSRRI T, T BT ACE5 4 X 3

sage: a = GF (2) (1)

sage: b = GF(5) (1)

sage: type(a) is type (b)
True

sage: parent (a)

Finite Field of size 2
sage: parent (b)

Finite Field of size 5

>>> from sage.all import *

>>> a = GF (Integer(2)) (Integer (1)
>>> b = GF (Integer(5)) (Integer (1)
>>> type(a) is type (b)

True

>>> parent (a)

Finite Field of size 2

>>> parent (b)

Finite Field of size 5

P, MREIIAERE, JTRMREHIL e R,

2.10.4 B 55EH R

TEHBEREOLR , ATRARE— N AL T R S ik o — DS e R . XFEFE T DL Bt DU R
K (BEFRN B3 ) .
FEE T RRALERIW CiEF g R R A K225 423 nitE . Sage H o SL400f s il 4 ro it 2. =
Sage FNAREHETAE Lt b, MAEEE . I AEANER: C BT H B 5 Sage I HIRYE!
AV BLZG H— S B UL « TEAERGAR R SCIUE S 1§22 2% T s dile 4 5215 DA K thematic
tutorial.
KTHE REIRNITCE LI TEARZH T RerE, B PRI -
o AR AR, SRR TCREHTIMESTREE AT B 1 + 1/2 AR,
RS — N IMEOR R AL, A2 AL
BOE
o QR RL BYICE 1 W LALAEEFR T AE S — A28 r2 PAERE, IEAA W K r1 FEE rR2 JTERW
AARIBEEE ARVH . FERNAEAE T A2, ENN %2

Sage P T —FhIT RIS WA L Ml p2 SRACEEH, p1 2 pL BULER, IR ARSI KR pL AE p2 o
fRE. SXAEITA TR DU R ATRERCA B, BB T p1 MBTA SCRIICA X, MR E RGP, FA]
PRZ o Hetl:

sage: a = GF(2) (1)
sage: b = GF(5) (1)

sage: GF(5) (a) == Db
True
sage: GF(2) (b) == a
True

>>> from sage.all import *
>>> a = GF (Integer(2)) (Integer (1))
>>> b = GF (Integer (5)) (Integer (1)
>>> GF (Integer(5)) (a) == b

&)
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True
>>> GF (Integer(2)) (b) == a
True

SR, HA X Fp s o] DA AT — B sg i, A&k e X (Bl H3h) Ffe. B — &k
FREE,
X PR ARk . AR e T SRR, IR AT S B s R T R A 4
-
1. M p1 B P2 (58 i 400 S5 R PRI 25 ) (BIANERFZS ) o AU —28 p1 AT v DAL S P2 &
NGy, BT p1 AR EEE
2. BXEEH AL S R — B MR p3 B AR AN EEM, HRAM L B P2 YRk E R I B 5 A
p2 3| p3 SR TSR L G 5 P B 3 A E TR — 2. A2, WRAAFEM PL B 2 A
M op2 B p1 BRI, WG p1 AIE SR
Ft, RERPAKE oF (2) BB DN ITEFEEN oF (5), HAARESREIFES, N 6F (2) Fl GF (5) Z [ AFRIF
—FME T EXEARRE . AT 22 R . EN T, AR AR B . HE, FkAT)
g

sage: R1.<x,y> = ZZ[]

sage: R2 = ZZ['y','x"]

sage: R2.has_coerce_map_from(R1)
True

sage: R2(x)

b4

sage: R2(y)

Yy

sage: R2.coerce (y)

y

>>> from sage.all import *
>>> R1 = ZZ['x, v'l; (%, y,) = Rl._first_ngens(2)
>>> R2 = ZZ['y','x"']

>>> R2.has_coerce_map_from(R1)
True

>>> R2 (x)

X

>>> R2(y)

Yy

>>> R2.coerce (y)

y

WERBAT PR A FRROFRIFIRS, WA SR e . SR1, S n] REISR R AT RERY, R I AR Y A e 1) 2 v
HOVACIUS TEA NG IR

sage: R3 = zz['z','x"']

sage: R3.has_coerce_map_from(R1)
False

sage: R3(x)

z

sage: R3(y)

X

sage: R3.coerce (y)
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Traceback (most recent call last):

TypeError: no canonical coercion
from Multivariate Polynomial Ring in x, y over Integer Ring
to Multivariate Polynomial Ring in z, x over Integer Ring

>>> from sage.all import *

>>> R3 = 77['z', 'x'"]

>>> R3.has_coerce_map_from(R1)
False

>>> R3(x)

Z

>>> R3(y)

X

>>> R3.coerce(y)

Traceback (most recent call last):

TypeError: no canonical coercion
from Multivariate Polynomial Ring in x, y over Integer Ring
to Multivariate Polynomial Ring in z, x over Integer Ring

(AN PR B O B e A Gl i e e B M 2z 0%,y Bl zz iy, "= ) BOOREE A PRI S5 A0
zz('y', 'x"1 Bl zzar, "o ) BIBREEALEBRSS, KR DA OR B A AR AR B L B, B T —
k.

WPRAFAE SR HI R, BRI T HOBCA R B e R e T AZ T . Sl AR (8, (B AR == X
AP RN AR A R T REAR A 7 S EOS A . B, B9k == Wiz W—HocR LS MR, H
WERW L TR, WA—E QL. BN, zz A EIEH R © BoA 2 mH A, PN BRI A AT
AL B AR . SR, RPN AT R (A SR B e . PRERATT A

sage: GF (5) (1) == 1

True

sage: 1 == GF(2) (1)

True

sage: GF (5) (1) == GF(2) (1)
False

sage: GF(5) (1) != GF(2) (1)
True

>>> from sage.all import *

>>> GF (Integer (5)) (Integer (1)) == Integer (1)

True

>>> Integer (l) == GF (Integer(2)) (Integer (1))

True

>>> GF (Integer (5)) (Integer(l)) == GF (Integer(2)) (Integer(l))
False

>>> GF (Integer (5)) (Integer(l)) != GF(Integer(2)) (Integer (1))
True

3, FATA:

sage: R3(R1.1) == R3.1

True

sage: R1.1 == R3.1

False

&)
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sage: R1.1 != R3.1
True

>>> from sage.all import *

>>> R3(Rl.gen(l)) == R3.gen(l)
True

>>> Rl.gen(l) == R3.gen (1)
False

>>> Rl.gen(l) != R3.gen (1)
True

—BUEARAR 75— SR R B A BB ARSI PE  (BAnA B o0) FIAKERAER (19001 HAT & 2 4G RE F) 5
Hrr), MARESE K. EHEM 00 B Rr IR HIFAS5 M\ RR 2] 00 MBI G Z%0E 00 LTSI
HIXEANTRERY, PONAE RR H— LN R A4 BB T REROL AN SR AR Bl -

sage: RR(1/107200+1/107100) == RR(1/107100)
True

sage: 1/107200+1/107100 == 1/107100

False

>>> from sage.all import *

>>> RR(Integer (1) /Integer (10)**Integer (200) +Integer (1) /Integer (10)**Integer (100)) ==_

—RR (Integer (1) /Integer (10) **Integer (100))

True

>>> Integer (1) /Integer (10)**Integer (200) +Integer (1) /Integer (10) **Integer (100) == Integer (1) /
—Integer (10) **Integer (100)

False

RPN SCEE ) LR B2 CERI, W REBCA ANERZ R S e e, (R AT AL EE Y P 3 Rk,
75 p1 Al p2 ARGR G| LT p3. FERXFMFOLT, Mk AmEI . — DGR A B A B R
2o, PHERA AR 20

sage: Pl.<x> = ZZ[]

sage: p = 2*x+3

sage: g = 1/2

sage: parent (p)

Univariate Polynomial Ring in x over Integer Ring
sage: parent (p+q)

Univariate Polynomial Ring in x over Rational Field

>>> from sage.all import *

>>> P1 = ZZ['x']; (x,) = Pl._first_ngens (1)
>>> p = Integer (2) *x+Integer (3)

>>> g = Integer(l)/Integer(2)

>>> parent (p)

Univariate Polynomial Ring in x over Integer Ring
>>> parent (p+q)

Univariate Polynomial Ring in x over Rational Field

R, BN EEERAE 220 %) W BOE A . ART, Sage SR —A AE Ay L [HACEE Y, (15
AERE AR (ERATHIBITHRZ 00" <" 1)« WRILMEAER LR XS AR R AR, T PG5
MEEA, Sage R FEHLEEFH A —4>. R IR T AHLHITE thematic tutorial HEFT TR .

PATR 7 BIIAS 2 2 5 ) e e 1) I ] AL 4644 -
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Sage #i#2, Z1ThR# 10.8

sage: R.<x> = QQ[]

sage: S.<y> = QQI[]

sage: Xty

Traceback (most recent call last):

TypeError: unsupported operand parent (s) for +: 'Univariate Polynomial Ring in x over Rational.
—Field' and 'Univariate Polynomial Ring in y over Rational Field'

>>> from sage.all import *

>>> R = QQ['x"]; (x,) = R._first_ngens (1)
>>> S = QQ['y'l; (y,) = S._first_ngens (1)
>>> Xty

Traceback (most recent call last):

TypeError: unsupported operand parent (s) for +: 'Univariate Polynomial Ring in x over Rational.
—Field' and 'Univariate Polynomial Ring in y over Rational Field'

JR A /& Sage AN PRIBAEMERSEM 00 "% 1 'y 1,000 "y 1 ['x"1,00["x", 'y' ] 8L QO['y", 'x'] Z—,
A X DA R AN [ R 25 4 7 R R AR SE ] S 254, 9 FLYEA A SR R T e %

2.11 HIREF 5k D1 /REE

Sage SCRFEARAE. ARRZMME (BIA1SU(n,q)) . ARRMFERE (BT A& M) FMBTVUREE (G5 TCR
BE) AR, XSETRER IR R il GAP #2111 SR .

fan, ZOE-AEE, TSRS SRR, R BTR

sage: G = PermutationGroup(['(1,2,3) (4,5 ", "(3,4)'])
sage: G
Permutation Group with generators [(3,4), (1,2,3) (4,5)]

sage: G.order ()
120
sage: G.is_abelian()

False
sage: G.derived_series() # random—-ish output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)1,
Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)1]
sage: G.center()
Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)1)
sage: G.random_element () # random output
(1,5,3) (2,4)
sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

>>> from sage.all import *

>>> G = PermutationGroup(['(1,2,3) (4,5)', '"(3,4)'])
>>> G
Permutation Group with generators [(3,4), (1,2,3) (4,5)]

>>> G.order ()
120
>>> G.is_abelian()

False

>>> G.derived_series () # random-ish output

[Permutation Group with generators [(1,2,3) (4,5), (3,4)1,

Permutation Group with generators [ (1,5) (3,4), (1,5)(2,4), (1,3,5)1]

T

62 Chapter 2. &%




Sage #¥, R1THEZA 10.8

(% 50

>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)1)
>>> G.random_element () # random output

(1,5,3) (2,4)

>>> print (latex (G))

\langle (3,4), (1,2,3) (4,5) \rangle

7E Sage W', RIEF]PASRFFRAMER (LaTeX #%X):

sage: G = PermutationGroup ([[(1,2),(3,4)], [(1,2,3)]11])
sage: latex(G.character_table()) # random

\left (\begin{array}{rrrr}

1 &1 &1 & 1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢6&0¢& -1

\end{array}\right)

>>> from sage.all import *

>>> G = PermutationGroup ([[ (Integer (1), Integer(2)), (Integer(3),Integer(4))], [(Integer(l),
—Integer (2),Integer(3))11])

>>> latex (G.character_table()) # random

\left (\begin{array}{rrrr}

1 &1 &1 & 1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢6&0¢& -1

\end{array}\right)

AN, Sage i A PRI ) 28 MUEEFI AR R

sage: MS = MatrixSpace (GF(7), 2)

sage: gens = [MS([[1,0],[-1,1]]),MS([[1,1],([0,1]])]

sage: G = MatrixGroup (gens)

sage: G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
to 11, (1 51, (5 5], [0 61, (1 2], (5 2], [1 O], (1 4], [1 3], [0 2],

)

sage: G = Sp(4,GF (7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output
[5 55 1]

[0 2 6 3]

[5 01 0]

[4 6 3 4]

sage: G.order ()

276595200

>>> from sage.all import *
>>> MS = MatrixSpace (GF (Integer (7)), Integer(2))
>>> gens = [MS([[Integer(l),Integer(0)], [-Integer(l),Integer(1)]]),MS([[Integer(l),Integer(l)],

&)
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(% 50

— [Integer (0), Integer(1)1]11)]1]

>>> G = MatrixGroup (gens)

>>> G.conjugacy_classes_representatives ()
(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
(o 11, (1 51, (5 5], [0 6], (1 2], [5 2], [1 O], (1 4], [1 3], [0 2],
<BLANKLINE>

[5 0]

[0 3]

)
>>> G = Sp(Integer (4),GF (Integer(7)))
>>> G

Symplectic Group of degree 4 over Finite Field of size 7

>>> G.random_element () # random output
[5 55 1]

[0 2 6 3]

[5 01 0]

[4 6 3 4]

>>> G.order ()

276595200

VRIB AT ATT SR DURHE (BLFRA BRAEAITC IR ) -

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')

sage: (a, b, ¢, d, e) = F.gens()
sage: d * b**2 * c**3
br2*c”3*d

sage: F = AbelianGroup(3,[2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H

Multiplicative Abelian group isomorphic to C2 x C3

sage: AbelianGroup (5)

Multiplicative Abelian group isomorphic to Z x Z X Z X Z X Z
sage: AbelianGroup (5) .order ()

+Infinity

>>> from sage.all import *
>>> F = AbelianGroup (Integer (5), [Integer(5),Integer(5),Integer(7),Integer(8),Integer(9)],_

—names="abcde")

>>> (a, b, ¢, d, e) = F.gens()
>>> d * b**Integer(2) * c**Integer (3)
br2*c”3*d

>>> F = AbelianGroup (Integer (3), [Integer(2)]*Integer(3)); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2

>>> H = AbelianGroup ([Integer (2),Integer(3)], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3

>>> AbelianGroup (Integer (5))

Multiplicative Abelian group isomorphic to Z x Z x Z X Z X Z
>>> AbelianGroup (Integer (5)) .order ()

+Infinity
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212 #ig

Sage A FEWLOLIIRE. BilU, FATILATE Z/NZ Pt f R

N

=

o

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b"20052005
50

sage: b.modulus ()
97

sage: b.is_square ()
True

>>> from sage.all import *

>>> R = IntegerModRing (Integer (97))
>>> a = R(Integer(2)) / R(Integer(3))
>>> g

33

>>> a.rational_reconstruction()

2/3

>>> b = R(Integer(47))

>>> b**Integer (20052005)

50

>>> b.modulus ()

97

>>> b.is_square ()

True

Sage W EIRERIHOE KL, il

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); ¢

15511210043330985984000000

sage: [valuation(c,p) for p in prime_range (2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime (2005)

2011

sage: previous_prime (2005)

2003

sage: divisors(28); sum(divisors(28)); 2*28
[, 2, 4, 7, 14, 28]

56

56

>>> from sage.all import *
>>> gcd(Integer (515), Integer (2005))

5
>>> factor (Integer (2005))
5 * 401
(25 N30
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(#z E70)
>>> ¢ = factorial (Integer(25)); c
15511210043330985984000000
>>> [valuation(c,p) for p in prime_range (Integer (2),Integer(23))]
[22, 10, 6, 3, 2, 1, 1, 1]
>>> next_prime (Integer (2005))
2011
>>> previous_prime (Integer (2005))
2003
>>> divisors (Integer (28)); sum(divisors (Integer (28))); Integer(2)*Integer (28)
(1, 2, 4, 7, 14, 28]
56
56
FEk!
Sage (1) sigma (n, k) BRECR NN n BEREN & UCR -
sage: sigma(28,0); sigma(28,1); sigma(28,2)
6
56
1050
>>> from sage.all import *
>>> sigma (Integer (28),Integer (0)); sigma(Integer (28),Integer(l)); sigma (Integer (28),Integer(2))
6
56
1050
R RO LA FEYE . WCHE ¢ BRACRI o IR 42 3
sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True
sage: n = 2005
sage: inverse_mod(3,n)
1337
sage: 3 * 1337
4011
sage: prime_divisors (n)
[5, 401]
sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600
sage: euler_phi (n)
1600
sage: prime_to_m_part(n, 5)
401
>>> from sage.all import *
>>> d,u,v = xgcd(Integer(12),Integer (15))
>>> d == u*Integer(12) + v*Integer (15)
True
>>> n = Integer (2005)
>>> inverse_mod (Integer (3),n)
1337
>>> Integer (3) * Integer (1337)
4011
(BT 50
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(2 E70)
>>> prime_divisors (n)
[5, 401]
>>> phi = n*prod([Integer(l) - Integer(l)/p for p in prime_divisors(n)]); phi
1600
>>> euler_phi (n)
1600
>>> prime_to_m_part (n, Integer(5))
401
B N ORIIEA K 3n + 1 [ — 2L Py 2%
sage: n = 2005
sage: for i in range(1000) :
P n = 3*odd_part(n) + 1
e if odd_part (n)==1:
PR print (i)
50004 break
38
>>> from sage.all import *
>>> n = Integer (2005)
>>> for i in range (Integer (1000)) :
n = Integer (3) *odd_part (n) + Integer (1)
if odd_part (n)==Integer (1) :
print (i)
500 break
38
e, Fo TP E R v L
sage: x = crt(2, 1, 3, 5); x
11
sage: x $ 3 # x mod 3 = 2
2
sage: x $ 5 # x mod 5 =1
1
sage: [binomial(13,m) for m in range(14)]
[+, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range (14)]
r¢, 12, o, o, 2, 1, o, 0, 12, 1, 0, 0, 1, 11
sage: [kronecker(m,13) for m in range(1,13)]
r«., -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 11
sage: n = 10000; sum([moebius(m) for m in range(l,n)])
-23
sage: Partitions (4).1list ()
(ra4i, s, 1, 2, 21, (2, 1, 11, [, 1, 1, 111
>>> from sage.all import *
>>> x = crt(Integer(2), Integer(l), Integer(3), Integer(5)); x
11
>>> x % Integer (3) # x mod 3 = 2
2
>>> x % Integer(5) # x mod 5 =1
1
>>> [binomial (Integer (13),m) for m in range (Integer (14))]
[+, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
EERT0
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>>> [binomial (Integer (13),m) 3Integer (2) for m in range (Integer(14))]
i, 4, ©, ©, 1, 4, @, ©, 1, 4, @, ©, i, 4]
>>> [kronecker (m, Integer (13)) for m in range (Integer(l),Integer(13))]
r<, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 11

>>> n = Integer(10000); sum([moebius(m) for m in range (Integer(l),n)])
-23

>>> Partitions (Integer (4)) .list ()

4y, 13, 11, 2, 21, 12, i, 41, [i, i, 1, 47]

(% E50)

2121 p-i##
Sage "FSCEL T p-ibROE. VR, —HAIET p-UbEe, iR RERUAE HOR

sage: K = Op(11); K

ll1-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 4+ 4*11 + 1172 + 7*11"3 + 9*11"5 + 5*1176 + 4*11~7 + 8*1178 + 7*11"9
+ 9*%11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"16
+ 3*11717 + 11718 + 7*11719 + 0(11720)

sage: b = K(3211/11"2); b

10*117-2 4+ 5*117-1 + 4 + 2*11 + 0(11718)

>>> from sage.all import *

>>> K = Qp(Integer(11)); K

l1l-adic Field with capped relative precision 20

>>> a = K(Integer(211)/Integer(17)); a

4 + 4*11 + 1172 + 7*11"3 + 9*1175 + 5*1176 + 4*11~7 + 8*1178 + 7*11"9
+ 9%11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"°16
+ 3*11717 + 11718 + 7*11719 + 0(11720)

>>> b = K(Integer(3211)/Integer (11)**Integer(2)); b

10*117-2 + 5*117-1 + 4 + 2*11 + 0O(11~18)

TE p- BN F, o S U EOA B 2 T KR TAE. 4RI 7] DA B2 Introduction to the p-adics
sage-support Google MEH & K& HE L EAMEE..

1 NumberField & E 450 T2 K TT k.

,

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_basis|()

[1, 1/2*a”2 + 1/2*a, a"2]

>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('x',)); (x,) = R._first_ngens (1)

>>> K = NumberField(x**Integer (3) + x**Integer (2) - Integer(2)*x + Integer(8), 'a')
>>> K.integral_basis ()

[1, 1/2*a”2 + 1/2*a, a”2]

sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

>>> from sage.all import *
>>> K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8
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sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
x"3 + x"2 - 2*x + 8

sage: K.units()

(-3*a”2 - 13*a - 13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x"3 + x*2 - 2*x + 8

sage: K.class_number ()

1

>>> from sage.all import *

>>> K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

>>> K.units ()

(-3*a”2 - 13*a - 13,)

>>> K.discriminant ()

-503

>>> K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x"3 + x%2 - 2*x + 8

>>> K.class_number ()

1

213 —EEEHHHIS

2.13.1 KEJLT

1t Sage H AT DAE UL BRI, (AW 2R DhREOURT1E Q s BRI EAYER. Bidn, FATRILAVHER M4
RN EE b S SR i e S /0 A S SIUR NI EA P

sage: x, y = AffineSpace (2, QQ, 'xy').gens()

sage: C2 = Curve (x"2 + y*2 - 1)

sage: C3 = Curve(x"3 + y*3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
X*5 + x"3*y"2 + x"2*y"3 4+ y*5 - x*3 - y*"3 - x"2 - y*2 + 1

sage: D.irreducible_components ()

[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + yh2 - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*3 - 1]

>>> from sage.all import *
>>> x, y = AffineSpace (Integer(2), QQ, 'xy').gens()

>>> C2 = Curve (x**Integer(2) + y**Integer(2) - Integer(l))
>>> C3 = Curve (x**Integer(3) + y**Integer(3) - Integer(l))
>>> D = C2 + C3

>>> D

Affine Plane Curve over Rational Field defined by
"5 + x"3*y"2 + x"2*y"3 + y*5 - x"3 - y"3 - x"2 - y*2 + 1
(B )
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(% L350
>>> D.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + y*2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*3 - 1]

FATIE AT LA 1o FH AT 0 2% eI T RN T 2970 BER AR EE NI BT 22

sage: V = C2.intersection(C3)

sage: V.irreducible_components ()

[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
XI

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Yr
w = i,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x +y + 2,
2*%y~2 + 4d*y + 3]

>>> from sage.all import *

>>> V = C2.intersection (C3)

>>> V.irreducible_components ()

[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
Xy

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x +y + 2,
2*y~2 + 4*y + 3]

Bian, (1,0) #1(0,1) MAEFI KL b (RIS W), 42 (T9k) &, BN y BARH 2 2y +4y +3 = 0.
Sage ] PAVI S = 48 5 5 2 ) v 1Lty = o 2 PO R LARL

sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I = ideal (b"2-a*c, c"2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],
[-b*c + a*d, -c”2 + b*d, b*2 - a*c],
[-c”"3 + a*d"*2, —-c"2 + b*d, b*c - a*d, b2 - a*c],
[-c*2 + b*d, b*"2 - a*c, b*c - a*d, c¢”3 - a*d"2],
[-b*c + a*d, -b"2 + a*c, c"2 - b*d],
[-b"3 + a”2*d, -b"2 + a*c, c”2 - b*d, b*c - ax*d],
[-b"2 + a*c, ¢”2 - b*d, b*c - a*d, b"3 - a”2*d],

[@*2 = o=, lb¥e = a<e, b2 = a“e]l
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4
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>>> from sage.all import *

>>> R = PolynomialRing (QQ, Integer(4), names=('a', 'b', 'c', 'd',)); (a, b, ¢, d,) = R._first_
—ngens (4)
>>> I = ideal (b**Integer (2)-a*c, c**Integer(2)-b*d, a*d-b*c)

>>> F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

>>> F.reduced_groebner_bases ()

[[=@2%2 ¢ loweEl, =lowE ¢ e, =992 &+ ewel

[-b*c + a*d, -c”2 + b*d, b*2 - a*c],

[=e*3 + a*c”2, =e*2 + lb>al, e = a*el, 72 = a*el,
[=e?2 + lo¥el, 972 = arg, lb*e = avecl, €3 = avcl 2],
[-b*c + a*d, -b"2 + a*c, c”2 - b*d],

<1673 4+ a*2%el, =192 + a*g, @ 2 = lb*el, b¥e = avd],
[F10°2 + a%e, @2 = lo¥el, b~ = awel, 173 = a*2%6l],

[c"2 - b*d, b*c - a*d, b"2 - a*c]]
>>> F.polyhedralfan ()
Polyhedral fan in 4 dimensions of dimension 4

2.13.2 {HEsh%

Sage i1y [ I 2&.2h i €0 PARL 10 KB4 WAL I 26 096 . 170 Cremona ZEZk el OBl (70T HeBichi e
), mwrank SR (EIVF514 Mordell-Weil BER) 2 U FIE) . SEA 5. IFFTA IR, WEXT Q ik
R LR, P J% Denis Simon fig—2e T FIEHCL .

AR 2k i % E1lipticCurve 4 ZMIEA:
* EllipticCurve([a1, a2, as, as, agl): 3R [ U1 5] i £&

y2 + a1y +asy = 2> + a2x2 + a4 + ag,

Hrp a; B a0 WACEEH . QSRITH a; BICEEIERE Z, BR8N Q.
* EllipticCurve([a4, as]): 5 _EHAHFE, H a1 =az =a3 =0,

* EllipticCurve(label): 32 1|3k | Cremona i FEROM R M 2k, (%5 (Fik)!) Cremona bR2%. ra5/e
—ANFARER, B itan B v3702n . FREAAUR/NG (VA IFRRE) o

« EllipticCurve(j): iR | A j-A455 7 WG R Hh <.
* EllipticCurve(R, [a1, az, as, a4, ag)): BIEE XAEH R _FIIMGRIhZE, 20 a; 7 L.
AR AR T R AL

sage: EllipticCurve([0,0,1,-1,01)
Elliptic Curve defined by y"2 + y = x"3 - x over Rational Field

sage: EllipticCurve ([GF(5) (0),0,1,-1,01)
Elliptic Curve defined by y"2 + y = x"3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y"2 + y = x"3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y"2 + x*y = x"3 + 36*x + 3455 over Rational Field

&)
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(% 50

sage: EllipticCurve (GF(5), [0,0,1,-1,01)
Elliptic Curve defined by y*2 + y = x"3 + 4*x over Finite Field of size 5

>>> from sage.all import *
>>> EllipticCurve ([Integer (0), Integer (0), Integer (1), -Integer (1l),Integer (0)1])
Elliptic Curve defined by y*2 + y = x"3 - x over Rational Field

>>> EllipticCurve ([GF (Integer (5)) (Integer (0)), Integer (0), Integer (1), -Integer (1), Integer(0)])
Elliptic Curve defined by y*2 + yv = x"3 + 4*x over Finite Field of size 5

>>> EllipticCurve ([Integer (1), Integer(2)])
Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

>>> EllipticCurve('37a')
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

>>> EllipticCurve_from_7j (Integer (1))
Elliptic Curve defined by y"2 + x*y = x73 + 36*x + 3455 over Rational Field

>>> EllipticCurve (GF (Integer (5)), [Integer(0),Integer(0),Integer(l),-Integer(l),Integer(0)])
Elliptic Curve defined by y*2 + y = x*3 + 4*x over Finite Field of size 5

2(0,0) BWRBIILE B E9— i, X y? +y = o® —x. 55 Sage POIHIAN, HIAE([0,01). Sage il
DLAEBEHATF A 26 1o (AT 263 R At , Forh it B, Mk =AM EEk i
%)

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
sage: P = E([0,01])

sage: P + P

(1 : 0 : 1)

sage: 10*P

(161/16 : —-2065/64 : 1)

sage: 20*P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()

37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (0),Integer(0),Integer(l), Integer(l),Integer(0)])
>>> E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
>>> P = E([Integer(0),Integer(0)])

>>> P + P

(1 : 0 : 1)

>>> Integer (10) *P

(161/16 : -2065/64 : 1)

>>> Integer (20) *P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)

>>> E.conductor ()

37

RS ERRR B2t oA E SRk . Sage 1T R RN :
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sage: E = EllipticCurve([0,0,0,-4,2]1); E
Elliptic Curve defined by y"2 = x"3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.Jj_invariant ()
110592/37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (0),Integer(0),Integer(0), -Integer (4),Integer(2)]); E
Elliptic Curve defined by y*2 = x"3 - 4*x + 2 over Rational Field

>>> E.conductor ()

2368

>>> E.j_invariant ()

110592/37

WERFARE—DEA S E M AL, EA—ES B M. ZERATRBIH, L ZAm,
HENTHSEAIL

sage: F = EllipticCurve_from_3j(110592/37)
sage: F.conductor ()
37

>>> from sage.all import *

>>> F = EllipticCurve_from_j (Integer (110592)/Integer (37))
>>> F.conductor ()

37

SR, SN F T 2 YR ] AR RS R 2

sage: G = F.quadratic_twist (2); G
Elliptic Curve defined by y*2 = x"3 - 4*x + 2 over Rational Field
sage: G.conductor ()

2368
sage: G.Jj_invariant ()
110592/37

>>> from sage.all import *

>>> G = F.quadratic_twist (Integer(2)); G

Elliptic Curve defined by y"2 = x73 - 4*x + 2 over Rational Field
>>> G.conductor ()

2368

>>> G.Jj_invariant ()

110592/37

FATAT AT SR I 2y L- GBI 3007 ang™ BUREL an o BEVTF(H PARIC J:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E.anlist (30)

o, 1, =2, =3, 2, =2, 6, =41, 0, 6, 4, =5, =6, =2, 2, 6, =4, 0, =12, 0, =4,
3, 10, 2, 0, =i, 4, =9, =2, 6, =i12]

sage: v = E.anlist (10000)

>>> from sage.all import *
>>> E = EllipticCurve ([Integer (0),Integer(0),Integer(l), Integer(l), Integer(0)])
>>> E.anlist (Integer (30))
o, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
(ZEF )
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(#z E70)
3, 10, 2, 0, =4, 4, =9, =2, 6, =12]
>>> v = E.anlist (Integer (10000))

$HFn <10°, WHEE an (NGFILED:

sage: %time v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

>>> from sage.all import *

>>> %time v = E.anlist (Integer (100000))

CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

AR 5]y 2P AGE I E AT Cremona ARAEMIE o« X S TN 29k . Tamagawa . 77455545 5.

sage: E = EllipticCurve ("37b2")

sage: E

Elliptic Curve defined by y*2 + y = x"3 + x"2 - 1873*x — 31833 over Rational
Field

sage: E = EllipticCurve ("389%a")

sage: E

Elliptic Curve defined by y*2 + y = x*3 + x"2 - 2*x over Rational Field
sage: E.rank ()

2

sage: E = EllipticCurve ("5077a")

sage: E.rank ()

3

>>> from sage.all import *

>>> E = EllipticCurve ("37b2")

>>> E

Elliptic Curve defined by y"2 + y = x"3 + x"2 - 1873*x - 31833 over Rational
Field

>>> E = EllipticCurve ("389a")

>>> E

Elliptic Curve defined by y*"2 + yv = x*3 + x"2 - 2*x over Rational Field
>>> E.rank ()

2

>>> E = EllipticCurve ("5077a")

>>> E.rank ()

3

AT AT PAE #2717 Cremona 4 14 .

sage: db sage.databases.cremona.CremonaDatabase ()

sage: db.curves (37)

{'al': [[O, O, 1, -1, O], 21, 1], 'b1': [[O, 1, 1, -23, -501, O, 31}
sage: db.allcurves (37)

{'al': [[0, O, 1, -1, 0], 1, 11,

'b1': [[0, 1, 1, -23, -50], 0, 31,
'p2': [[0, 1, 1, -1873, -31833], 0, 1],
'p3': [[0, 1, 1, -3, 11, O, 31}
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>>> from sage.all import *

>>> db = sage.databases.cremona.CremonaDatabase ()
>>> db.curves (Integer (37))
{¥ad 1[0, 0, 15,0 =150, 45 A, tedis o), A5 S =231, =501, 0l 3]}
>>> db.allcurves (Integer (37))
{'al': ([0, O, 21, -1, 0], 1, 1],
bt [0, 15, 15 =23, =500, 0, 3,
'b2': [[0, 1, 1, -1873, -31833], 0, 1],
'p3': [[O, 1, 1, -3, 11, O, 31}

MBI PE R Bl X R AN ELLipticCurve M., ENTREHEAEFRITER, RAJLNFEIMNE .. Cremona i
PEA—A/INEURAS, BRINBE Sage —ifer &, 3547 X531 (conductor) < 10000 IR il 2 A R R B4
—AREVAEEMAS, WA XA S AN 120000 i 2oy R4l (B2 2005 4F 10 ). Sage i —
ANEREY (2GB) AIEHdE At , {55 Stein-Watkins Kb 2 A B4 2 AR 15 b 2R3 -

2.13.3 RFIREIE

Dirichlet % /22 [A%S (Z/NZ)* — R* B9, XFHEAFR R, WTLAE LR ged(N, ) > 1 AYEEL o Wit
20 NiMfSE—4Z — R ymLit.

sage: G = DirichletGroup(12)
sage: G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |[--> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |[-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 [--> -1, 5 [-—> -1]
sage: G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)

4

>>> from sage.all import *
>>> G

DirichletGroup (Integer (12))
>>> G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |[--> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |[-—-> -1]
>>> G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 [--> 1, 5 [--> -1)
>>> len (G)

4

QIR G, RO E— TR TR

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab6
sage: chi.values()

[0, 1, zeta6 - 1, 0, -zetab, —-zeta6 + 1, 0, O, 1, 0, zeta6, -zeta6, 0, -1,
0, 0, zeta6 - 1, zeta6b, 0, —-zeta6 + 1, -1]

sage: chi.conductor ()

7

sage: chi.modulus ()
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(2 E70)
21
sage: chi.order()
6

sage: chi (19)
-zetab + 1
sage: chi (40)
—-zetab + 1

>>> from sage.all import *

>>> G = DirichletGroup (Integer (21))

>>> chi = G.gen(1l); chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab

>>> chi.values ()

[0, 1, zeta6 - 1, 0, —-zeta6, —-zeta6 + 1, 0, 0, 1, 0, zeta6, -zeta6, 0, -1,
0, 0, zeta6 - 1, zetab, 0, -zetab + 1, -1]

>>> chi.conductor ()

>>> chi.modulus ()

21

>>> chi.order ()

6

>>> chi (Integer (19))
-zeta6 + 1

>>> chi (Integer (40))
-zeta6b + 1

WA AT FURE Gal(Q(Cv)/Q) WX LEHHEM I, DA R RIE I i EL R i -

sage: chi.galois_orbit ()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
iy, 2, 2, 4, 1, 2, 2, 1]

sage: G.decomposition ()
[Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and degree 2]

>>> from sage.all import *
>>> chi.galois_orbit ()

[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6b + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6]
>>> go = G.galois_orbits/()

>>> [len(orbit) for orbit in go]
L, 2, 2, 1, 1, 2, 2, 1]

>>> G.decomposition ()
[Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and degree 2]

BTk, FoTHIME 20 (BRI TR RE, (ELILEAE QU)o

76 Chapter 2. &%




Sage #¥, R1THEZA 10.8

sage: K.<i> = NumberField (x"2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with defining.
—polynomial x"2 + 1

>>> from sage.all import *

>>> K = NumberField(x**Integer (2)+Integer(l), names=('i',)); (i,) = K._first_ngens (1)
>>> G = DirichletGroup (Integer (20),K)
>>> G

Group of Dirichlet characters modulo 20 with values in Number Field in i with defining.
—polynomial x72 + 1

R RBATIE ¢ LA &

sage: G.gens ()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--—> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |[--> 1, 17 |--> 1)

sage: G.unit_gens()
(11, 17)

sage: G.zeta()

i

sage: G.zeta_order ()
4

>>> from sage.all import *

>>> G.gens ()

(Dirichlet character modulo 20 of conductor 4 mapping 11 |[--> -1, 17 |--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |-—-> 1)

>>> G.unit_gens ()
(11, 17)

>>> G.zetal()

i

>>> G.zeta_order ()
4

XSG, AR T AMEERU T KM SRR L . 3id DirichletGroup IS =S HIIHG
E T BRI BAAIAR

sage: x = polygen(QQ, 'x'")

sage: K = NumberField(x"4 + 1, 'a'); a = K.O
sage: b = K.gen(); a == b

True

sage: K

Number Field in a with defining polynomial x"4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by a in.
—Number Field in a with defining polynomial x4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |[--> a2

sage: [(chi”i) (2) for i in range (4)]

1, a*2, =1, =a*2]
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>>> from sage.all import *
>>> x = polygen (QQ, 'x')

>>> K = NumberField(x**Integer (4) + Integer(l), 'a'); a = K.gen(0)
>>> b = K.gen(); a == b

True

>>> K

Number Field in a with defining polynomial x"4 + 1

>>> G = DirichletGroup (Integer(5), K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by a in.
—Number Field in a with defining polynomial x"4 + 1

>>> chi = G.gen(0); chi
Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a”2
>>> [(chi**i) (Integer(2)) for i in range (Integer (4))]

[1, a2, -1, -a"2]

X H NumberField (x74 + 1, 'a') {5ff Sage fETE) k WEIAFS 2" (— A~ XZ T o + 1 9%ue). It
AR AR, —HIUTa = k.0 (M a = K.gen0)), 757" ARREMZHA o + 11—
MR

2.13.4 #EER

Sage W DABEAT— L SROESM KA, WFIHRYERE . BURFS 2500 . Hecke 52T FIZM# .

AU R AT BT 2 M R 4E 1 . B,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO(1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

>>> from sage.all import *
>>> from sage.modular.dims import dimension_cusp_forms
>>> dimension_cusp_forms (GammaO (Integer (11)), Integer(2))

1

>>> dimension_cusp_forms (GammaO (Integer (1)), Integer (12))
1

>>> dimension_cusp_forms (Gammal (Integer (389)), Integer (2))
6112

R ARFA TR AATEAE 12 A1 1 IBRT-5 25 [A]_ETHH Hecke 57

sage: M = ModularSymbols(1,12)
sage: M.basis ()
([X~8*Y~2, (0,0)]1, [X"9*Y, (0,0)], [X~10,(0,0)1)
sage: t2 = M.T(2)
sage: t2
Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field
sage: t2.matrix()
[ -24 0 0]
[ 0 -24 0]
[4860 0 2049]
sage: f = t2.charpoly('x'); £
x"3 - 2001*x"2 - 97776*x — 1180224
(ZEF )
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(# E30)
sage: factor (f)
(x — 2049) * (x + 24)"2
sage: M.T(11) .charpoly('x') .factor ()
(x — 285311670612) * (x — 534612)"2

>>> from sage.all import *

>>> M = ModularSymbols (Integer (1), Integer(12))
>>> M.basis ()

([x~8*¥y~2, (0,0)1, [X*9*Y, (0,0)]1, [X"~10,(0,0)1)
>>> t2 = M.T (Integer(2))

>>> t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field
>>> t2.matrix()

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

>>> f = t2.charpoly('x"); f

x"3 - 2001*x"2 - 97776*x — 1180224

>>> factor (f)

(x — 2049) * (x + 24)"2

>>> M.T (Integer(11)) .charpoly('x").factor ()

(x — 285311670612) * (x - 534612)"2

FATEFT AR To(N) A1 D1 (V) BBLRF5-25 0] .

sage: ModularSymbols (11,2)

Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign 0 over Rational Field

>>> from sage.all import *

>>> ModularSymbols (Integer (11), Integer(2))

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

>>> ModularSymbols (Gammal (Integer (11)), Integer (2))

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

RN —LERHIE 2 TR g eI

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2) .charpoly('x")
x"11 - 8*x710 + 20*x"9 + 10*x78 — 145*x"7 + 229*x"6 + 58*x"5 — 360*x"4
+ 70*x"3 - 515*x"2 + 1804*x - 1452
sage: M.T(2) .charpoly('x').factor ()
(x — 3) * (x + 2)7"2 * (x4 — 7*x"3 4+ 19*x"2 — 23*x + 11)
*o(xM - 2FxN3 + 4FxN2 + 2*x 4+ 11)
sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix/()
[-2 0]
[ 0 -2]
sage: S.g_expansion_basis (10)
[ - 2*g"2 - g"3 + 2*g"4 + g*5 + 2*g"6 — 2*g"7 - 2*g"9 + 0(g™10)]
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>>> from sage.all import *
>>> M = ModularSymbols (Gammal (Integer (11)), Integer(2))
>>> M.T (Integer(2)) .charpoly('x")
x"11 - 8*x"10 + 20*x"9 + 10*x78 — 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x7"3 - 515*x72 + 1804*x — 1452
>>> M.T (Integer(2)) .charpoly('x").factor ()
(x = 3) * (x + 2)"2 * (x4 — 7*x"3 + 19*x72 — 23*x + 11)
* (XM - 2*Fx"3 + 4*x7"2 4+ 2*x + 11)
>>> S = M.cuspidal_submodule ()

>>> S.T(Integer(2)) .matrix()
[-2 0]
[ 0 -2]

>>> S.qg_expansion_basis (Integer (10))
[ - 2*g"2 - g"3 + 2*g"4 + g*5 + 2*g"6 — 2*g"7 - 2*g"9 + 0(g”10)]

FATE 2 0] DA A R BT 25 ]«

sage: G = DirichletGroup (13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetab], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2) .charpoly('x').factor ()

(x — zetab - 2) * (x — 2*zetab - 1) * (x + zeta6 + 1)72

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x').factor ()

(x + zeta6 + 1)"2

sage: S.g_expansion_basis (10)

[ + (—-zeta6b - 1)*g”2 + (2*zeta6 - 2)*g"3 + zeta6*g"4 + (-2*zetab + 1)*g"5 + (—2*zetab + 4)*gq 6.
—+ (2*zetab - 1)*g"8 - zeta6*g”9 + 0(g”™10)]

>>> from sage.all import *

>>> G = DirichletGroup (Integer (13))

>>> e = G.gen(0) **Integer (2)

>>> M = ModularSymbols (e, Integer(2)); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

>>> M.T (Integer(2)) .charpoly('x").factor ()

(x — zetab - 2) * (x — 2*zeta6 - 1) * (x + zeta6b + 1)"2

>>> S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

>>> S.T(Integer(2)) .charpoly('x").factor ()

(x + zetab + 1)"2

>>> S.g_expansion_basis (Integer (10))

[g + (—-zetab - 1)*g"2 + (2*zetab - 2)*g"3 + zetab*g"4 + (-2*zetab + 1)*g"5 + (—-2*zetab + 4)*g 6.
—+ (2*zeta6 - 1)*g"8 - zetab*g”9 + 0O(g”10)]

PATR 2 Sage W14 Hecke 557 AEBIE 25 0] LRI 75— M1

sage: T = ModularForms (GammaO (11),2)
sage: T
Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
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weight 2 over Rational Field

sage: T.degree()

2

sage: T.level ()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

sage: T.dimension ()

2

sage: T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gammal (11) of weight 2 over Rational Field

sage: T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight ()

2

sage: M.basis ()
((1,0), (1,8), (1,9))
sage: M.sign()

0

>>> from sage.all import *

>>> T = ModularForms (GammaO (Integer (11)), Integer (2))

>>> T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

>>> T.degree ()

2

>>> T.level ()

11

>>> T.group ()

Congruence Subgroup GammaO (11)

>>> T.dimension ()

2

>>> T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gammal (11) of weight 2 over Rational Field

>>> T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

>>> M = ModularSymbols (Integer (11)); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

>>> M.weight ()

2

>>> M.basis ()

((1,0), (1,8), (1,9))

>>> M.sign ()

0

W T, FniB ) Hecke 1 (p 20 . Hecke 5+ To, Ts, Ts WM AEALF 5 25 0] AR ?

213, —EEFFRIEF 81




Sage #i#2, Z1ThR# 10.8

sage: M.T(2) .matrix ()

[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0 0 -1]
sage: M.T(5) .matrix/()
[ 6 0 -1]
[ 0 1 0]
[ 0 0 1]

>>> from sage.all import *
>>> M.T (Integer(2)) .matrix()
[ 3 0 -1]

[ 0 -2 0]

[ 0 0 -2]

>>> M.T (Integer(3)) .matrix()
[ 4 0 -1]

[ 0 -1 0]

[ 0 0 -1]

>>> M.T (Integer(5)) .matrix()
[ 6 0 -1]

[ 0 1 0]

[ 0 0 1]
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CHAPTER 3

32 B3 Shell

TEAFRER KIS NAE T, FAVEEIRMA sage A4 JH 3 Sage MEREAS . X% 53—~ Hil i 1) [Python
Shell, H- P AVWFZ BB, HENTAT AR SmfF M . AT PAE L 448 $SAGE_ROOT/ipythonre 3
P TIE— I A E . JHEh Sage 7, SEHPATELINA:

T
| sageMath version 9.7, Release Date: 2022-01-10

1

|

| Using Python 3.10.4. Type "help()" for help. |
L |

sage:

FIR Y Sage HFE# Cul-D Bk A quit 5{ exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

>>> from sage.all import *
>>> quit
Exiting Sage (CPU time Om0.00s, Wall time OmO.89s)

Wall time $5 1) 5 LB EIL RIS ] . 2R CPU ISR A R ER 728 (41 GAP 8 Singular) J¥#E4 IR ] .

(MG AE Al k111 -9 JRIE Sage HHAR, [HWy Sage AIAETCIAA I TR, I Maple JFA%, =R
SHOME/ . sage/tmp HHHIEH 3L )

3.1 Sage &%

i M Sage JHBEIR IV RG4S i1 751 . Sage sl IPython iR A Sage fit Ao SLbr b, WERARAE
/23 H 5K Shell (A2 notebook FH) , AT ARSI A shistory (B shist) RIVMIZS A IEHA
WPTA AT, 7 Sage SR NI 2 AT T AT ¢ TPython Y25, BI4N, “IPython F{itafy 4 5 rfi
AF R AR . IrA AR ST, AT DMEREERR (RTHENEREE RS . T
R RIGEATAE (AN EE R e
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Sage #i#2, Z1ThR# 10.8

k=% AN (XER sHell F1 notebook & )
_: FHXKBAAN (KX ER shell # )
_oh : FTAMAWI K (UIXXER shell #EF)

Bt -

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3,5)

2 =-1

sage: %hist # This only works from the interactive shell, not the notebook.

1: factor(100)
2: kronecker_symbol (3,5)
3: %hist
_oh
{1:
_i1
'factor (27 (100))\n"
eval (_i1l)

_ 272 % 572
sage: %hist

factor (100)
kronecker_symbol (3, 5)
$hist
_oh

il

sage:
4 =

_ 242 % 542, 2: -1}
sage:
5 =

sage:
6 =

eval (_il)
$hist

~N o O b W N

>>> from sage.all import *
factor (Integer (100))

1 = 272 = 5%°2

>>>

>>> kronecker_symbol (Integer (3), Integer (5))
2 =-1
>>> Shist # This only works from the interactive shell,

1: factor(100)
2: kronecker_symbol (3,5)

3: %hist

>>> _oh

_4 = {1: 272 * 572, 2: -1}
>>> i1

_5 = '"factor (Z2z(100))\n"
>>> eval (_il)

_6 = 272 * 572

>>> %hist

1: factor (100)

2: kronecker_symbol (3,5)
3: %hist

4: _oh

5: _i1l

6: eval (_i1)

7: %hist

not the notebook.

FATHEAZAER A Sage SCRE I & 0E 1 i 25 -
ARk il ATE Sl R A SRR
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Sage #¥, R1THEZA 10.8

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols (37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M ModularSymbols (37)

3: %hist

sage: Smacro em 1-2

Macro “em’ created. To execute, type its name (without quotes).

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (1), Integer(2),Integer(3),Integer(4),Integer(5)])
>>> M = ModularSymbols (Integer (37))

>>> %hist

1: E = EllipticCurve(I[1,2,3,4,5])
2: M = ModularSymbols (37)
3: %hist

>>> %macro em Integer (1)-Integer(2)
Macro ‘em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by y*2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x72 + 4*x + 5 over
Rational Field

>>> from sage.all import *

>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

>>> E = Integer(5)

>>> M = None

>>> em

Executing Macro...

>>> E

Elliptic Curve defined by y*2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

e 22 7S Shell 1, L] UNIX Shell iy & n] DAl 7E Sage HITH N _EIEN0S 1 RdhdT. Bildn:

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

>>> from sage.all import *
>>> Ils

auto example.sage glossary.tex t tmp tut.log tut.tex

AR [ 24 { H SRS

PATH AF F K Sage ) bin H SRTESR B, FICAIRIZIT gp, gap, singular, maxima %545, /R&1HEIRE Sage
BRFHE O AR

3.1. Sage £iF 85




Sage #¥, K1THE#A 10.8

sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

>>> from

sage.all import *

>>> lgp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
>>> Isingular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 g R\ T4 tH

i3k Sage RKTEAR TIRIFRTE (SR G A0 T E21E) . BHCFMA (AT L), WM 1ogstart
T . A logstart? THFHEZIEN. IRATABEX A SRR AR ITA WA . Brgtmit, $Enrl
TERRM T EI A (il FRrmak H &) o

$ sage

T 1
| sageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |
L |
sage: logstart setup

Activating auto-logging. Current session state plus future input saved.
Filename setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]).minimal_model ()

sage: = Q0”3

sage: x,y = Q0['x,y'].gens ()

sage: G = E.gens ()

sage:

Exiting Sage (CPU time Om0.61s, Wall time Om50.39s).

was@form:~$ sage

| sageMath version 9.7, Release Date: 2022-01-10

(

o

T

I

S

)
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Sage #i#2, Z1ThR# 10.8

(% 50

| Using Python 3.10.4. Type "help ()" for help.
L ]

sage: load("setup")
Loading log file <setup> one line at a time...
Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*y = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: x*y

xX*y

sage: G

[(2 : 3 : 1)]

WARARFE Linux KDE 2835 konsole H{#i ] Sage, HRATTASZIRDA R BRIRF4576 7E konsole HJ5 4l Sage
Ja, e CREEY, RIE CPIRESE., SRE CBEECATCBRE . MURMER A STER, R iR, RE
CORAFDTHCSE ., A BRI SR B SCARBRAEERI T AL PRAFXAN SCPFIG AR DRI 2%
FgiEaE () xemacs) FHFTEIH

3.3 HMBERIRRFT

TR ARIEAE R 12 Sage X Python ITH Y &35, H AR E I HiI2] Sage . (H2A >>> 8 sage: FERfFR
BN Sbs b, AR] AR S PR AT IR BISL RSG5 Sage o HeAITGUE, BOAWOLT, Sage T HHE
Ry Python Z BT MERALATHIS: >>> B sage: $&7R4F. Bl

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

>>> from sage.all import *
>>> Integer (2) **Integer (10)

1024

>>> sage: sage: Integer (2)**Integer (10)
1024

>>> >>> Integer (2) **Integer (10)

1024

3.4 @it

WERARTER AR LTCE. stine iy, IPAMPATII T BoRTEsm i g . Blan, FATA AR LRl E
BRI T XS VRA N BT RES A RIOARE], H B AR FRCA ) Sage Z ML F AR, HE
254 Python:

sage: %time a = int (1938)7int (99484)

CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

>>> from sage.all import *
>>> %time a = int (Integer (1938)) **int (Integer (99484))
(£ 50
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Sage #i#2, Z1ThR# 10.8

(#z E70)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

BRIV S8 IGRE 0.6 7, "Wall time HIAg BRI 0.66 B, HIRARIOHSTHLIETE, wall time 7]
fEL CPU MK % .

FEFTUABE tine it BECR AR RS AL T MM HROETRIBORIGE, ¢ AREMAMS
PR

sage: timeit ("int (1938)"int (99484)")
5 loops, best of 3: 44.8 ms per loop

>>> from sage.all import *
>>> timeit ("int (1938) "int (99484)")
5 loops, best of 3: 44.8 ms per loop

HERARFAT T 5 Sage Integer JE2, B2 1] Cython ¥ /i) GMP JESCBIH :

sage: %time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

>>> from sage.all import *

>>> %time a = Integer (1938)**Integer (99484)

CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

/1] PARL i) C i 411 :

sage: %time a = pari(1938)"pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

>>> from sage.all import *

>>> Stime a = pari(Integer(1938))**pari (Integer (99484))
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP KIURSEF (kL2 , A Sage ## Y PARI JUAH ] GMP #4738 E0Z ) .
W ATPAH cputime iy QP —Alay 3, WIF PR

sage: t = cputime ()

sage: a = int (1938)"int (99484)

sage: b = 1938799484

sage: c = pari(1938) "pari(99484)

sage: cputime (t) # somewhat random output
0.64

>>> from sage.all import *

>>> t = cputime ()

>>> a = int (Integer (1938))**int (Integer (99484))
Integer (1938) **Integer (99484)

>>> ¢ = pari(Integer (1938)) **pari (Integer (99484))

>>> Db

>>> cputime (t) # somewhat random output
0.64
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Sage #¥, R1THEZA 10.8

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t —— (optional) float, time in CPU seconds
OUTPUT:

float —- time in CPU seconds

>>>

>>>

from sage.all import *
cputime?

Return the time in CPU second since Sage started, or with optional

argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

walltime Ay MIFT 045 cputime ArRML, R EITRAZHMINE .

AL AT DA Sage AT EOTHEHLABOR G SE LTTORE. DL FRERMII T, RefiTHET— 2 & DU 2l
VRIS 5. oA SIS BRI SRTH, WSREESRIG ORI CPU il 2 7P 2 522 5, T A
EAELE LA HERE A

sage: time 1938799484;

CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01

sage: gp (0)

0

sage: time g = gp('1938799484")

CPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s

Wall time: 0.04
sage: maxima (0)

0

sage: time g = maxima('1938799484")

CPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s

Wall time: 0.30
sage: kash(0)

0

sage: time g = kash('1938799484")

CPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s

Wall time: 0.04
sage: mathematica (0)

0

sage: time g = mathematica ('1938799484")

CpPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s

Wall time: 0.03
sage: maple (0)

0

sage: time g = maple('1938799484")

CPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s

Wall time: 0.11
sage: libgap(0)

0

sage: time g = libgap.eval('1938799484;")

CPU

times: user 0.00 s, sys: 0.00 s, total: 0.00 s
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Sage #i#2, Z1ThR# 10.8

(#z E70)
{Wall time: 1.02

>>> from sage.all import *
>>> time Integer (1938)**Integer (99484);
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
>>> gp (Integer (0))
0
>>> time g = gp('19387199484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
>>> maxima (Integer (0))
0
>>> time g = maxima ('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
>>> kash (Integer (0))
0
>>> time g = kash('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
>>> mathematica (Integer (0))
0
>>> time g = mathematica ('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
>>> maple (Integer (0))
0
>>> time g = maple('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
>>> libgap (Integer (0))
0
>>> time g = libgap.eval ('1938799484;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

VB, FEXTMHE T GAP fil Maxima £%18 (iZ1T1E sage.math.washington.edu #l#% I1). HT pexpect 3
FHES, RFEN-5 5 Sage A L TTHEA K AF-

3.5 H{th IPython I5

i bBSCErik, Sage (] TPython VE R i, AR A PAGE FIAEAT IPython ffir S FITIHE. ARAT AL 52401
IPython SCH . FIHE—SEATHRAIHLTS - 15 TPython i, BCSEEFF N Magic 4
o AURARAEE A — SIS, ATDAGE sedit (B sed B ed) T —4miHias. 1EJH 3 Sage Z A,
T P& EDTTOR PRIEAS BCE AR B R fik s (B TEE Y CLE AN -profile UM P E export
EDITOR=/usr/bin/emacs B{ export EDITORZ/usr/bin/vim%’?)o %ESage%%iﬁ??Wiihff%edit é?ff

THEE R i SRS TE R & TR T DARE SC— R

def some_function(n) :
return n**2 + 3*n + 2

TRAFHR I a7 . ER T 1Y Sage Zih0IE], (R0 PAf some_function, QISRAREBHE, W ALE

Sage 2R N4 A sedit some_function,
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Sage #i#2, Z1ThR# 10.8

o ARARAE TR, I AR EOL S I ASE R T A&, TRATHT B srep: XAKF L
L HRCEE] Sage $nAT, R

sage: f(x) = cos(x)
sage: f(x).derivative (x)

—-sin (x)

P
>>> from sage.all import *

>>> _ tmp_ _=var("x"); f = symbolic_expression(cos(x)) .function (x)
>>> f(x).derivative (x)

—-sin (x)

.

BEI QR ARAE Sage $-/RFF N HIA srep, ARSFE]— VB Sage $&/RFF, SR —sin (x), JEARAEST
E.

HTMHEZAEE, WA squickret PAJAS IPython fRIESHfHy . BULASHEE WA (2011 454 F), Sage
(/1Y IPython fiiAAy 0.9.1, Magic iy S0 ATLATEER VI 45 FHECARIZI Magic iy RGEH AT ILEAE

XH .

3.6 HWRERHE

LIRS, A S Python “RE”. Python LR Ll Za g L MR H . 0 7] LR B R84
B, lUn: NameError BY ValueError (ﬁ%ﬂ]ﬁf%ﬁu%@iﬁ%ﬂ Python 2% [PyLR] )o B4 :

sage: 3_2
File "<console>", line 1
77 (3)_2

SyntaxError: invalid ...
sage: EllipticCurve ([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

>>> from sage.all import *
>>> Integer (3_2)

File "<console>", line 1
ZZ(3)_2

~

SyntaxError: invalid ...
>>> EllipticCurve ([Integer (0),infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

A7 A2 H A T BRAR ORI 1T TDABE ) spdo UIHE CBRAZ KPR ) MRITIFIAIR:, Bl
I 2 IR RAT todo>. TEWBLAR T, W DASTEMERE Rl A B RIRAS, FH e AT R A8 3. filtn:

sage: 5pdb
Automatic pdb calling has been turned ON

&)
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http://ipython.org/ipython-doc/dev/interactive/tutorial.html#magic-functions
http://ipython.org/ipython-doc/stable/interactive/reference.html#magic-command-system
https://docs.python.org/library/exceptions.html#NameError
https://docs.python.org/library/exceptions.html#ValueError

Sage #i#2, Z1ThR# 10.8

(#z E70)
sage: EllipticCurve ([1l,infinity])
<class Bexceptions.TypeError'> Traceback (most recent call last)
ipdb>

>>> from sage.all import *

>>> $pdb

Automatic pdb calling has been turned ON
>>> EllipticCurve ([Integer(1),infinity])

<class Bexceptions.TypeError'> Traceback (most recent call last)

ipdb>

£ ipdb> $&/RFF M HIA 2 PARBORI & 2513 -

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias ¢ cont down ignore n pinfo return wunalias
args cl continue enable b next pp s up
b clear d exit Jjump P a step w

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

i\ Ctrl-D 8§ quit 3% [H] Sage.

3.7 REEFES Tab 3£

SRR MAGHIL, WRIGH cerlp (SUEEE EHPLE) AE ARTH AR AZ ST LI 1T
Bl YR oe 4Rt Sage RIS EHEZN, XLLTREVIIR AT AR o AT LAGEA] cerl-r il 7 ARt R i)
R, AR MIN readline HMFAL, WIAERZEL Linux RASH .

TR Tab fh4r, EERIE =Gk B V = QP ANF:

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

>>> from sage.all import *
>>> V = VectorSpace (QQ, Integer (3))

&)
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Sage #¥, R1THEZA 10.8

(% 50

>>> V

Vector space of dimension 3 over Rational Field

AT PARE AR SRS A RNk

[sage: V = Q0”3

>>> from sage.all import *
>>> V = QQ**Integer (3)

IRIE AT AR 3 o 1] Tab Ah25 VBB A BRI RFEsIA v, SRR ERY Tab B

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis

< < < < <

.coordinates

<

.zero_vector

>>> from sage.all import *
>>> V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis

< < < < <

.coordinates

V.zero_vector

WA AR LT, S5 Tab 8, H 2 BR AKX B8P RETF LAY BR B

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

>>> from sage.all import *
>>> V.i[tab key]
V.1is_ambient V.is_dense V.is_full V.is_sparse

AR ARHE I B BOAVER , U coordinates FREY, #ij A V.coordinates? JFKEFEIIEL V. coordinates??
EHEVM, NI EA.

3.8 RAFEN RS
Sage AT SEHHEBN L. 0 A BHUR IR IRY T UAZEA 26 5010 S

sage: V = QQ"3
sage: V.coordinates?

Type: instancemethod
&)
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Sage #i#2, Z1ThR# 10.8

(#z E70)
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.

Returns a list c such that if B is the basis for self, then
sum c_1i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES :

sage: M FreeModule (IntegerRing (), 2); MO,M1=M.gens ()
sage: W = M.submodule ([MO + M1, MO - 2*M1])
W
1

sage: .coordinates (2*M0-M1)

(2, -1

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c such that if B is the basis for self, then
sum c_1i B_i = v.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES :
>>> M = FreeModule (IntegerRing (), Integer(2)); MO,M1=M.gens ()
>>> W = M.submodule ([MO + M1, MO - Integer(2)*M1])

>>> W.coordinates (Integer (2) *M0-M1)
(2, -11

wmEpTR, BRI R, G SCERISUE, AR T R B Ko, nT DARE S 7 (A I 21 24
B2 . L Ira X SR BIER 2 2 3 | s, PARRER EA11E % TAEI 58 & IARETT

N AEESF A Sage FFFAEHIDIGEZ , WK £ 22—~ Python BREL, IRAHIA £22 2B E X £ MR,
Bl

sage: V = Q0”3
sage: V.coordinates??
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(% 50

Type: instancemethod

Source:
def coordinates(self, v):

nnn

Write $v$ in terms of the basis for self.

nnn

return self.coordinate_vector (v) .list ()

>>> from sage.all import *

>>> V = QQ**Integer (3)

>>> V.coordinates??

Type: instancemethod

Source:
def coordinates(self, v):

nnn

Write $v$ in terms of the basis for self.

nnn

return self.coordinate_vector (v) .list ()

X 5 FFA] coordinates BR &L FT ML 1) 8 /& ] Hl coordinate_vector oK &I K 45 R #% 4 K 1| 3k
coordinate_vector BREMHAT A7

sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space () (v)

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space () (v)

coordinate_vector PRECRFHH A SR HIF(LIRSEA N, HACKZLA V AT o RKaE. =E V2
SR sessE, FAEE Q. TARUWA coordinate_vector AL, ERAFM. FAIQIHE—T2H
HER:

sage: V = Q0"3; W = V.span_of_basis([V.0, V.11])
sage: W.coordinate_vector??

def coordinate_vector (self, v):

nnn

nnn

# First find the coordinates of v wrt echelon basis.
w = self.echelon_coordinate_vector (v)
# Next use transformation matrix from echelon basis to

# user basis.
(BEF0)
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T = self.echelon_to_user_matrix(
return T.linear_combination_of_rows (w)
>>> from sage.all import *
>>> V = QQ**Integer(3); W = V.span_of_basis([V.gen(0), V.gen(1l)]1)
>>> W.coordinate_vector??
def coordinate_vector (self, v):
nmwn
# First find the coordinates of v wrt echelon basis.
w = self.echelon_coordinate_vector (v)
# Next use transformation matrix from echelon basis to
# user basis.
T = self.echelon_to_user_matrix()
return T.linear_combination_of_rows (w)
N N ,:‘—p _L‘. Y773 \Ela‘\\ ~, ‘l 02
(WRARAR LR, M AR B iR e Ze A8 )
YRR DA A help (command_name) BY help (class) EIREUAE LM BISCRY (241l manpage ).
sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:
VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, *,
with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES :
The base can be complicated, as long as it is a field.
sage: V = VectorSpace (FractionField(PolynomialRing(ZZ,"'x"')),3)
sage: V
Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring
sage: V.basis()
[
(1, 0, 0),
(0, 1, 0),
——More——
>>> from sage.all import *
>>> help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:
VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_ product_matrix=None, *,
with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES :
The base can be complicated, as long as it is a field.
>>> V = VectorSpace (FractionField (PolynomialRing (ZZ, 'x"')), Integer(3))
(BRI
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(% L350
>>> Vv
Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring
>>> V.basis ()

[

(1, 0, 0),
(0, 1, 0),
——More——

LR A g B A I RGEN, R SENERRIEAZ. I ERSMIRY S IEZERE, m
function_name? RHJHi A By & WX FPIE O . i A help (module_name) HpHI7E . FlA, )& %S EAE
sage.modules.free_module qjﬁiﬁﬁ, ﬁ%}\help(sage.modules.free_module) EﬂﬁI%ﬁﬁ%¥§§é%§4\iﬁtﬁﬂﬁ
SCRY. (I B AR SO, FIDAESE A/ TR, WA DAEE A 2 R

3.9 REMMFENMR
BRI — R SO R RTS8 ), I A BRI AF LAY HUR T o AREE A R? TR
RGER M Z T EARIT AR R

L BRAFIERR: DOCR IRAFRIIN R 5E B 2238 (W1 GAP. Magma).,

2. e -HuAF Il BEEEDXTGERLART R 77 U TED (GP/PARI)

3. Eval: ARG PR (40 Singular, PARI).,

H1 T Sage {# 1] Python, PIRCRIAFEIIE, BIEEMXIREATAFIIL, FAl— A A PR 20 211
TP . X5 PARI BGE—Hi Ada 7 iRk AR, ORI QAT i R 2 TR 2% b, &
TR R ZHG L N 25 BB, AHEHSMRAE: X2 Python PR ITHFE:

JLF-Frf Sage Xt 4 x #B 0] DALAIE 46 T X ARAE B WG 4%, i/ save(x, filename) (WTEFZIHHT x.
save (filename) ), EHNENIE, [ 1oad (filename).

sage: A = MatrixSpace (QQ, 3) (range (9)) "2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save (A, 'A'")

>>> from sage.all import *
>>> A = MatrixSpace (QQ, Integer (3)) (range (Integer (9))) **Integer (2)

>>> A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

>>> save (A, 'A')

BAENRIZIB H Sage HEHHZN. AR5 AR A

sage: A = load('A'")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]
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>>> from sage.all import *
>>> A = load('A'")

>>> A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

R LAGE [ R VR AL PSS 20 5, IIRGIRIH 2k . SEAF AT G B Bl S 0 G —[F) Ay . filan:

sage: E = EllipticCurve('lla'")

sage: v = E.anlist (100000) # takes a while
sage: save(E, 'E')

sage: quit

>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> v = E.anlist (Integer (100000)) # takes a while
>>> save(E, 'E')

>>> quit

E WIFERERR Y 1S3K 277, REAEffAF 11T 100000 4 ay,.

~/tmp$ 1ls -1 E.sobj

—rw-r—--r-— 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E'")

sage: v = E.anlist (100000) # instant!

(¥£ Python H, RAFAINE M cPickle Bt HAASRUL, Sage X154 x WAL cPickle. dumps (x,
2) 7. HE2!)

Sage JLELRAFRIINBE LB BN ER S (B4 GAP, Singular, Maxima) BIZHHFEAN 4. EITEH
IR R “ToRk (invalid)” . 7E GAP ™, BARVFZ X RAIT EI7 ST DAEE Tl e, (HARZXIR AR
1, PR A SRV AT BN 2oR A T

sage: a = libgap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

>>> from sage.all import *
>>> a = libgap (Integer(2))
>>> a.save('a')

>>> load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

GP/PARI Xt G n ARIFRIINZR, IR EATHIT BN 2R AR EA

sage: a = gp(2)
sage: a.save('a')

(BT D)
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sage: load('a')
2

>>> from sage.all import *
>>> a = gp(Integer(2))

>>> a.save('a'")

>>> load('a')

2

PRAFBI0T S J5 T ATEAS [RI SRR iV RS R RL BB, Blan, 4500 DALE 32 2 OS X _EfRfF—1K
HFE, SRISTE 64 (% Linux EEHMEAE, WRBHEX, REmrm %, 1, fEF2HT, MEEA
[ A Sage HHHLREMMERT R, HEAZXI SRR BA RRER . WRFTG R, PARE LRI (H
AEIFIAH) FRSBIRATF WAL RAEBTRANY Sage HORTIAFTE, AR AN GO TCIAAE T AR - 33
io EARAT ATEIRAS R E , ARBOE g5l (] x. __dict_ ), PRAFZTHL, FRIFFMEENH R A

3.9.1 REANE

VRIE AT VAR G2 1) ASCIL SCAZRORAT BN 2SS, RS AR T S B AR R FAF 30
Bl (Rt ] A X AT AH AT Z MR ). FEXgR)E, KHSC,

sage: R.<x,y> = PolynomialRing (QQ, 2)

sage: f = (xty)"7

sage: o = open('file.txt','w'")
sage: o.write(str(f))

sage: o.close()

>>> from sage.all import *

>>> R = PolynomialRing(QQ, Integer (2), names=('x', 'y',)); (x, y,) = R._first_ngens(2)
>>> = (xty) **Integer(7)
>>> o.write(str(f))

f
>>> o0 = open('file.txt','w')
o
o.close ()

>>>

3.10 REMNMFETESIE

Sage X ORI E 5 B 230 A A RAE I ST

save_session (sessionname) ﬁﬁé}%?ﬁﬁ%i%fﬁ%ﬁﬁé%fﬁEF;E)ZE@%EE%G%??ﬂJ%%iE sessionname Hgﬁzﬁﬂo (%E
DRAFIT , AEREAB EALRRAT, WARSIRAESI T ) AU ST . sobs SCHF, ATRMBARAERY H:
EXR IR IMESTERAFIRTRE,, 2587, FHGENE RS, S,

ﬁIQLﬁﬁfﬁ load_session (sessionname) ﬁﬁ%%ﬁ% sessionnameFP%E)KB@éEE%ﬁH%ﬁ@U§§ﬁﬁé§ﬁ£o ﬁfﬁi, XA
2R YIS P LA E LS MEAH 2.

BB Sage I AR &,

sage: E = EllipticCurve('lla')

sage: M = ModularSymbols (37)

sage: a = 389

sage: t = M.T(2003) .matrix(); t.charpoly().factor()
_4 = (x — 2004) * (x - 12)72 * (x + 54)72
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>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> M = ModularSymbols (Integer (37))

>>> a = Integer (389)

>>> t = M.T(Integer (2003)) .matrix(); t.charpoly().factor()
4 = (x — 2004) * (x — 12)"2 * (x + 54)"2

FEPRBAT UG, R L SRS RORT 230 SRIREARSCE, KN 3K,

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r——-r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

>>> from sage.all import *

>>> save_session('misc')

Saving a

Saving M

Saving t

Saving E

>>> quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r—--r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

RIGEHEE) Sage, & —MHOMYAL R, FHIMBRAFHI 2T

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

>>> from sage.all import *
>>> b = Integer (19)

>>> load_session('misc')
Loading a

Loading M

Loading E

Loading t

FEA R S FRRT . BEAh, A58 b AT G -

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = x"3 - x°2 - 10*x - 20 over Rational

Field
sage: b
19
sage: a
389
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>>> from sage.all import *

>>> M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field

>>> |

Elliptic Curve defined by y"2 + y = x*3 - x"2 - 10*x - 20 over Rational
Field

>>> Db

19

>>> a

389
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cHAPTER 4

#0

Sage ;’g—/l\fl%bij]ﬁﬁ%”z SCRREE A RS R AR S R, RSk B 2 AR EAR R SR X St
s
% 1119 console Fll interact H¥EIAVE I AER AF . Hlan, DA GAP Ryfi:

1. gap.console (): IXLXFTH GAP =1 & - RHEHRINEFE 45 GAP, TEiX B, Sage HUg 7824 — Iy R
PR, J3LITF Linux [ bash shell,

2. gap.interact (): X@HIEAEBATH) GAP LA HAYEHET 30, LBIRTBE “HE T Sage MR, 17
FIDAYE Sage MR FAFXA GAP 4f i (REW MR HHRA) F45.

4.1 GP/PARI
PARI &N 5. Ew . mEE C By, HEZ R AZE0E. Sage 1A W MEIAA [ 2
PR b A -

* gp -- PARI fi#¢4s

* pari-- PARIC %

B, VAR —ARF R PIRSEBTIE . BNERAR—H, Hih R L ERARR, HHEGZKAERNF
T REIRAR .

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari('znprimroot (10007)")
Mod (5, 10007)

>>> from sage.all import *
>>> gp ('znprimroot (10007) ")
Mod (5, 10007)

>>> pari ('znprimroot (10007) ")
Mod (5, 10007)
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TEH— R R, SOREh— AN GP RS R A RIR 28, THF4FE  anprinroot (10007) ' &3k
BT, 4GP IR, SRBRT GP MR (A 5T GP bR WAz, RABRE) .
RGBS R . TES AR, B RO, I 4R znprinroot (10007) ' A
PARI C fﬁl%ﬁﬁ%ﬁo SELAZARTE Python [IMEINTFHT, M BERTRES | I, XNIRR BRI . X5 A
R HA

sage: type(gp('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> type (gp ('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
>>> type (pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

LA R FhIE? X TR K . GP 22 1T DASE CFEE % 1) GP/PARI iy 472 7 AR 1] DARAY
FEATAESS, JUHIRARAT AL A4 PART R I 1217, M PARIE D (il C FR) REIEZGE.
B, PrA SRR R e S B. Kk, AU, BN RBUEAR AR, adid PART 1 JGA T
fE. TR, PARLE R GP e, WA (R .

(2R GP £ EIH RS E M AR NAFFER, B S B s et st Bz A . I, IR
BOA LRGP RN, AR 2Bt Ol 1 GP RSP AR L — A3 . R
T PARIC FE#: 1, B ALRIRFEE QAR G PART Mk rPAZ il ok, A IUMERAR S IC . SR, A %F
LR/ IE 100MB, A3 TEQ N SRR o X AN A2 ] £ 38— i P REHRE - )
GMRDE, Sage ffifl] PARI C M T 15 GP/PART R RE KUY TN RE, AR ZAET HA R I NS
HA Python Zif2iE = o

G, FAIM Python 51| L AH 4> PARI 51 5.

sage: v = pari([1,2,3,4,5])
sage: Vv

[1, 2, 3, 4, 5]

sage: type (V)

<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> v = pari([Integer(l),Integer(2),Integer(3),Integer(4),Integer(5)1])
>>> v

[1, 2, 3, 4, 5]

>>> type (V)

<class 'cypari2.gen.Gen'>

A PARI MR HY AR Geno JRIZXTGHY PARL LB AT A type B 5L BRI ARHL

sage: v.type ()
't_VEC'

>>> from sage.all import *
>>> v.type ()
't_VEC'

1E PARI 7, g AR, AT ellinit ([1,2,3,4,5]). 5 Sage ML, {1 ellinit &—4>
A DAFEATAT PARL X4 B A, BIangRAIm c_vec v,
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sage: e = v.ellinit ()

sage: e.type()

't_VEC'

sage: pari(e) [:13]

[+, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

>>> from sage.all import *

>>> e = v.ellinit ()
>>> e.type ()
't_VEC'

>>> pari (e) [:Integer (13)]
(1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

BAERANTA T — R AR, AT AR X T ER—LfE .

sage: e.elltors()

(1, 1, [11]

sage: e.ellglobalred()

[t03s1, g1, -1, o, -11, 21, [11, 1; 941, 11, I[11, 5, 0, 11, I[1, 5, 0, 111
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

1, -1, 0o, 4, 31

>>> from sage.all import *

>>> e.elltors ()

[1, 1, (11

>>> e.ellglobalred()

(toss1, ri, -1, o, -11, 1, [11, 1; 941, 11, I[I[1, 5, O, 11, [1, 5, 0, 1]]
>>> f = e.ellchangecurve ([Integer (1), -Integer(l),Integer(0), -Integer(1l)])
>>> f[:Integer(5)]

[, -1, 0, 4, 3]

4.2 GAP

Sage Pffily 10 B R, JUHUERHE ) GAP.
PATR 72 GAP f) TdGroup BRELHIHI T

sage: G = gap('Group((1,2,3) (4,5), (3,4))")

sage: G

Group( [ (1,2,3)(4,5), (3,4) 1)
sage: G.Center()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

>>> from sage.all import *
>>> G = gap('Group((1,2,3) (4,5), (3,4))")

>>> G

Group( [ (1,2,3)(4,5), (3,4) 1)
>>> G.Center ()

Group ( () )

>>> G.IdGroup ()
(B )
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(#z E70)
[ 120, 34 ]
>>> G.Order ()
120

FATATVALE Sage HHATHIEIRTTERE, T 2V GAP #0, WHFR:

sage: G = PermutationGroup ([[(1,2,3), (4,5)1,1(3,4)11)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,5)1])
sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

>>> from sage.all import *

>>> G = PermutationGroup ([[ (Integer(l),Integer (2),Integer(3)), (Integer (4),Integer(5))1],
— [ (Integer (3), Integer(4))11)

>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)1)
>>> G.group_id()

[120, 34]

>>> n = G.order(); n

120

XA GAP I, (R 22 n] 1Y Sage B1FAL. W] DAL AR fiv 4 5E 18

[sage -1 gap_packages

4.3 Singular

Singular $2 it 7" —ApE K HSARIE, 1T AL BE Grobner £k, 2502 W R A AL, -1 £k 1 #) Riemann-
Roch =3 i) B, PAKAI 045 . FRATF M Sage # DR R Z e 2 AW BE A GEZ%A ... 0)

sage: R1 = singular.ring(0, '(x,y)"', 'dp")
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ...

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y"8 - 9*x"2*y"7 — 18*x"3*y"6 - 18*x"5*y"6 +'
50008 '9*xM6*yt4 + 18*xMNT7*y”5 + 36*x78*y”4 + 9*x7M10*y”4 — 18*xM1l*yt2 -
et '9*¥xN12*y"3 - 18*x713*y"2 + 9*x716'")

>>> from sage.all import *

>>> R1 = singular.ring(Integer(0), '(x,y)', 'dp'")
>>> R1

polynomial ring, over a field, global ordering
// coefficients: QQ...

// number of vars : 2
// block 1 : ordering dp
// : names Xy

&)
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(# E30)
// block 2 : ordering C
>>> f = singular('9*y"8 - 9*x"2*y"7 — 18*x"3*y"6 - 18*x"5*y"6 +'
'9*xMN6ryN4d + 18*xNTry 5 + 36*x7N8*ytN4 + 9*x"N10*yt4 — 18*xMN11*yt2 !
'9*xMN12*y"3 - 18*x"13*y"2 + 9*x"16'")

BAERMEZE ST f, Fllhm eIt o i#.

sage: f
9*x"16-18*x"MN13*y"2-9* x"N12*y"3+9* x"10*y"4-18*x"11*y " 2+36*x"8*y N 4+18*x"T*y 5-18*x"5* y " 6+9*x"6* y" 4
—18*xN3ryN6-9* RN 2* yNT+9*¥y N8
sage: f.parent ()
Singular
sage: F = f.factorize(); F
[17:
_[11=9
_[2]=x76-2*x"3*y N 2-x"2Fy N 3+yt4
_[3]=—x"5+y"2
[2]:
1,1,2
sage: F[1]1[2]
XN6—2* x"3* yr2-x"2* y " 3+yt4

>>> from sage.all import *
>>> f
9*x"16-18*x"N13*y"2-9*x"N12*y"3+9*x M 10*y"4-18*x"11*y"2+36*x"8*y N4+18*x N T*y 5-18*x"5*y 6+9*x"6*y"4—
—18*xXN3*y N 6-—9* x"2*y N T+9%y "8
>>> f.parent ()
Singular
>>> F = f.factorize(); F
[1]:
_[11=9
_[2]=x"6-2*x"3*y"2-x"2*y"3+y"4
_[3]=—-x"5+y"2
[2]:
i,i,2
>>> F[Integer (1) ] [Integer (2)]
XNO=2*FRN3FYyN2-x"2*y " 3+y 4

S GAP Hi) GAP 7R Bl —#F, FATAT CATFEE_EI A 500 g i T 75 22U Singular 4% 10 (SR, Sage 5EFr 1
TEJ5 3 {1 Singular 3% FORBEATSEFR ) o W25IA ... o

sage: x, y = Q0['x, y'l.gens()
sage: f = (9%y"8 — 9*x"2*y"7 - 18*x"3*y"6 — 18*x"5*y"6 + 9*x"6*yt4

et + 18*x"7*y"5 + 36*x"8*y"4 + 9*x"10*y"4 - 18*x"11l*y"2 - 9*x"12*y"3
00 0s - 18*x"13*y"2 + 9*x"16)

sage: factor (f)

(9) * (=x"5 + y"2)72 * (x"6 — 2*x"3*y"2 — x"2*y"3 + y*4)

>>> from sage.all import *

>>> x, vy = Q0['x, y'l.gens()

>>> f = (Integer(9)*y**Integer(8) - Integer(9) *x**Integer (2)*y**Integer(7) —o

—Integer (18) *x**Integer (3) *y**Integer (6) - Integer (18)*x**Integer (5)*y**Integer (6) +._
—Integer (9) *x**Integer (6) *y**Integer (4)

50 + Integer (18) *x**Integer (7) *y**Integer (5) + Integer (36)*x**Integer (8)*y**Integer (4) +_
—Integer (9) *x**Integer (10) *y**Integer (4) - Integer (18)*x**Integer (11)*y**Integer(2) —.
—Integer (9) *x**Integer (12) *y**Integer (3)

4.3. Singular 107




Sage #i#2, Z1ThR# 10.8

(#z E70)
c. . — Integer (18) *x**Integer (13) *y**Integer (2) + Integer (9)*x**Integer (16))
>>> factor (f)
(9) * (=x7"5 + y"2)"2 * (x"6 — 2*x"3*Fy"2 — x"2*y"3 + y*4)

4.4 Maxima

Maxima tff7E Sage ', R 1] Lisp S8, gnuplot f (Maxima ERIAT22 1) 112 Sage (Tt sy A . BrAh
YISk, Maxima ifn] DAFEFTAF 54845 . Maxima W] DARFSALRU FI00 B4, SRIF— Wi sy 7578 (ODE),
REBDPENE B i o TR, 9 HE S T AR BB S5 Sy AR R R s 4 757 . Maxima if T
FRAS AR KL, A gnuplot HEATREIMNARE ST, I HEASKAFMBRAERRE (AT ALl AR AL
a6, PARZ IR .

AT A — R U] Sage/Maxima 2 0. XTFi,7 = 1,...,4, BMFER 0,7 R i/j.

sage: f = maxima.eval('ij_entry[i,Jj] := i/3")

sage: A = maxima('genmatrix(ij_entry,4,4)"); A
matrix([1,1/2,1/3,1/41,12,1,2/3,1/21,13,3/2,1,3/41,1[4,2,4/3,11)
sage: A.determinant ()

0

sage: A.echelon()
matrix([(1,1/2,1/3,1/41,1(0,0,0,01,(0,0,0,01,[0,0,0,01)

sage: A.eigenvalues ()

[[0,4],[3,1]]

sage: A.eigenvectors () .sage()

rrro, 41, 3, 111, 102, 0, 0o, -41, [0, 1, O, -21, [0, O, 1, -4/311, [I1, 2, 3, 411]

>>> from sage.all import *

>>> f = maxima.eval ('ij_entry[i,J] := 1i/3")

>>> A = maxima ('genmatrix (ij_entry,4,4)"); A
matrix([(1,1/2,1/3,1/41,1(2,1,2/3,1/21,13,3/2,1,3/41,14,2,4/3,11])
>>> A.determinant ()

0

>>> A.echelon ()
matrix([(1,1/2,1/3,1/4]1,(0,0,0,0],(0,0,0,0],[0,0,0,0])

>>> A.eigenvalues ()

[[0,4],[3,11]

>>> A.eigenvectors () .sage ()

rrro, 41, 3, 111, rrtr2, o, o, -41, o, 1, o, -21, o, o, 1, -4/311, [I1, 2, 3, 4111

NS AT

sage: A = maxima("matrix ([1, O, O], [1, -1, 01, [1, 3, -2]1)")

sage: eigA = A.eigenvectors ()

sage: V = VectorSpace (QQ, 3)

sage: eigA

[rf-2,-1,11,101,1,1211,10010,0,211,000,2,311,[[1,1/2,5/6]1111]

sage: vl = V(sage_eval (repr (eigA[1]1[0]1([0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval (repr(eigA[1]1[11([0]1))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval (repr(eigA[1][2][0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace (QQ, 3, 3)

sage: AA = M([[1,0,0],[1, - 1,0]1,I[1,3, - 211)
sage: bl = vl.base_ring/()

sage: AA*vl == Dbl (lambdal) *vl

T
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(% 50

True

sage: b2 = v2.base_ring/()
sage: AA*v2 == b2 (lambda2) *v2
True

sage: b3 = v3.base_ring/()
sage: AA*v3 == b3(lambda3) *v3
True

>>> from sage.all import *

>>> A = maxima("matrix ([1, O, 0], [1, -1, 01, [1, 3, -21)")
>>> eigA = A.eigenvectors()

>>> V = VectorSpace (QQ, Integer (3))

>>> eigA

[rf-2,-1,11,104,2,211,101(00,0,211,([10,1,311,10[12,1/2,5/61111

>>> vl = V(sage_eval (repr (eigA[Integer(1l)][Integer (0)][Integer(0)]1))); lambdal =_

—eigA[Integer (0)] [Integer (0)] [Integer(0)]

>>> v2 = V(sage_eval (repr (eigA[Integer (1) ] [Integer(1l)] [Integer(0)]))); lambda2 =._

—~eigA[Integer (0)] [Integer (0)] [Integer(1)]

>>> v3 = V(sage_eval (repr(eigA[Integer(l)] [Integer (2)][Integer(0)]1))); lambda3d =_
[ ]

—eigA[Integer (0) ] [Integer (0)] [Integer (2)

>>> M = MatrixSpace (QQ, Integer (3),Integer(3))

>>> AA = M([[Integer(l),Integer(0),Integer(0)], [Integer(l), - Integer(l),Integer(0)],
— [Integer (1), Integer(3), - Integer(2)]11])
>>> bl = vl.base_ring()

>>> AA*v1l == Dbl (lambdal) *vl

True

>>> b2 = v2.base_ring()

>>> AA*v2 == b2 (lambda?2) *v2

True

>>> b3 = v3.base_ring()

>>> AA*v3 == b3 (lambda3) *v3

True

i, FAIgHH— A Sage 4T openmath 2K 1. HAPVFZ WAHFR AR Maxima Z7% T 2 4 1
*.
A RE g EG (E2EA )

sage: maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]"',"'[x,0,1]", # not tested
e '[plot_format, openmath] ')

>>> from sage.all import *
>>> maxima.plot2d('[cos (7*x),cos (23*x)"4,sin(13*x)"3]"',"'[x,0,1]", # not tested
'[plot_format, openmath] ')

LA BRI <3S =ZEE GEZEA ... 0)

sage: maxima.plot3d ("2"(-u”2 + v~2)", "[u, -3, 31", "[v, -2, 21", # not tested
et '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
et "[grid, 50, 50]",'[plot_format, openmath]')

>>> from sage.all import *
>>> maxima.plot3d ("2”(-u*2 + v*2)", "[u, -3, 31", "[v, -2, 21", # not tested
'[plot_format, openmathl]')
(ZEF )
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n

[x, -4, 41", "ly, -4, 41", '[plot_format, openmath]')

(% L30)

>>> maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested

"[grid, 50, 501", '[plot_format, openmath]')
B PRSI E A MBS GB2®mA ... .0)
sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]1" # not.
—~tested
et "[x, -4, 41", "[y, -4, 41", '[plot_format, openmath]')
>>> from sage.all import *
>>> maxima.plot3d (" [cos (x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1", # not.
—~tested

TR E A TR G528 ... 0)

sage: maxima ("expr_1: 5*cos (x)* (cos (x/2) *cos (y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5*cos (x) * (sin (x/2) *sin (2*y) +cos (x/2) *cos (y) +3.0)-10.0

sage: maxima ("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)").sage ()
-5* (cos (1/2*x) *cos (y) + sin(1/2*x)*sin(2*y) + 3.0)*sin (x)

sage: maxima ("expr_3: 5* (-sin (x/2)*cos(y) + cos(x/2)*sin(2*y))")

5* (cos (x/2) *sin (2*y)-sin (x/2) *cos (y))
sage: maxima.plot3d ("[expr_1, expr 2, expr_3]", "[x, —-%pi, Spil", # not tested

P [y, —%pi, %pil", "['grid, 40, 401", '[plot_format, openmath]')

>>> from sage.all import *

>>> maxima ("expr_1l: 5*cos (x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5*cos (x) * (sin(x/2)*sin (2*y) +cos (x/2) *cos (y)+3.0)-10.0
>>> maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)").sage()

-5* (cos (1/2*x) *cos (y) + sin(1/2*x)*sin(2*y) + 3.0)*sin(x)

>>> maxima ("expr_3: 5* (-sin(x/2) *cos(y) + cos(x/2)*sin(2*y))")

5* (cos (x/2) *sin(2*y)—-sin (x/2) *cos (y))

>>> maxima.plot3d ("[expr 1, expr 2, expr_ 31", "[x, —-%pi, S%pil", # not tested

n

[y, -%pi, %pil", "['grid, 40, 40]", '[plot_format, openmath]')
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Sage 15 TeX (1) LaTeX J5 & Z MIFAAEE B VIR K AR . AWELENHSFLEI 3, BRI, A
JEN G BT L

5.1 BEAER

Sage "PIEEAS “XFGR” HLAUA LaTeX Fow. R0] LAEIE AT latex (foo) ARIRPUXFIFEIR, Hrb foo 2
Sage RN G, Hith R — A FArE, S7E TeX MECEARBEUREHE (G, SRETE—XBETFTZ
), PR ROZ BB UEFI L R I foo. PATN 2 LR,

sage: var('z'")

z

sage: latex(z"12)

z"{12}

sage: latex(sqrt(z"2 + 1/2))
\sqrt{z~{2} + \frac{1}{2}}
sage: latex('a string')
\text{\texttt{a{ }string}}
sage: latex (QQ)

\Bold{Q}

sage: latex(zzZ['x'])
\Bold{Z} [x]

sage: latex(matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-111))
\left (\begin{array}{rrr}

2 & 4 & 6 \\

-1 & -1 & -1
\end{array}\right)

>>> from sage.all import *
>>> var('z'")

z

>>> latex (z**Integer (12))
z" {12}

T )
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(#z E70)
>>> latex (sqgrt (z**Integer (2) + Integer(l)/Integer(2)))
\sgrt{z~{2} + \frac{l}{2}}
>>> latex('a string')
\text{\texttt{a{ }string}}
>>> latex (QQ)
\Bold{Q}
>>> latex (ZZ['x'])
\Bold{Z} [x]
>>> latex (matrix (QQ, Integer(2), Integer(3), [[Integer(2),Integer(4),Integer(6)], [-Integer(l),—

—Integer (1), -Integer(1)11))
\left (\begin{array}{rrr}

2 & 4 & 6 \\

-1 & -1 & -1
\end{array}\right)

WL XA, Sage W UAA RO T H LaTeX SCRIAY 070 7E Sage HATEEGTH— MR foo, X
BMRIIT latex (foo) , IRJGHF LaTeX “FAFHR Y UIF R VR SRS

% view (foo) LWRAG foo MIFILIFH) LaTeX F5. FEIRA, UMAAIEIT Latex (foo) IHHF LaTeX
FRFER A B RRY LaTeX SCRyth, i ZSCTEI ARG TeX 2B b B Sck, SR £ i Ry 7 2k
BRI .

T Jupyter Notebook H1, /R[] DA H 217 24 A fiy 24t FTE Y LaTeX R o VRAT PAEIE AT sdisplay latex
REsHEY OFEEFT sdisplay plain {51E).

Jupyter Notebook i ] MathJax 7 % T X1 Y 7 H 175 M s e Y 822 N 2% . Mathlax Jg — P FF Y JavaScript (2%
BRg1E, WATERTA B EEs R . B REISTE YL R4 LaTex, (HIFANSZRFSE#EY) LaTeX, J& LaTex
T4 BACRE AR M. BSOS, e R T HEME Y LaTeX 524 R B

1& Jupyter Notebook A1 H 5] LaTeX {54 (JE/H sdisplay latex) il sage.misc.html.MathJax FEHHP
SEH . RN GAF Sage X5t 1atex () F5H ol MathJax 521 HTML £, AR H A4 HTML
W

sage: from sage.misc.html import MathJax

sage: mj = MathJax ()

sage: var('z'")

z

sage: mj(z"12)

<html>\[z*{12}\]</html>

sage: mj(sqgrt(z"2 + 1/2))

<html>\[\sqgrt{z~{2} + \frac{1}{2}}\]</html>

sage: mj('a string')

<html>\[\verb|al|\verb| |\verb|string|\]</html>

sage: mj (QQ)

<html>\[\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
sage: mj(ZzZ['x"])

<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Z}[x]\]</html>
sage: mj (matrix(QQ, 2, 3, [[2,4,6]1,[-1,-1,-111))
<html>\[\left (\begin{array}{rrr}

2 & 4 & 6 \\

-1 & -1 & -1

\end{array}\right)\]</html>

>>> from sage.all import *
>>> from sage.misc.html import MathJax
>>> mj = MathJdax ()

>>> var('z")
(25 N30
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(#z E70)
Z
>>> mj (z**Integer (12))
<html>\[z7{12}\]</html>
>>> mj (sqrt (z**Integer (2) + Integer(l)/Integer(2)))
<html>\ [\sqrt{z~{2} + \frac{1}{2}}\]</html>
>>> mj('a string')
<html>\[\verb|al|\verb| |\verb|string|\]</html>
>>> mj (QQ)
<html>\[\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
>>> mj(Z2z2['x"'])
<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Z} [x]\]</html>
>>> mj (matrix (QQ, Integer(2), Integer(3), [[Integer(2),Integer(4),Integer(6)], [-Integer(l),—

—Integer (1), -Integer(1)]11))
<html>\[\left (\begin{array}{rrr}
2 & 4 & 6 \\

-1 & -1 & -1
\end{array}\right)\]</html>

URART 28 T % Sage XA LaTeX {4, A T X —rRA M.

5.2 BFE M LaTeX &5

AILFPITIE AT PAE E L Latex () AL L Fr LaTeX AU, FUE XXR Latex WFZ ATk, DA
A latex. (FERXHA ) 5k Tab SERI) X LT A,

latex.matrix_delimiters Jy{A@—MMREFHIBIT. B ARIRESIER: M B RFFS - KI5, s,
FEFET . B2 AmBIRATEATRE, (R0 AREEIR A5 . ¥R, LaTeX e Y SURHALAE Python 747 Hs
3 RN — DL ATE IR W e 3L

sage: A = matrix(zz, 2, 2, range(4))
sage: latex(A)

\left (\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right)

sage: latex.matrix_delimiters(left='["', right=']")
sage: latex(A)

\left [\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right]

sage: latex.matrix_delimiters (left="\\{', right="\\}")
sage: latex(A)

\left\{\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right\}

>>> from sage.all import *

>>> A = matrix (zZ, Integer(2), Integer(2), range (Integer(4)))
>>> latex (A)

\left (\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right)
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(B LE10)
>>> latex.matrix_delimiters(left='["', right=']")
>>> latex (A)
\left [\begin{array}{rr}
0 & 1 \\
2 & 3
\end{array}\right]
>>> latex.matrix_delimiters (left="\\{', right='"\\}")
>>> latex (A)
\left\{\begin{array}{rr}
0 & 1 \\
2 & 3
\end{array}\right\}

latex.vector_delimiters JFYEM TAERIE 52 2K,

LI AE (BB AHRE. S8 ) RO R PAE T 1atex . blackboard_bold JryAikdaiil. ixseds
FERN AR HERT , (B I AT DAERE AXCE RN AR A0S, A28 P/ St SO IRE o X vl DAIE i 505 e
X Sage B M \Bold{} %I,

sage: latex (QQ)

\Bold{Q}

sage: from sage.misc.html import MathJax

sage: mj = MathJax()

sage: mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
sage: latex.blackboard _bold(True)

sage: mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbb{#1}}\Bold{Q}\]</html>
sage: latex.blackboard_bold (False)

>>> from sage.all import *

>>> latex (QQ)

\Bold{Q}

>>> from sage.misc.html import MathJax

>>> mj = MathJax()

>>> mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
>>> latex.blackboard_bold (True)

>>> mj (QQ)

<html>\[\newcommand{\Bold} [1]{\mathbb{#1}}\Bold{Q}\]</html>
>>> latex.blackboard_bold (False)

A RAE I AE Y 2R A LaTeX BRI gtk . W AVRINEAANZ:, PAEAE MathJax fifRf LaTeX Jy BT -

sage: latex.add_macro (r"\newcommand{\sqgrt}[1]{ (#1) *\frac{1}{2}}")
sage: latex.extra_macros()
'"\\newcommand{\\sqrt} [1]{ (#1) "\\frac{l1}{2}}"'

sage: var('x y')

(2, ¥)

sage: latex(sqgrt (x+ty))

\sgrt{x + y}

sage: from sage.misc.html import MathJax

sage: mj = MathJax()

sage: mj(sqgrt(x + y))

<html>\ [\newcommand{\sqrt} [1]{ (#1) "\frac{1}{2}}\sagrt{x + y}\1</html>
sage: latex.extra_macros(''")
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>>> from sage.all import *

>>> latex.add_macro (r"\newcommand{\sqgrt} [1]{ (#1) " \frac{l1}{2}}™)
>>> latex.extra_macros ()
'"\\newcommand{\\sqrt} [1]{ (#1) "\\frac{1}{2}}"'

>>> var('x y')

(x, ¥)

>>> latex (sqrt (x+y))

\sgrt{x + vy}

>>> from sage.misc.html import MathJax

>>> mj = MathJdax ()

>>> mj (sqrt(x + y))
<html>\[\newcommand{\sqgrt} [1]{ (#1) "\frac{1}{2}}\sgrt{x + y}\]1</html>
>>> latex.extra_macros ('")

5.3 BE VX LaTeX 4h3&

RGN TeX P A RALPRSE Y LaTeX SCRY, BlAN, 448 view(foo) B, HH foo 2—ME N
Sage X%, KEZPAET MathJax TLVEALIE. A4 latex_extra_preamble Ty #523& LaTeX LAY S
FERAY, TR RS A SE X T AR, AR, 3 VER Python FEATER PR ZEAUR RHL.

sage: latex.extra_macros('')

sage: latex.extra_preamble('')

sage: from sage.misc.latex import latex_extra_preamble
sage: print (latex_extra_preamble())
\newcommand{\zZZ}{\Bold{zZ}}

\newcommand{\Bold} [1]{\mathbf{#1}}

sage: latex.add_macro ("\\newcommand{\\foo} {bar}")
sage: print (latex_extra_preamble())
\newcommand{\ZZ}{\Bold{z}}

\newcommand{\Bold} [1]{\mathbf{#1}}
\newcommand{\foo}{bar}

>>> from sage.all import *

>>> latex.extra_macros('")

>>> latex.extra_preamble('"')

>>> from sage.misc.latex import latex_extra_preamble
>>> print (latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}

>>> latex.add_macro ("\\newcommand{\\foo} {bar}")
>>> print (latex_extra_preamble())
\newcommand{\zZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}
\newcommand{\foo}{bar}

[ RE, XFF 8 KB &4 LaTeX £ ik, WTAKE (BHMTENE) RmINg LaTeX X{FH)
SEET. EEHNEH T DL latex.add_to_preamble M4 MA S H W 0, LT HH 2 latex.
add_package_to_preamble_if_available & I SEKu & Ho MU 2 H LBRAEAE, AE22 U s m s 55
TR o

3% B IR AT LA S N B S = 3540 9 B SR 13 TeX B VLT i F i IR R~ (e i Edilie ) o e
H—HF, WTTERE Python SEAFHS i BUU HL .
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sage: from sage.misc.latex import latex_extra_preamble
sage: latex.extra_macros(''")

sage: latex.extra_preamble('')

sage: latex.add_to_preamble ('\\usepackage{geometry}")

sage: latex.add_to_preamble ('\\geometry{letterpaper,total={8in,10in}}")
sage: latex.extra_preamble ()
'"\\usepackage{geometry}\\geometry{letterpaper,total={8in, 10in}}"

sage: print (latex_extra_preamble())
\usepackage{geometry}\geometry{letterpaper,total={8in,10in}}
\newcommand{\zZZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}

>>> from sage.all import *

>>> from sage.misc.latex import latex_extra_preamble

>>> latex.extra_macros('')

>>> latex.extra_preamble('')

>>> latex.add_to_preamble ('\\usepackage{geometry}")

>>> latex.add_to_preamble ('\\geometry{letterpaper,total={8in,10in}}")
>>> latex.extra_preamble ()
'"\\usepackage{geometry}\\geometry{letterpaper, total={8in, 10in}}"
>>> print (latex_extra_preamble())
\usepackage{geometry}\geometry{letterpaper,total={8in,10in}}
\newcommand{\zZZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}

T A SRS A HATAE A IR E 6, AR /R BIRR TR M L. oAl FN TRl S 5 5 ds i —
AATREAFAERI L

sage: latex.extra_preamble('")

sage: latex.extra_preamble ()

sage: latex.add_to_preamble ('\\usepackage{foo-bar—-unchecked}")
sage: latex.extra_preamble ()

'\\usepackage{foo-bar-unchecked}"'

sage: latex.add_package_to_preamble_if available ('foo-bar-checked')
sage: latex.extra_preamble ()

'\\usepackage{foo-bar-unchecked}"'

>>> from sage.all import *

>>> latex.extra_preamble('")

>>> latex.extra_preamble ()

>>> latex.add_to_preamble ('\\usepackage{foo-bar—-unchecked}")

>>> latex.extra_preamble ()

'\\usepackage{foo-bar—-unchecked}"'

>>> latex.add_package_to_preamble_if_ available ('foo-bar-checked")
>>> latex.extra_preamble ()

'\\usepackage{foo-bar-unchecked}"

SRR TeX 75, VAL S AR XA S v, B nT RASE il o

O #ik
Sage JLP-AU3E T @A Sage iR —1Y), H—DEHZWHISME TeX A5, FIL, FEAFERT,
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TR B R TR TeX RGEDAJe— S X4 TR . ¥ 2 A Linux #3445 T TeXLive By {11,
macOS 5 MacTeX, Windows  MiKTeX,

AIPAE A 1atex.engine () A @45l @G H RGMWE MY Llatex, pdflatex B xelatex AJ AT, 24
WA view () Jf HG R E N 1atex B, A dvi 0, Sage i dvi A (W1 xdvi) kR4
Ho HHEZ T, U518 E N pdflatex B}, P view () 2425 PDF 3, Ff H. Sage ¥ ] &%t PDF L
2% T B (40 acrobat, okular, evince %),

T A X e T HM SRS, A — W iT i mRfl. B HX RG], FEFA sage.misc.latex.
latex_examples K4, Xi2 sage.misc.latex.LatexExamples K —PLH], R, HEZEER
el HAEL HEPRIEH pstricks 7RG, 2B PAT 4 xy, tkz-graph, xypic, pstricks. SAJE, Xf
latex_examples i ]I} tab #p A FH N E B IR 718 B 23 18 [B] — 28 5 T A e] TE A 42 BLZ s B A vl B
BSBRAF RG], B view(foo) (FEHEAN. TIELEYIREIER).

sage: from sage.misc.latex import latex_examples

sage: foo = latex_examples.diagram()

sage: foo

LaTeX example for testing display of a commutative diagram produced
by xypic.

To use, try to view this object -- it will not work. Now try
'latex.add_to_preamble ("\\usepackage [matrix, arrow, curve,cmtip] {xy}")"',

and try viewing again. You should get a picture (a part of the diagram arising
from a filtered chain complex) .

>>> from sage.all import *

>>> from sage.misc.latex import latex_examples

>>> foo = latex_examples.diagram()

>>> foo

LaTeX example for testing display of a commutative diagram produced
by xypic.

<BLANKLINE>

To use, try to view this object -- it will not work. Now try
'latex.add_to_preamble ("\\usepackage [matrix, arrow, curve,cmtipl {xy}")"',
and try viewing again. You should get a picture (a part of the diagram arising
from a filtered chain complex) .

N R AATAL A Y LaTeX ks, 1EBATHE— T tkz-graph LaTeX WHIH A EIRHBI.

O #ik

tkz—graph LaTeX W 1E pof FERY tikz BimZ . TEPAEETEE pof HEPAN UM tkz-graph. sty
Al tkz-berge.sty. ENRAIGEC LR RGEEHE N TeX 22—, BIEAR, N 4RAESHKE%
BIEE .

B, FATESRA XA S LaTeX SO S 7 w0 R R EN R SN

sage: latex.extra_preamble ('\\usepackage{tikz}\n\\usepackage{tkz—-graph}\n'
coo0o0d "\\usepackage{tkz-berge}\n\\usetikzlibrary{arrows, shapes}"')

>>> from sage.all import *
>>> latex.extra_preamble ('\\usepackage{tikz}\n\\usepackage{tkz-graph}\n'
"\\usepackage{tkz-berge}\n\\usetikzlibrary{arrows, shapes}')
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Sage #i#2, Z1ThR# 10.8

YA dvi SUPFES R AR I, EE TR IR AL, A B ERFs LaTeX 5|83 8 pdflatex AJHATICM.

[sage: latex.engine ('pdflatex') J

>>> from sage.all import *
>>> latex.engine ('pdflatex')

I}, 4 view (graphs.CompleteGraph (4)) XFEMIATA %A — A 528 Rl Ky 3 24 8141 PDF,

Scbr b, FTAEISHITE TR, HASE RS BEERE, I H pdflatex &2 Sage 1EKIA LaTeX 5|4,
HHT/E3) Sage JE PRSI LML .

VR, Wl tkz—graph A2 Mk A ASZI LaTeX s ETERY 27, SOl H TATEHE . W2SH3%
FWF LaTeX options for graphs 25 4R EUHE S FIHEAE B

5.4 SageTeX

SageTeX @] PATE— P HIN TeX il Sage (fe)y. B4l TeX %, Fuif LaTeX SR 5454, ik Sage
WHEAMMGIFM 1atex 0 HAMXR . EZEEES WAL SageTeX
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CHAPTER O

wiE

6.1 JnkFapfiin Sage ¥

N ORFA T B A0 AT SR BRSO R AR 3 N R E] Sage 1. BIE— 44N example.sage MILIE, H5
VNUNINSEE

print ("Hello World")
print (273)

PRATLABE ] Load fir BT example . sage (fF-

sage: load("example.sage")
Hello World
8

>>> from sage.all import *
>>> load ("example.sage")
Hello World

8

YRULAT LA attach fir4-Kf Sage SCPFFIMMELZ AT &1k -

sage: attach("example.sage")
Hello World
8

>>> from sage.all import *
>>> attach ("example.sage")
Hello World

8

PAENRAMB IR example. sage UAFIFTE Sage HEIA—DZAT (L N HIZEHE), IPA example.sage BN
ZRF & HEh BTN Sage .
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Rl , attach Ay LS SN H BB INESCHE, XAERAICHR AR I8, 1 Load fir&-UME L
K.

Y Sage I#K example.sage M, B &FFHAAIY Python, JRJ5H Python flEas AT, ILERHARH ISR &
FEGE R A PR ARAE Integer O H, PR RIUTH B RealNumber O 1, Ff A BN <+, IF
RO R. 2 BN R.gen (2) o FeHJEH exanple. sage AETTES example.sage MR H R, 478
example.sage.py. IR E AT AR

print ("Hello World")
print (Integer (2) **Integer (3))

BB FH R, ~ Pl v+ (76 Python 1, ~ FUR “Sl”, WM~ FoR “WizH”.)
(IXFHFFENTH sage/misc/interpreter. py fIHRSIH)

HEAWATAPR QIR (FESCPEPTETE At ), AREEnT CARF 2 AT 4 (OISR G 2] Sage o SRTT, HE4FAY
J7 AR LA LRAF 2 SCAF A, HAIE TG attach a4 mEk.

6.2 GIEHmENL

HEAERCT AP R R, ORI LK R R . R4 Python Je—FhARH 7 IR 20E S
(ELGIR (8 ] S 2R B0 A 1 20 3 S DU B 3, s T DALE ) Python SEBUPRILAN RS, ISR Sage
564 ] Python %5, AR AAERLET MRIE S T8 . N T RIXFXAREOL, Sage STRF—BhgiiF A" 1
Python, F% Cython ([Cyt] I [Pyr]). Cython 2L/ F* Python il C ifi5 . KZ 4K Python 54y, (LH4FRI;HE S
A FMERIRL B += KRR AR SR s RIS T A A H A Python BLER Fp 2 SR ACRD . BESh, fRiLH]
PAFSHILRLY C 228, HEHERANEER C AR BMMRIE SN C, HN C gidi it T4 i%.

R T RIEAR H TS Sage fURD, WS4 L spyx §TRA (THE . sage) . WIRMA AT E, R
R DA AL SRR AR —FEB A 24w i30S (H BT, Notebook FLHIAN S HEFA A ML Cython A455) . 52
brgmitett “JEE” e, WAFIAT M BREE. ka3 X R A #TE SHOME/ . sage/temp/
hostname/pid/spyx . X KAEIR H Sage B HIFG:

Sage BT ARIE T spyx SCIE, I, 1/3 75 spyx SCUFFREESE, O, TR R4 BHC 1/3. WIS foo fE Sage J
BB, BATE spyx SCHFHBIE , BT sage.a11 I sage.all. foo.

import sage.all
def foo(n):
return sage.all.factorial (n)

6.2.1 ij5ia] M ohEg C Y

Vi) AR e X C BB A S . AN — Db, fEF—HF RIS cest.c
test.spyx, WHLT:

i C Y : test.c

int add_one (int n) {
return n + 1;

}

Cython fUi%: test.spyx:

cdef extern from "test.c":
int add_one (int n)

def test(n):
return add_one (n)
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IRJEHEAT AT R4 :

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test (10)

11

>>> from sage.all import *
>>> attach ("test.spyx")
Compiling (...)/test.spyx...
>>> test (Integer (10))

11

IR BAIMG R £oo FeHiikM Cython SCHFAE Y C AHG, 76 Cython JERFD FHRIN clib foo. HfUiHb, Hf
DA IR cfile bar ¥EIMY C SO bar AETEHEF .

6.3 Jh3r Python/Sage B
PARAlST. Sage JHIAS AT AT R HEEL . 2155 -

#!/usr/bin/env sage
import sys
if len(sys.argv) != 2:
print ("Usage: $%s <n>" % sys.argv[0]
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1])))

R FHICA, sacE_rRoOT WAL &HE PATH H . AR FIRIA A4 factor, MIPAR 2 H 551 :

$ ./factor 2006
2. * 17 * 59

6.4 BiEKE

16 Sage 1, FFAXFLEA —IAHZE AL, Python A7 & MR A Y B A, 17 Sage RIS T H LA,
Python P ERBAFEFAFR . F1K. Judl. BAUFNR R84, R R

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) # you can use either single or double quotes
<... 'str'>

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

sage: s = 1int (2006); type(s)
<... 'int'>

sage: s = float (2006); type(s)
<... '"float'>
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>>> from sage.all import *

>>> s = "sage"; type(s)

<... 'str'>

>>> s = 'sage'; type(s) # you can use either single or double quotes
<... 'str'>

>>> s = [Integer(l),Integer(2),Integer(3),Integer(4)]; type(s)

<... 'list'>

>>> s = (Integer(l),Integer(2),Integer(3),Integer(4)); type(s)

<... 'tuple'>

>>> s = int (Integer (2006)); type(s)
<... 'int'>

>>> s = float (Integer (2006)); type/(s)
<... '"float'>

BRIt 241, Sage iU TR HAWIEAY . BN, e ias(a]

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field with_category'>

>>> from sage.all import *

>>> V = VectorSpace (QQ, Integer (1000000)); V

Vector space of dimension 1000000 over Rational Field

>>> type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field with_category'>

R R BT ATE v B . FEHAMECEA R R G, LR BT A “BRE 75 foo (v, ...) 3R
W TSage o, RS pR M E] v 288 (s2k) , IS Java 5 C++ UL T ) X4 {fﬁﬁﬁ il 4
V. £oo ( o XA A B TR R 4% 25 R A BT, FLVR R FRAH R E AT RS 6] ) R BAEAE i oo
%ﬁﬁﬁyﬁﬁ (BY case 154)) Ko gV WA REL. BLAh, WIRARER RS, ZERERATH (Fi
wn, WRART AR zeta, AP Riemann-Zeta BRECAE 0.5 ALIME, FIDABIA s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zetal()
-1.46035450880959

>>> from sage.all import *

>>> zeta = —-Integer (1)

>>> s=RealNumber ('.5"); s.zetal()
-1.46035450880959

LA WG LT, T 7 (& L, 7] i S i T 1) 0 R A5 RSB b s UR R & NN,
Sage 3 FFH MK KBTS . X HA 2801

sage: n = 2; n.sqrt ()
sqgrt (2)
sage: sqrt (2)
sqgrt (2)
sage: V = VectorSpace (QQ, 2)
sage: V.basis ()
(1, 0y, (0, 1)1
sage: basis (V)
[(1, 0), (0, 1)]
sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7

&)
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(#z E70)
sage: A = M([1,2,3,4]); A
[1 2]
[3 4]

sage: A.charpoly('x")
xX"2 + 2*x + 5
sage: charpoly (A, 'x'")
X2 + 2*x + 5

>>> from sage.all import *
>>> n = Integer(2); n.sqrt ()
sqgrt (2)
>>> sqrt (Integer (2))
sqgrt (2)
>>> V = VectorSpace (QQ, Integer (2))
>>> V.basis ()
(1, 0y, (0, 1)1
>>> basis (V)
[(1, 0), (0, 1)]
>>> M = MatrixSpace (GF (Integer (7)), Integer(2)); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
>>> A = M([Integer(1l),Integer(2),Integer(3),Integer(4)]); A
[1 2]
[3 4]
>>> A.charpoly('x")
X2 + 2*x + 5
>>> charpoly (A, 'x')
X2 + 2*x + 5

BHIH A BITA B AR, A ab b ThEE. HFEMA AL, RETEEA LR (tap) BRIV, GiRe Y
%5 Tab 34 HTIR.

6.5 3R . JLHAFIFFS

TR A TEAE R AOC R IIEE. M C. Cr+ SEF R (H5KZERERHTEIRERSE R
ld]), FIFRICRMETIZM 0 TFHRI:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]1; Vv
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type (v)

<... 'list'>
sage: v[0]

2

sage: v[2]

5

>>> from sage.all import *

>>> v = [Integer(2), Integer(3), Integer(5), 'x', SymmetricGroup (Integer(3))]; v
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]

>>> type (v)

<... 'list'>

>>> v[Integer (0)]

>>> v[Integer (2)]
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(TEPV R HHEATREIN, A —E T Python AYREAME RG] ) Sage WA (HUA AL, SUEMAA

__index_ JPEHIMR) HRATLAIEH MM .

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # Sage Integer
sage: v[n] # Perfectly OK!
3

sage: v[int (n)] # Also OK.

3

>>> from sage.all import *

>>> v = [Integer(l),Integer(2), Integer(3)]
>>> v[Integer (2)]

3

>>> n = Integer(2) # Sage Integer
>>> v[n] # Perfectly OK!

3

>>> v[int(n)] # Also OK.

3

range FEEIE— LA Python A (MTAE Sage #4L) JLRAFIH:

sage: list (range (1, 15))
[+, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

>>> from sage.all import *
>>> list (range (Integer (1), Integer (15)))
[+, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

R BT 97 e O i ) R AR -

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[+, 2, 3, 22, 5, 2 3, 7, 2”3, 32, 2 *5, 11, 272 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

1, 3, 5, 7, 32, 11, 13]

>>> from sage.all import *

>>> L = [factor(n) for n in range (Integer(l), Integer(15))]

>>> I,

(1, 2, 3, 2»2, 5, 2 3, 7, 2»3, 32, 2 * 5, 11, 272 * 3, 13, 2 * 7]
>>> L[Integer(12)]

13

>>> type (L[Integer(12)1])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
>>> [factor(n) for n in range (Integer(l), Integer(15)) if is_odd(n)]
(1, 3, 5, 7, 3%2, 11, 13]

A KA P FAE T N BTHIIRE L NE, S5 [PyT] .

NEY e — N ER SR IR L2 — DK, B4 Lim:n] REINEE m AITCEFFHRENE (n — 1) DT

RETRW AR, rpoR:
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sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

[5, 2 3, 7, 2*3, 3"2]

sage: L[:4]

i, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 5, 274, 17, 2 * 372, 19]

>>> from sage.all import *

>>> L = [factor(n) for n in range (Integer(l), Integer (20))]
>>> L[Integer (4) :Integer (9)]

[5, 2 3, 7, 2"3, 372]

>>> L[:Integer(4)]

[1, 2, 3, 2721

>>> L[Integer (14) :Integer (4)]

[]

>>> L[Integer(14):]

[3 * 5, 274, 17, 2 * 372, 19]

JTCAHSIFRML, RALERA LR, —BAEEAGEEN.

sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type (V)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

>>> from sage.all import *

>>> v = (Integer(l),Integer(2),Integer(3),Integer(4)); v
(1, 2, 3, 4)

>>> type (v)

<... 'tuple'>

>>> v[Integer(l)] = Integer(5)

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

P92 5 = PRI ) 51 210 Sage KA, HHIEMITAARFE, FHIAZ Python WERA, BRI T, FolE
AR, fEATPABEH] sequence 2KT7¥K set_immutable FfHIE N AL, VAT B THIR. FEAIRIBA T
EEB TR —AIONR, BN FI 4R (universe).

sage: v = Sequence([1,2,3,4/5])

sage: v

[1, 2, 3, 4/5]

sage: type (V)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is_immutable ()
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(2 E70)
False
sage: v.set_immutable ()
sage: v[0] = 3
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *

>>> v = Sequence ([Integer (1), Integer (2),Integer (3),Integer (4)/Integer(5)])
>>> v

[1, 2, 3, 4/5]

>>> type (v)

<class 'sage.structure.sequence.Sequence_generic'>
>>> type (v[Integer(1l)])

<class 'sage.rings.rational.Rational'>

>>> v.universe ()

Rational Field

>>> v.is_immutable ()

False

>>> v.set_immutable ()

>>> v[Integer(0)] = Integer(3)

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

FEAIIRA: BB, T ATEARAT 75 281 2 i iy ik -

sage: v = Sequence([1,2,3,4/5])
sage: isinstance (v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list(v))

<... 'list'>

>>> from sage.all import *

>>> v = Sequence ([Integer (1), Integer(2),Integer(3),Integer (4)/Integer(5)1])
>>> isinstance (v, list)

True

>>> list (v)

[1, 2, 3, 4/5]

>>> type (list (v))

<... 'list'>

BB, ESRREE AT, A REE AT R R EH

sage: V = Q0"3; B = V.basis(); B

r¢, o, 0y, (o0, 1, 0y, (0, 0, 1)1

sage: type (B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe ()
Vector space of dimension 3 over Rational Field
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>>> from sage.all import *

>>> V = QQ**Integer(3); B = V.basis(); B

{¢(, o, 0), (o0, 1, 0), (0, 0, 1)]

>>> type (B)

<class 'sage.structure.sequence.Sequence_generic'>
>>> B[Integer(0)] = B[Integer(1)]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
>>> B.universe ()
Vector space of dimension 3 over Rational Field

6.6 i

T AR N RIREA) 2 A" Xige (BIAFFFeh . Ber Mooy 152 L Python SCRY
http://docs.python.org/3/tutorial/datastructures.html F1 https://docs.python.org/3/library/stdtypes.html#typesmapping )
FIE BRI -

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

€500 YeEllei’>

sage: list (d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

>>> from sage.all import *
>>> d = {Integer(l):Integer(5), 'sage':Integer(l7), ZZ:GF (Integer (7))}
>>> type (d)

<... 'dict'>

>>> list (d.keys())

[1, 'sage', Integer Ring]
>>> d['sage']

17

>>> d[ZZ]

Finite Field of size 7

>>> d[Integer(1)]

5

AU IR G [T AMRE ., BIAEERER.
R AT DA b7 S o AT R [ Bt 145102 -

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

>>> from sage.all import *
>>> list (d.items())

[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

— o AL P S Y B (DR
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Sage #i#2, Z1ThR# 10.8

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

>>> from sage.all import *

>>> d = {Integer(2):Integer(4), Integer(3):Integer(9), Integer(4):Integer(16)}
>>> [a*b for a, b in d.items ()]

[8, 27, 64]

AR AR PR, IR TR .

6.7 £&
Python 7 Py F AR A4 . EARMLY B R I A BT R R RO, DA LI

sage: X = set([1,19,'a'l); Y = set([1,1,1, 2/3]
sage: X # random sort order

{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])

True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection (Y)

{1}

>>> from sage.all import *

>>> X = set ([Integer(l),Integer(19),'a'l); Y = set([Integer(l),Integer(l), Integer(l),.
—Integer (2)/Integer (3)1)

>>> X # random sort order

{1, 19, 'a'}

>>> X == set(['a', Integer(l), Integer(l), Integer(19)1])

True

>>> Y

{2/3, 1}

>>> 'a' in X

True

>>> 'a' in Y

False

>>> X.intersection (Y)
{1}

Sage A H ORI (FEXRLERE DU BT Python ARG 26SKHL) , (HEA 285 Sage A K AYHIS
Tifg. M set (...) RBIEE Sage ity BilUn:

sage: X = Set([1,19,'a'l); Y = Set([1,1,1, 2/31)

sage: X # random sort order
{'a', 1, 19}

sage: X == Set(['a', 1, 1, 191)
True

sage: Y

{1, 2/3}

(B
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(#z E70)
sage: X.intersection (Y)
{1}
sage: print (latex(Y))
\left\{1, \frac{2}{3}\right\}
sage: Set (ZZ)
Set of elements of Integer Ring

>>> from sage.all import *
>>> X = Set ([Integer(l),Integer(19),'a'l); Y = Set ([Integer(l),Integer(l),Integer (1),
—Integer (2) /Integer(3)1])

>>> X # random sort order

{'a', 1, 19}

>>> X == Set(['a', Integer(l), Integer(l), Integer(19)])
True

>>> Y

{1, 2/3}

>>> X.intersection (Y)

{1}

>>> print (latex(Y))

\left\{1, \frac{2}{3}\right\}
>>> Set (Z2Z)

Set of elements of Integer Ring

6.8 ER 2

LA Python St YNNI RE, FERC2 W RBIA . XEAILIT PEFIES L PyT] . FA16)2
— AR R, B 10000000

sage: v = (n"2 for n in range (10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

>>> from sage.all import *
>>> v = (n**Integer(2) for n in range (Integer (10000000)))
>>> next (v)

>>> next (v)

>>> next (v)

FATEHE—A dp + 1B RBOEACAS, Hrb p WEFE, HEARRJLME.

sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # in the next line, 0xb0853d6c is a random 0x number
<generator object at 0xb0853d6c>

sage: next (w)

13

sage: next (w)

29

&)
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(#z E70)
sage: next (w)
53

>>> from sage.all import *

>>> w = (Integer(4)*p + Integer(l) for p in Primes () if is_prime (Integer (4) *pt+Integer(1l)))
>>> W # in the next line, 0xb0853d6c is a random 0x number

<generator object at 0xb0853d6c>

>>> next (w)

13

>>> next (w)

29

>>> next (w)

53

FLEEER, B BRISA B AR A 5 22 KIS

sage: [x for x in GF (7)]
o, i1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in 7ZZ for y in Z77)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

>>> from sage.all import *

>>> [x for x in GF (Integer(7))]

(o, 1, 2, 3, 4, 5, 6]

>>> W = ((x,y) for x in ZZ for y in ZZ)
>>> next (W)

(0, 0)

>>> next (W)

(0, 1)

>>> next (W)

(0, -1)

6.9 fEIA. B, IEHEFDFOLLE
RAELA TSR LAY for (RSFMPRI. 12 Python th, for (RSRAAATILLSH, PIn:

>>> for i in range(5):
print (1)

s w N o

R for IFRIARBIE S (A8 GAP 5 Maple H47do” 5"0d”) , PAKAAFRME (R print (1)) HIR4HE.
AR E . 7 Sage o, MARAE"” JSHE T enter B, SHZIAMGEE, WFFIR.
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sage: for i in range(5):
e print (i) # now hit enter twice

>>> from sage.all import *
>>> for i1 in range (Integer(5)):
print (i) # now hit enter twice

5 = TIRME. 775 == I THRAMHE:

sage: for i in range(15):

et if gcd (i, 15) == 1:
e print (i)

1

2

4

7

8

11

13

14

>>> from sage.all import *
>>> for i in range (Integer(15)):

if gcd (i, Integer(15)) == Integer(l):
print (i)
1
2
4
7
8
11
13
14

AP R E 1€, for Ml while IBAAYERESHY

sage: def legendre(a,p):

50008 is_sqgr_modp=-1

et for i in range(p):

50008 if a $ p == 172 % p:
co008 is_sgr_modp=1
e return is_sqgr_modp

&)
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(#z E70)
sage: legendre(2,7)
1
sage: legendre(3,7)
-1

>>> from sage.all import *
>>> def legendre(a,p):
is_sqgr_modp=-Integer (1)
for i in range(p):
if a % p == i**Integer(2) % p:
is_sqgr_modp=Integer (1)
return is_sqr_modp

>>> legendre (Integer (2), Integer (7))

>>> legendre (Integer (3), Integer (7))
-1

IR, EARHELERTS (Legendre symbol) (st B! & U2 1 ] Python/Sage (45 1~Jr i . Sage
FifAf7 A B {kronecker}, WTPAGE LA PARI # C S RO M BILEFERFS

ﬁ%gﬁ FATHEZENEFZ MR, ==, 1=, <=, >=, >, <, 2HIRHDEFRA AR (AR T RERY
W)

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

>>> from sage.all import *

>>> Integer (2) < RealNumber ('3.1'"); RealNumber ('3.1') <= Integer (1)

True

False

>>> Integer (2) /Integer (3) < Integer (3)/Integer(2); Integer (3) /Integer (2) < Integer(3)/
—Integer (1)

True

True

fii FH bool R HIWiFF5 A5

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True

>>> from sage.all import *
>>> x < x + Integer (1)

x < x + 1

>>> bool(x < x + Integer(l))
True

TE BN IR BRI, TERZEIEIL T, Sage 2B M Y ILFZ L5 (S Li 4, #5504
Hak TIREZAT) . AR, HECKHERR IR R Z BT R, WA RS . 2
WA BRG] — x5, W is. £ TR ARBIHRATRFES], Python BER 1 JZME—fY, 1M
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Sage AU 1 MR JE

sage: 1 is 2/2
False

sage: 1 is 1
False

sage: 1 == 2/2

True

>>> from sage.all import *

>>> Integer (1) is Integer (2)/Integer (2)
False

>>> Integer (1) is Integer (1)

False

>>> Integer (1) == Integer(2)/Integer(2)
True

FELAT AT R, 25— 2500 False, IONBAA M Q — Fs IARHERIE, NILICIERF Fs hii1 51€Q
PEATHCA . MR, HRTAFAEN Z — Fs BIRRHERLS, RIEE — AN BN True. TEERERZ, WUFA R4S
Ao

sage: GF(5) (1) == QQ(1); QQ(1l) == GF(5) (1)
False

False

sage: GF (5) (1) == ZZ(1l); zZ(1l) == GF(5) (1)
True

True

sage: ZzZ (1) == QQ(1)

True

>>> from sage.all import *

>>> GF (Integer (5)) (Integer (1)) == QQ(Integer(l)); QQ(Integer(l)) == GF (Integer(5)) (Integer(l))
False

False

>>> GF (Integer (5)) (Integer(l)) == ZZ(Integer(l)); ZZ(Integer(l)) == GF (Integer(5)) (Integer (1))
True

True

>>> 77 (Integer(l)) == QQ(Integer (1))

True

it Sage WY LU LY Magma BT ™45, Magma 75 1 € F5 6T 1€ Q.

sage: magma ('GF (5)!1 eg Rationals()!1") # optional - magma

true

>>> from sage.all import *
>>> magma ('GF (5) !1 eqg Rationals()!1") # optional - magma
true

6.10 f4HEES T

“ERAAR TS T2 PR ,.” - Donald Knuth
WAEH . Martin Albrecht <malb@informatik.uni-bremen.de>

A IR A ACRS R A LA BT T AR L0 o R 2 TSR A ; K AT DAAR G L Y AR MR L B A R A A
Python (PAJ Sage) #2t T JURAERE MM THAMIIE, XA AR T
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Sage #i#2, Z1ThR# 10.8

(R R 7 3R B 25 shell Y prun iy, BERIRE—0EE, AW EIE T 2 /TR R Bl
. BT U AR (AR 1.0 M FIARE ), AT DAICREASC:

sage: k,a = GF(2**8, 'a').objgen()
sage: A = Matrix(k,10,10, [k.random_element () for _ in range (10*10)1])

>>> from sage.all import *

>>> k,a = GF(Integer(2)**Integer(8), 'a').objgen()

>>> A = Matrix(k,Integer (10),Integer(10), [k.random_element () for _ in.
—range (Integer (10) *Integer (10)) 1)

sage: Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__ )

1000 0.120 0.000 0.370 0.000 finite_field element.py:392(_mul_ )

1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init__)

1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(___compat)
900 0.080 0.000 0.260 0.000 finite_field _element.py:380(__add_ )

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

>>> from sage.all import *
>>> Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem_ )

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul_ )
1903 0.120 0.000 0.200 0.000 finite_field element.py:47(__init_ )
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376 (__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add_ )

1 0.070 0.070 1.100 1.100 matrix.py:864 (__mul_ )
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

XM ncalls RIMIKEL tottime 2475 B AL TR LS IB] CR LRV 7 AL [A]) , percall J2
tottime [RPA ncalls MRY. cumtime EZLRREM A T RREAES I G (R, AMIRMIEIRE), percall
s cumt ime FRPAJSIGTR I IREUAIRY, £ilename:lineno (function) 4L T RSB KB . PERED T
I ZIRTAIN R SN T R, FACHBR I S R 2 AT AL

HUAME—HE, prun? 320t T 6T RES- M s R AR 1 TR 5 ST B .

PERE T EHE P DARAFZ — DX R, DAMEREAT BTG A -

sage: Sprun -r A*A
sage: stats = _
sage: stats?
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>>> from sage.all import *
>>> $prun -r A*A

>>> stats = _

>>> stats?

R BIA stats = prun —r A\*A BRI UINE, A28 prun /& IPython shell fiy4- M A& 7 ML KL
N T A DA B R AL Dy X B A B, /R WT LA T hotshot J3p A€, hotshot2cachetree AR, PAK

kcachegrind F2/F (fUFR Unix). PAF42fff hotshot 43 #%HR~f :

sage: k,a = GF(2**8, 'a').objgen()

sage: import hotshot
sage: filename = "pythongrind.prof"
sage: prof = hotshot.Profile(filename, lineevents=1)

sage: A = Matrix(k,10,10, [k.random_element () for _ in range(10*10)1])

>>> from sage.all import *
>>> k,a = GF (Integer(2)**Integer(8), 'a').objgen ()

—range (Integer (10) *Integer (10)) 1)

>>> import hotshot

>>> filename = "pythongrind.prof"

>>> prof = hotshot.Profile(filename, lineevents=Integer (1))

>>> A = Matrix(k, Integer (10),Integer (10), [k.random_element () for _

in.

sage: prof.run("A*A")
<hotshot.Profile instance at 0x414cllec>
sage: prof.close ()

>>> from sage.all import *
>>> prof.run ("A*A")
<hotshot.Profile instance at Ox41l4cllec>

>>> prof.close()

X STEAH LAEH SR A B4 pythongrind.prof U BUAER DL, cachegrind 4% 2 fE 47 n) ¥4k

JEN .
TERG L, #WA

[$ hotshot2calltree -o cachegrind.out.42 pythongrind.prof

im%f, %ﬁﬂjj{##cachegrind.out.42fq@&ﬁ%kcachegrindi%igo ﬁ%%fﬁ?, %§§§ﬁ§§?6ﬁ4§2@ﬁ§cachegrind.

out . XX,

6.10. HEEDHT
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CHAPTER /

{& Fj SageTeX

SageTeX I /PN Sage TG R AF] LaTeX SO, BEE, L L € (HSHL TeX 7
3| SageTeX ) .

7.1 RBl

PAF Re— P aEE 45 ) SageTeX {# /Rl . S22 CRY AT PAYE SAGE_ROOT /venv/share/doc/sagetex HFF),
Hrf saGE_ROOT & Sage “Z%¢ Hk. % H & SURYAIRBI S, 12517 SAGE_ROOT/venv/share/texmf/
tex/latex/sagetex PAFRIL—LLT] 84 T Y Python 7.

FBE T fif SageTeX 1) TAEIFHE, 54k i SageTeX ()22 B il (fEik TeX 125 SageTeX 1) #4E, FHRFPAF 3L
ARG B A4 H st_example. tex [KSC{E:

A By

WERARAE “SEmp” B ARINE, FHRESCRSA IV RAEH SRR, HENESRES IR
R SCA o

\documentclass{article}
\usepackage{sagetex}

\begin{document }

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
S\sage{number_of_partitions(1269)}$ integer partitions of $1269$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}
(ZEF )
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(B L)
f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

\ [
\frac{\mathrm{d}*{2}}{\mathrm{d}x*{2}} \sage{f(x)} =
\sage{diff (f, x, 2) (x)}.

\1]

Here's a plot of $f$ from $-15 to $1S:

\sageplot{plot (f, -1, 1)}

\end{document }

BALH —FELE st_example.tex [izfT LaTeX. TH{ER LaTeX A7 —L8%545, Hp{ff:

Package sagetex Warning: Graphics file
sage-plots—for-st_example.tex/plot-0.eps on page 1 does not exist. Plot

command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or
plots. Run Sage on st_example.sagetex.sage, and then run LaTeX on
st_example.tex again.

WYERE, BT LaTeX P AERE MSCIFE G, A% K st_exanple.sagetex.sage PJ3CIF. XZETE
st_example.tex [izafT LaTeX B}4E W) Sage A, 2455 B &5 FRTE st_example.sagetex.sage &
17 Sage, THUTMEBOFHITEANE. B EIFIRFHRTE st_exanple.tex [T LaTeX, {HYEMLZHI, HTE
S st_example.sagetex.sout CLRAIE . I/ Sage TTEEEER, Ak LaTeX 4 A BRI SCA
WAIE TN EPS SURIETH SR FRRIEAT LaTeX, {RF B Sage THE A EIN A WA C H S TER
SRS

T B SR E N Z R A S PR . sageblock IREEHRIFFEHERRREGACAD, IFAEIZFT Sage BTG, 24
RIAT \sage{foo} i}, FHARISCRYHZE KL ZTE Sage NHRIZAT latex (foo) RE|MLER . 2K a2 FEi
e [AfER AL, \sageplot{foo} AR EH foo.save ('filename.eps') fHE|H K.

— kUL, AR
* JE.tex 3 FizfT LaTeX;
 TEA ) sage SCIF FIBAT Sage;
o HRiz4fT LaTeX,
TSR SRS IS SE R AEAT Sage fip%, WIFT A IKIZFT Sage.
SageTeX LR L %%, HT Sage fll LaTeX &R R A2 Ham K TH, I SageTeX [ (Y4 SAGE_R0OOT/

venv/share/doc/sagetex,

7.2 if TeX 125l SageTeX

Sage HA FJE HAEH), (HELEH 2T — 2 T A REIEH TAF, SageTeX @ HpZz —.

SageTeX i FRVFAE LaTeX SCRYH i A K H Sage HTTHE M &, Sage HFERIN 23 T SageTeX, {HEfE LaTeX
SCRY P AE ] SageTeX, ks ZEik TeX HEIE .
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FKHEIET TeX FFERENE T T sagetex.sty, 1% AL T SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/,
Hrfr sAGE_ROOT J@ /R4 8 45 Sage I H 5. WIR TeX GEFRE| sagetex.sty, HPA SageTeX #inl PA T.1E.
B ILFPIER] PASEBLIE — A

o R, R R sagetex. sty & 1| 5 LaTeX SCROHIFR H b, EHERR SORY
B, BARZCUEH R, A R A
(EFTEETANTE: 59, BN RS R UE sagetex. sty FIL. Hik, #7E
IR, TS TS, Sage T AR HIMTA ) SageTeX, Python XA SageTeX 1 LaTeX {&H ] fEA T
i, AT

o BB A YEEMH TEXMFLOCAL FRBEAN T . WIARARAE I Y /E bash shell, 7] DAIXFRA :

$ export TEXMFLOCAL=SAGE_ROOT/venv/share/texmf
$ mktexlsr # update kpathsea 1s-R databases

HoH sace_roOT J2 Sage TR E . ZJ5, TeX FIAHRALFFFH1E] SageTeX HEA SO, MIARARAE fX A
MRS, MDA B SE —AT AN E] .oashre SCPEH . ARG A2 A FRY shell, 7l REFG 25
REPA_E iy AT EERSE AL B AR A5 35228 B ) shell (1 SCRGDA 1 g ey #2442
WERARH BN T Sage #9265 H el E T H sk 223 TiRAS, SR sace_root BT Eidar 4

* ik TeX U] sagetex. sty BSE=Fh (dREMER) ik, RFHZSCHHHIE] T H R — A5 L
Bo KRZH TeX RATM S HEMEER EH R texnt HRATHM. ZHY] 7R H WAL E, 6
TEANATRIAAT AR 4 -

[$ kpsewhich -var-value=TEXMFHOME J

KT EIHE— N H 3%, #lA0 /home/drake/texmf BY, /Users/drake/Library/texmf, i U a2
5]%‘7‘ SAGE_ROOT/venv/share/texmf/ T tex/ E%Eﬂ?ﬂ?u%ﬁ%ﬂ/\] texmf H3¢:

[$ cp -R SAGE_ROOT/venv/share/texmf/tex TEXMFHOME j

HorAr sSAGE_ROOT 159K+ Sage I ZC3E ., TEXMFHOME +& kpsewhich 33 FIZE R,

WSRARTIH T Sage I & B SageTeX Joik T/E, nIPAMI AR LIk IR DAMA PR SageTeX 1) Sage 5
F TeX TR FRFE A .

s MFZHP ARG LM, HFEELEM EIRTES, 1 sagetex. sty H B RETEHE M TeX HEH
T HIEFE T RE R M AR S5 5R, 1A2 TExMFHOME H 5% :

[$ kpsewhich -var-value=TEXMFLOCAL ]

XA BE &P A BT /usr/local/share/texmf [JZE R, M Fid 5 XK tex HFE HlF)
TEXMFLOCAL H3gH . IFETT Zll iz 1T PA T and 5853 TeX a5 2%

[s texhash TEXMFLOCAL ]

PA root B {7y, 4B d TEXMFLOCAL., FUFE RS T ARV AT IR LaTeX 42, ARAMATHREETT
Sage, fbAITHE T PASE ] SageTeX.

A =
ffifR LaTeX 7EHER ORI FH ) sagetex. sty X5 SageTeX i F RASICHL , iX— i 2 KB, 4N
PRI T Sage, MWzMIERIrIA IHMAK) sagetex.sty.

HI T OE IR, FRATE R SageTeX SO HI B 32 H %K) texmf Hxr ([EiA% 3 FOrik) . X, TH
Sage i, {UFEM—1FF (RHIHR) RIATHFR SageTeX IEH TAE.
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7.3 SageTeX 344
ORI B T i) —FR 5, (EAEARTE LR Je 2, SageTeX (1) SURY4EH HE SAGE_ROOT/venv/share/

doc/sagetex/sagetex.pdf. [dA—HFEHBRH —PRBICH: - iES L example. tex fil example.pdf, Xi2

] LaTeX HI Sage X SCPFUEATHERA FAE IMAE R o ARl DA SageTeX G 1] FRIUXLE ST

7.4 SageTeX 5 TeXLive

—ABTERT 2 N TR ER A 5] U2 A T TeX A AT TeXLive £17% SageTeX ., BRIy 3, {EX] T SageTeX
M5, Witk Sage #7F LaTeX 355 [R5 & dE R 2P - FEXMIFOUT, XELBCH T—AN W8, Bk d Ak
RO RAT RS A AR R ALY TeXLive W] g 5 H /7 TeXLive 43 K MRARIEI AL, 105 AT g 5 4 R
SageTeX AN [E 4 .

P, 3% 2L isUURIn 25 I8 i, A Sage Z2%¢ SageTeX ) LaTeX %Ry, LA UiHIKFHifR SageTeX )
PSR AR IR A
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CHAPTER 8

8.1 At 4k Python?

8.1.1 Python B{fi &

SR WA T AR i T g B AE = S5, {1 Sage 1) FELSLHLIE T /2 Python (AL [Py] ). Python HA
PATR LR AT

°§§%ﬁﬁﬁmm¢%ﬂTﬁﬂ%i%oWmmfﬁi%ﬁ(ﬂ¥)E%N%ﬁﬁﬁ%ﬁi@ﬁﬁ%

o PRACHD HXT eR BRI B SCRSCRpARR G, A48 A SR BOCRA B il B 7w Bl X SR fl &zl A
ht, FFAUEITU AR,

© WAFAEBIL: Python BUAT Y AN FFAE B R IR W AR AR BV IS T HLSROK, T PAIE WAL BROERRG I, I fois
SO Y RS

« Python $iI ¥ £ %t Sage FH PRSI 1A 40 BT RIZE P (O AL, 2D 13D ATHAL, [% (T4
KT EARS, GaniEd twisted) , ElPE SRR

o nBHIE: Python TERZH-G b, HFEILAB R EAS M IEA D443 Python.

o SEALIE: Python AR 2% ARSI S AL BE R G, BIAEACHD H BRAS R, RRP RE T HEMIIR A

o PWIAZY . Python G Ui, UL YRS BT BEA0 E R R MeEss, FH PRl AT PR R I AR PR, e
A RAE R EPRAS, BTl

o PEfRSHTES . Python #IGMERENITAY, E TR — MRy, UlBHAE R A 1K
GRS

o —[1i& & AHET Magma, Maple, Mathematica, Matlab, GP/PARI. GAP. Macaulay 2, Simath %
FEEEGR S ) W, IR Python 155, B —FfTMITENIES, mBEALKF ik
P TRRIARRIT Ak . Python @ —ANEEEHIFIREI L6, PA BRI e (W [PyDev] ).

141



Sage #i#2, Z1ThR# 10.8

8.1.2 Fiifig#72%: Sage 5 Python Zjgf X 5l
Python [ —S64(2: TR T RES A NIF R, I Sage ¥E 2 AN THI947 95 Python R[]

o SREGETATNA R »> vs ~o 7E Python Ht, ~ FR “RE”, MANRIEEGEE . [ ILFE Python HhIk]
g

>>> 278
10
>>> 372
1
>>> 3**2
9

~ BYRXBRTE T RER AT RE I BT AUBA ORI A, PO Sl s8R A . S 75
EEL L, Sage TEXFITA fir A TLH4 Python 2 BIFHR SHEATHURNT, REAAETATH Y ~ By =+

(

sage: 2”8
256

sage: 372

9

sage: "3"2"
13401

L

>>> from sage.all import *
>>> Integer (2) **Integer (8)

256

>>> Integer (3) **Integer (2)
9

>>> "3A2"

l3/\2l

Sage HUE AL EEFIAFR ~ . S ULE T RS B T RS R =

sage: 3772

1

sage: a = 2
sage: a "= 8
sage: a

10

(>>> from sage.all import *
>>> Integer (3) "Integer(2)
1
>>> a = Integer (2)
>>> a “= Integer(8)
>>> a

10

.

o BeBbRidi: Python Fiks 2/3 FHAGEAZ M TUHAGABAE . 2/3 IR [FIF S5 0. 6666. ... THHRE //
SR LR, 2//3 &1 0,

FAE Sage M RERR Pl il R B P I R AAE Integer () W, FROERRIAM A BB 1 o6 Bk AL
P W,

sage: 2/3
2/3
sage: (2/3) .parent ()

&)
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(# E30)
Rational Field
sage: 2//3
0

>>> from sage.all import *

>>> Integer (2) /Integer (3)

2/3

>>> (Integer (2)/Integer (3)) .parent ()
Rational Field

>>> Integer (2)//Integer (3)

0

o K#BL: Python J5/E SRR C int ZERUAMAE RORE BERERL. X U5/ E B PR B3R T GMP T4 it
1), Sage fifi Il GMP C ok SE BT UK BERE AL

SR T R H A& e Python RS AR, FATI5E 4xdi AR Python 15, Ff2 IPython % 5 THif#
Hras, il IPython B fr AT AT A RN BN . X WG (LT HA (19 Python fURHR AT LATE Sage H ] .
SR, AT5 Sy AR iR Python MU, PATE# S BEAS T A Sage B,

(W[Jﬁﬂ, LR AR IR R E Y Python [, IR UERH A TH4E, HAH sage —python IMANE python.

ﬁﬁﬁ%iiﬁi%ﬁ%?ﬁﬁ/\sage -python setup.py installo)

8.2 HARMtH—ETIMk, BEIZEAM?
UL ARy Sage TG, T2 A B IR AEBY | TURKET DAL S M L ST ) Sage FRINSCRY i

EH IR

YT Sage M BTUAZRIBUT & fE R o ARIE AT DARE]N— (3 L SN A HEFP (14 Sage AHRITH 512 Sage JF %
G WA A HNER, RIS AEE sage-devel Google 1184 .

8.3 Nfa5|H Sage ?

WRARLER SO T Sage, 45| (A Sage AYTTHN, S PAFZE: WRIREEA] Sage £5E3C, WK
LA BRI INEN 225 SCHk bk 5 | G Sage S8 U THER

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),

The Sage Developers, 2019, https://www.sagemath.org.

(1 8.7 Fe¥ AR ) Sage fiAS) . oAb, ita=itiB BRAEi T i 1] T WPLE Sage 244, 4 PARI?, GAP?,
Singular?, Maxima? 15| X 8 R 45, QSRR & THEEH TN, FTPABERTE sage-devel Google i3
W FARA . A XX, WS H—T %M X,
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